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INTRODUCTION 


Ever since the theory of general relativity has been developed there has existed 
the problem of finding a unified theory of the physical field by some generaliza- 
tion of the relativistic theory of gravitation. Many attempts to achieve this by 
slightly changing the basis of the theory (as, for instance, replacing the space- 
time continuum by a higher dimensional space) have been unsuccessful. This 
seems to indicate that a decisive modification of the fundamental concepts is 
unavoidable. 

The theory of gravitation is determined by the following formal elements: 

1) The four-dimensional space-time continuum. 

2) The covariance of the field equations wn respect to all continuous coordi- 
nate transformations. 

3) The existence of a Riemannian metric (i.e. a symmetric tensor gi, of the 
second rank) which defines the structure of the physical continuum. 

Under these circumstances the gravitational equations are the simplest condi- 
tions for the functions gx which restrict them to a sufficient degree. 

We have tried to retain 1) and 2) but to describe the space structure by a 
mathematical object different from 3) yet resembling in some way the gi. 
In the course of our investigation we have found new concepts and relations 
which from a logical viewpoint seem simple and natural enough to be of interest 
even apart from the physical problem that we have in mind. 

Whether we have succeeded in approaching the solution of this physical prob- 
lem is still uncertain. The answer to this question depends, among other things, 
on a mathematical problem which we have not yet been able to solve. 


§1. Tensors and bivectors 


Tensors. Let A; and B, be two covariant vector fields in a four-dimensional 
continuum. The functions 


(1) Tx = --- , 2’) 


define a covariant tensor of second rank (of a special type), with the transforma- 
tion law 


(2) Ta = — — Tim. 


By addition of tensors of the type (1) we can obtain the most general covariant 
tensor of the second rank characterized by the transformation law (2). 
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Bivecrors. Consider now, starting from the same vector fields A; and B, , 
the products 


Tix = x) = Ai(x)B,(x) 
12 1 2 1 2 


where z and x stand for the coordinates of two points P; and P2 which, in general, 


1 2 
are different from each other. We shall write, in an abbreviated form, 
(la) Tx = A; B, e 
12 1 3 
The general bivector field is defined by the transformation law 
m 
* la 2 
(2a) Tx = nll Tm 
12 12 
dx! dx? 


[It is clear that every bivector field can be obtained by adding special fields of 
the type (la).] 

In what follows we assume the geometric structure of our space to be defined 
by a bivector field Jix (instead of a Riemannian tensor g;)._ The main problem 


will be to find the simplest or most natural covariant equations by which such 
fields can be characterized. 

It is convenient to generalize the foregoing construction by considering two 
four-dimensional spaces {i , Jt: instead of one such space Jt. Assume the vector 
field A; defined in 8, and B, defined in 2. Then (la) may be interpreted as 
defining a special bivector field in {9: , 22} and correspondingly (2a) as defining 
the transformation law for bivectors in {91 , Re}. (By a superposition of fields 
of the type (la) we may obtain again every bivector field in {91 , Re}.) 

This generalized construction (double space) differs from the previous one 
(single space) in that the coordinate systems—and hence the coordinate trans- 
formations—in §t; and 2 are independent of each other. The double space, 
therefore, admits fewer invariant operations, which makes it easier to deal with 
bivector fields in {91 , #2}. After having discussed them, we shall return to the 
theory of the single space. 

THE CONTRAVARIANT FUNDAMENTAL BIVECTOR. The contravariant metric 
tensor plays an important role in Riemannian geometry since it enables one to 
transform covariant into contravariant tensors just as gi, may be used to trans- 


form contravariant into covariant tensors. Similarly, we may define the con- 


travariant bivector g” by the relations 


(3) Jix = = 6; 
1 


where 6,’ are the well known Kronecker symbols, which define a tensor in one of 
the two spaces. The transformation law for contravariant bivectors being 


| 
| 
il 
kl 
dx! 


al, 


BIVECTOR FIELDS 3 


it is easily verified that the relations (3) are covariant, i.e. that we also have 


if in is defined according to (2a), and g” according to (2b). Together with 


(3) we have 
ki 


k 
(3a) g gui = 
12 2 


Because of the similarity of the fundamental bivector with the metric tensor 
of Riemannian geometry, one would first try to derive from it covariant quanti- 
ties by methods similar to those of Riemannian geometry, and to obtain field 
equations by setting these quantities equal to zero. This turns out to be im- 
possible in our case, for there exist too many covariant expressions, among which 
it is difficult to choose any one without ambiguity. The reason for the abun- 
dance of covariant quantities is mainly the following: Whereas in Riemannian 
geometry it is impossible to obtain covariant equations containing only first 
order derivatives, we have here the covariant quantities 


Vikt = — 
122 122 122 


(and the corresponding quantities with 1 and 2 interchanged), which transform 
like the components of a vector (skew symmetric tensor) with respect to coordi- 
nate transformations in 9ti(M2). 

In order to obtain well defined field equations correlated with our geometric 
structure—as in Riemannian geometry—we must therefore require them to be 
covariant with respect to a wider group of transformations. 


§2. Invariance with respect to the “rimming” operation 

A REMARK ON THE NOTATION. We always denote a covariant bivector git 
in such a way that the two left indices 7, a refer to R; , and the two right indices 
k, B to Rs. By i, k we denote the bivector components, by a, 8 the two points 
(in Ri and M2 respectively) whose coordinates are the arguments of the functions 
g. Fora contravariant bivector this order will be reversed so that the left indices 
refer to R2 , and the right indices to Rj . In other cases the significance of the 
quantities occurring may be inferred from the context in which they appear. 
Consider, for instance, the transformation law 


l m 
* da” 
(4) Jik = Yim- 
axe 


We do not explicitly indicate that —, is to be taken for a point in ®; ; this, how- 
Ox 


* 
ever, follows from the fact that a is a left index for both g and g. 


21 1 
= 
12 1 
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Riuminc. Without changing the coordinate systems in 9; and R2, we 


correlate with g;, a new bivector 
ap 


l ™m 


a B 
(5) Jik = Wi Jim .« 
as a asp 


w is a tensor in 8; with components depending only on the points of §t; ; simi- 
larly 4 is a tensor in 2 depending on the points of R:. Both w and 4 are sup- 
posed to have non-vanishing determinants; otherwise they may be chosen arbi- 


* 
trarily (and independent of each other). We shall say that we obtain g by 
“rimming” g. 

Correspondingly, the rimming of a contravariant bivector is defined by 
k re 


We require that the fundamental relations (3) and (3a) between the covariant 
and contravariant bivectors remain invariant under the transformations (5) 
and (6). This is equivalent to assuming 


kot 
(7) = = 
a a a a 
and 
k ol | 
(7a) = = 
8B 
i.e. 
a @ B B 


All those 5 which are obtained by rimming a given g (with arbitrary w and 4) 
will be considered as different representations of the same field, so that the wider 
group of transformations mentioned at the end of §1 will consist of (5) and (6). 
Consequently we shall admit only equations covariant with respect to this group. 

Since the bivector transformations (2a) (related to a change of the coordinate 
systems in 8; and 2) are special cases of (5), it is possible to combine a coordi- 
nate transformation with a rimming operation in such a way that the bivector 
components remain invariant—i.e. behave like scalars—under the resultant 
transformation. We shall make use of this simplification. 


§3. Field equations for the double space 


The expressions 
kl 


(8) = 


a as 
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define a mixed tensor with respect to 9t: which, furthermore, depends on the 


point 6 of R. If a and y coincide, U i’ equals 4;' (cf. (3)). Combining two 
tensors of this kind we obtain 


n kl mn 


(9) Zé = 
as 7s 


a, y, € and 8, 6 being points of %; and MR. respectively. We can visualize this by 


the scheme 
6 § 


If a and ¢ coincide, the Z;” reduce to the four point expressions 


n kl mn 
(10) Vi = ging” 
ap 76 
which correspond to the scheme 
p 
R | 
2 
R, 


V,* is a mixed tensor with respect to the point a, and has the character of a 
scalar with respect to 8, y, and 6. By a rimming operation it is transformed into 


k 
Vi = 01". 


— 


p- 
oy 
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From this it follows (because of (7)) that V.* = 6,’ implies V," = &'. Hence 


we obtain an invariant condition for our manifold by requiring 


n kl mn 
(11) Vi ging” = 
as 76 
for any four points a, B, y, 6. These relations will be referred to as the tensorial 
four-point equations. The contraction of (11) leads to the scalar four-point 
equation 


a k mi 


(11a) = Ging” = 4, 
a ap 76 


Similarly, one may form higher tensorial or scalar polygonal equations for 

sequences (polygons) of 6, 8, --- (instead of four) points. Because of the funda- 

mental relations between covariant and contravariant bivectors (ef. (3)), a 

(tensorial or scalar) (2n)-point equation reduces to a (2n — 2)-point equation 

i if the k™ point and the (k + 2)-nd point coincide, as, for instance, a and y in 

[ (11) and (11a). By induction we then find that the (2n)-point equations con- 

| tain all lower ones (i.e. all (2n’)-point equations with n’ < n). 

THE TENSORIAL FOUR-POINT EQUATIONS. Consider (11) for arbitrary variable 

points y, 6 and two fixed points a and 6. The equations may then be written 


(12) wi” Jim = din 


y v6 
with 


1 kl 
wo” = gag"; = 9". 
as 6 


Since w depends only on the point y, and 6 only on 6, the equations (12) define a 
rimming operation which transforms gim into 6.» (“flat space”). Conversely, 
76 


every field which can be brought into this form clearly satisfies (11), which shows 
that the tensorial four-point equations characterize the flat space. The same 
holds for all higher tensorial equations, since it was proved in the preceding 
paragraph that the four-point equations are contained in them and, on the other 
hand, it is obvious that they are satisfied by a bivector field describing a flat 
space. Hence all tensorial 2n-point equations (with n 2 2) are equivalent to 
each other. 

THE SCALAR FOUR-POINT EQUATION. In the scalar case we have not been 
able to find the general solution, but have succeeded in finding a special class of 
solutions. 

Consider a bivector field of the form 


1 yw 


O 1 Yes 
(13) 
| 


| 

| 

| 

H 
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kl kil 
where yim (J < m) are arbitrary functions of a and 8. Since gy”, Jit gr” -++ ete. 
as 


have the same form, it is seen that every bivector field of the type (13) satisfies 
the scalar four-point equation. The tensorial four-point equations, however, 
will in general not hold for these fields. 

The bivector fields of the type (13) are degenerate in that they likewise satisfy 
all higher scalar equations. We have been unable to decide the question (which 
seems to us particularly interesting) whether the scalar four-point equation 
admits any non-degenerate solutions. 


§4. The bivector field in a single space 


Had we started our discussion in §1 from the assumption that B and A be 
the same vector fields we should have obtained the symmetric tensor 


(14) Tix, = 


by multiplying two components of A taken at the same point id wR. Multiplica- 
tion of two components of A at two different points a, 8 would lead to 
(14a) Tix. = 
ap a 8 

This special bivector (and every sum of bivectors of this type) satisfies the 
symmetry condition 
(15) Tu = Tri 

as Ba 
(Only in a single space does this symmetry condition have an invariant meaning. 
According to our convention for {%:, R82} the left-hand index refers to Mi, 
the right-hand index to %t: , but there exists no invariant correlation between the 
points of Ri and Re .) 


If we transform 7’; by a rimming operation, we obtain 
as 


* 
(16) Ti = Timo? 
as a as 8 


and, correspondingly, 
m 


3 
(16a) Tri = 
Ba 6 Ba @ 


where w and 6 refer to the first and second point respectively. The symmetry 
condition (15) remains invariant under these transformations if 


(16b) = 


which, henceforth, will be assumed. 
Let the fundamental bivector be defined in a single space subject to the sym- 
metry condition 


(17) Jik = 
as Ba 
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Since the relations discussed in the preceding sections are invariant under all 
rimming transformations (5), they are a fortiori invariant under the smaller group 
defined by (16) and (16b). This holds in particular for the relations (3) and 
(3a) between the covariant and contravariant bivectors. 

In a single space the polygonal equations, however, admit various specializa- 
tions. Consider first the bivector when a and B coincide. By asuitable rimming 


operation g;, can be transformed into 
aa 


* 1 m 
(18) = Jimon = Nik 


where the nx are constant throughout ®. In particular, the tensor 7, may be 
chosen in diagonal form, with diagonal elements equal to +1. As is well known, 
the number of positive wnt negative elements depends only on Jim , so that the 


field Jim has a well defined signature, as does the metric tensor in ‘the theory of 


nebedivity, The following considerations hold for any choice of nix . 
Once 7x is chosen, we assume the bivector field to satisfy the equations 


(19) Jik = Nik 


Consequently we admit only those rimming operations which leave (19) invari- 
ant, so that we have 


m 
Nik = Nimo 
a a 
or: 
m 
(20) = 
a a 
with 
Om = Nims = 
a a 


(20) implies that w*,, is the matrix of a pseudo orthogonal transformation (defined 


by the tensor 7.) which may still depend on a. As in the previous section we 
suppose that, with respect to coordinate transformations, the g;, behave like 
ap 


scalars. 
It will be convenient to use mized bivectors defined by 


k 


(21) = Jk 5 = Jil. 
ap 


Then the symmetry condition (17) is equivalent to 


(22) = 
B B 


al 
a 
| 
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while a rimming operation is given by 


m 
(23) = mon» 
B a 6 8 
For two coinciding points we find 
(21a) = 


POLYGONAL EQUATIONS. Consider the tensorial four-point equations (11) for 
the sequence aSyia. They hold identically if a coincides with y or 8 coincides 
with 6 (cf. (3)). In a single space we also may identify two successive points, for 
instance 8 andy,éanda. This leads to the weakest conditions contained in the 
tensorial four-point equations, namely 


(24) gn” ging” = 6;". 
ap Ba 


We require that these two-point equations hold for the fundamental bivector field. 
With the help of the mixed bivector they may be written 


tek 


which shows that the matrix (g°,) is the inverse of (9°). From (24) we find for 


the contravariant bivector, as defined by (3) 
kl 


The symmetry conditions (22) and the two-point equations imply 
(25) ge = 


Conversely, the symmetry conditions follow from (25) and (24a). According 
to (25) o is the matrix of a pseudo orthogonal transformation, the elements of 


which depend on the points a and 8. 
If, in the tensorial four-point equations, only the points 6 and a coincide, we 
obtain stronger conditions which might be called tensorial three-point equations: 


kl 
a ya 


Using (24b), we may write instead 
ikl 
a 
(260) 
(Wn Nml W;'). 


p 
d 
e 
e 
| 
e a 
a. 
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Again we shall show that the tensorial three-point equations characterize the 
flat space. Consider (26a) for a fixed point a, and arbitrary 8 andy. We then 
have 


with 
3 = oy. 
8 8 B B B 


Hence the equations (27) define an admissible rimming operation (cf. (20)) 
k 

which transforms g*; into 6"; and gz: into the constant bivector m:. Obviously 
B ap 


all higher tensorial equations are then likewise satisfied. 
As in the case of the double space we obtain by the contraction of W*, a weaker 
condition, the scalar three-point equation 


(28) Wis = igi=4 
a 


which we shall assume to hold for the bivector field. The higher scalar equa- 
tions clearly contain (28); but, as was shown by C. L. Siegel,’ (28) admits solu- 
tions which do not satisfy the higher equations. 
Before we turn to a more detailed discussion of (28) we summarize the field 
equations for the single space. With constant 7%. and the definitions 
i k 
= gn; = 2" gu 
8 ap a ap 


and 
we have 
I, = 
II. = oe 
tek 
III. i= 
B «@ 
iki 
IV. W'; = 1 = 4, 


1 Private communication. 


j 
| 

| | 
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(I is merely a convenient normalization of the field.) We note that II may be 
replaced by 


Ila. = 


Though these algebraic equations have little in common with the differential 
equations of the gravitational field, they are likewise obtained by weakening the 


conditions for a “‘flat”’ space (9" = 6°, in a suitable representation). 


§5. Discussion of the field equations. The equations in spinor form 
1. The field equations must be treated separately for the different signatures of 
Nik 
Consider first a positive definite ni, ie. nix = 5%. In this case the g*, are 
8 


orthogonal matrices, and so are the W',. Since the only real orthogonal matrix 

with trace 4 is the unit matrix, the condition W‘; = 4 implies W’, = 6%. In 

other words, the scalar three-point equation implies the tensorial three-point 

equations, which, as we have shown, have only trivial solutions (ix equivalent to 
a 


Nik). 
2. The indefinite nx. Only the Minkowskian nix ie 


(m = m2 = m3 = 1, mu = —1; nim = 0 for ¥ m) 


will be treated in detail; the discussion of the remaining case is quite similar, and 
will be briefly sketched at the end of the paper. 


Since for the Minkowskian 74: the g*, are matrices of Lorentz transformations, 
we may apply to them the spinor siden. It is based on the following. Assume 
to be a Lorentz transformation; then 

nit = . 
If we introduce the complex coordinates 
we find 
(31a) = — 


We note that to the transformation (31) corresponds a complex rimming opera- 
tion with a constant matrix w which leads to a different tensor n defined by the il 
right-hand side of (31a). Although in the preceding sections we assumed all t 


+ 
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quantities to be real, it is clear that all algebraic relations remain unchanged by 
this complex rimming operation. 

Finally, we replace the four coordinates afl by respec- 
tively. It follows from (31) that 


(31b) = (l,m = 1, 2). 


Hence the ¢'” define a two-rowed Hermitian matrix Z whose determinant is 
equal to (—né't") [ef. (31a)]. Therefore every linear transformation of the 
c’” which preserves the Hermitian character of Z and leaves its determinant 
invariant is a real Lorentz transformation of the variables —”. Such a trans- 
formation is given by 


(32) Z’ = AZAT (det A = 1) 


where A is a complex matrix of determinant 1, and A* its Hermitian adjoint. 
(Clearly, by the transformation (32) a Hermitian Z is carried into a Hermitian 
Z’ with the same determinant.) It is known that every Lorentz transformation 
which preserves the direction of the time-like coordinate £* and has the deter- 
minant +1 i.e. every proper Lorentz transformation, can be represented in the 


form (32). Because g* ‘= 6°, and the g* k are continuous, other than proper 


Lorentz tcentinnination will not occur. 
To the Lorentz transformation (30) corresponds the transformation 


of the variables ¢’”. For a transformation of the type (32) we have, moreover, 
(38a) = 


where X/,(1, r = 1, 2) are the matrix elements of A. 
In order to apply these relations to our field equations we have to insert 
i 


g°x for l',. According to (33a) a given Lorentz transformation does not uniquely 
8 


determine a spinor matrix A, since both A and (— A) satisfy all necessary condi- 
tions. We now assume that the bivector g depends continuously on a and 8 
and that the space ® is simply connected. Then A is uniquely determined if we 
require that it also be a continuous function of a and 8 and reduce to the unit 


matrix for a = B (since g* = 6°). 


From (33a) we infer 

a) To a product of matrices L corresponds the product of the correlated A’s 
(in the same order). 

b) A rimming operation is given by 


* 
ap 
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c) The trace of L is the square of the absolute value of trace A. In fact we 
have 


(34) = = +2 = | tr Al? 


We can now rewrite the field equations I to IV in spinor notation. By 
introducing the spinor matrices we have already satisfied IIa, so that only the 
equations I, III, IV remain. If we denote by A the spinor matrix correlated 

ap 


with g*;, we find for W', (cf. (29)) the spinor matrix 
. 


(35) @=AAA, 
af By ve 
Hence we obtain, instead of I, III, IV: 
0* det 4 =] 
I* A=1 
III* AA=1 
aB Ba 
Iv* |tr (A A A)| = 2. 
ya 


IV* follows from (34) and (35). 
We can replace III* by symmetry conditions for the matrix elements of A. 


Put 
A= 
ap Cap dap 
Since det A = 1, we then have 
= ( dap 
ap 
According to III* A = A™’, hence 
Ba ap 


(36) dga = Gas, bea = —bas Cpa = —Cap- 


It is very easy to construct a solution of 0*, I*, III*, IV*. We proceed in the 
same way as in §3 (cf. (13)) and put 


1 b 
(37) A= ap 
ap 0 1 
where bsa = —bag, according to (36). For an appropriate choice of bag the 
tensorial three-point equations A A A = 1 are not satisfied. Again the solution 


aB By ya 


(37) is degenerate, as it satisfies all higher scalar equations. 


| 
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Moreover it is seen that not only the absolute value of tr ®, but tr ® itself is 
equal to 2. Hence (37) satisfies the stronger condition 
v* tr (A A A) = 


aB By ya 
It can be shown that to V* correspond, in our previous notation, both IV and 
the additional condition 
V. Wi.W*; = 4. 

C. L. Siegel’ has found the general solutions of I to V (or the equivalent con- 
ditions 0*, I*, III*, V*) under the assumption that the matrix elements of A 
are analytic functions of the coordinates. Among these are non-degenerate 
solutions which satisfy none of the higher scalar equations. , 

Bivector fields which fulfill the relations I to IV, but do not fulfill V, are not 
yet known. 

3) The last case is defined by nu = 133 = 1, m2 = nu = —1, nim = Oforl ¥ m. 
It can also be treated by spinor methods. Instead of (31) we introduce the real 
coordinates 


(31a) remains valid, but the matrix Z has now real elements and does not satisfy 
‘any symmetry conditions. Consequently, to the pseudo orthogonal transforma- 
tions in the variables ¢ correspond the transformations 
Z' = AZM (det A = det M = 1) 


with real matrices A and M (M denotes the venience matrix). Instead of 
(33a) we now have 


‘and the field equations are 
o** det A = det M = 1 
ap as 
I** A=1; M= 1 
AA=1; MM= 1. 
a8 Ba a8 Ba 
"ve" tr (A A A)-tr (M MM) = 4. 
aS By ya as By va 


Choosing for both A and * matrices of the type (37) we find a degenerate 


solution, which, moreover, satisfies 
saa tr (A A A) = tr (MMM) = 
as By ya aB By ya 


Inserting Siegel’s real solutions for both A and M we obtain general non- 
degenerate solutions of I to V. 
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* Not published; we are indebted to Prof. Siegel for communicating his results to us. 
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In a previous paper (in collaboration with V. Bargmann) I developed the 
theory of the symmetric bivectors. This theory shows marked analogies with 
that of the Riemannian metric. The main difference is that the fundamental 
field variables Git,» unlike the gi, of Riemann, depend on the combination of the 


coordinates of two points. 

In this paper I show that just as in the case of the infinitesimal theory this 
theory can be made very simple by separating the concepts and relations into 
those based exclusively on the affine connection and those where the affine 
connection is specialized by hypotheses on the structure of the field. 


§1. The affine connection 


i 
Let A* be an arbitrary contravariant vector at the point a. We make corre- 
k 


spond to this vector a vector A® at the point 8 (for every 8) by the following 
equation: 


(1) AP = of, A* 

k 

gi: is a (mixed) bivector which characterizes the (non-infinitesimal) affine con- 


nection. 
We assume that an analogous linear connection holds for covariant vectors: 


(2) A, = Ach. 
B a 8 


It is natural to specialize these relations a priori by the following conditions: 
1) If 8 coincides with a then the displaced vector coincides with the original. 
According to (1) and (2) this is expressed by the equations 


k 


(1a) = 8%. 
(28) ht, = 


2) A vector does not change if it is displaced from a to 6 and then back from 
8 to a. This gives the conditions 


(2b) = 


is 
A 
rt 
ul 
) 
f 
15 
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3) The scalar product of a covariant and a contravariant vector is invariant 
with respect to the affine connection. We have from (1) and (2) 
lek 


k 
A’ B, = A* Bi. 
8B B a 


Hence a necessary and sufficient condition for condition 3) is 
tok 


(3) = 5). 


If we multiply both sides of (3) by g m we obtain from (la) 


(4) em = 


Summarizing the previous equations we can characterize the affine connections 
as follows: 


(1) AP = A* 

(2c) A, = 

where the satisfy 


(la) = 


ok 
or in matrix form 


(la’) g=l 


(1b’) gg =1. 


.a8 Ba 


Rimminc INVARIANCE. Apart from the group of continuous coordinate 
transformations these algebraic relations remain invariant under a “rimming”. 
Let w* é be an arbitrary mixed tensor with non vanishing determinant | “I. 


i 
Using w* i we make correspond to our vector field Ae another vector field A* 


defined 


*k k k 


(5) = | | 0, 


| 
7 
| 
| 
| 
| 
“ae 
|i, 
| 
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nt and similarly for the covariant vector 
* 
Ay = Ard% ¥ 0. 
a a a a 


i 
Similarly we make correspond to the bivector g*, the bivector 
8 


*1 
8 
We call this procedure “rimming”. (la) requires that 5‘; should be rimming 
invariant (i.e. invariant under the rimming operation), i.e. 


a a 
1S It follows from equations (5), (6) and (7) that the equations (1), (2c), (la), 


(1b) and (3) are rimming invariant. From now on we admit only equations 
which are rimming invariant. If one field can be obtained from another by 
rimming we consider them as different descriptions of the same field. As was 
shown in the previous paper we can combine every coordinate transformation 


with a rimming in such a way that the g*, should be transformed as scalars; the id 
8 


same is true for every tensor and bivector. 
The expression 
9"m (org g g) 
aB By ya 


is transformed by a rimming (by (7)) into 


lman op 


From this we see that we can formulate here also the tensorial an‘ scalar three 
point equations (in matrix form) 


(8) 
aB By ya 

and 
(9) trace(g 9g) -N =0, f 
ap By ya 
. as invariant conditions for the field. (N is the number of dimensions). As ; 
i in our previous paper condition (8) involves that the space (8) be flat. This iB 


means that by a rimming we can bring the os into the form é,. Asa weakening 
of the equations (la, (1b) and (8) which define a flat space one can choose the 


| equations (1a), (1b) and (9). These equations can be considered as a possible j 
choice of a field law of a bivector field. 
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§2. Fields with symmetry 
The finite affine connection is characterized by the mixed bivector. The 


latter has no invariant symmetry properties. On the other hand, for a covariant 
(or contravariant) bivector the symmetry condition 


Jik = 
aps Ba 


is invariant. Whenever it is possible to make correspond to the mixed bivector 
a unique covariant bivector it is possible to impose upon the field a symmetry 
condition. We are going to show now that such a correspondence always exists. 

We define together with the symmetric bivector a covariant and contravariant 
bivector which are related by the equation 


kl 
(10) = 

We define the relation of these bivectors to the affine connection os by the con- 
ditions 

il tl 
(11) = gue = On 

ap 


and the inverse relations 
l 
= 
aa 8B 
tk 


= 


Now we have to show that the equations (10), (11) and (12) are consistent. 
ik k 


(12) 


We choose, for the moment, g, arbitrarily, and g** by the relations g;;g°* = 
aa ik aa 
6;*. Then the equations (12) define bivectors g;, and g*, and we have only to 
as 
show that they satisfy (10) and (11). By substituting the right sides of (12) 
into (10) we see from (1b) that (10) holds. Multiplying the first equation of 


(12) by g** we obtain the first equation of (11) and in the same way we obtain 
the second equation of (11) from the second equation of (12). 

After the adjunction of these unmixed bivectors we can specialize the field by 
the invariant symmetry condition 


= 
ap Ba 
Accordingly it is possible to assume that the field is such that it can be repre- 


sented in the above way by a covariant symmetric (respectively antisymmetric) 
bivector. 
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To this additional condition for the field corresponds in the Riemann theory 
the condition that the I of the affine connection can be expressed by a symmetric 
tensor and its first derivatives. 

In both cases of symmetry we can, by a rimming, make gz independent of 


the coordinates. We express this by putting 


Jik = Nik 
aa 
(13) 
We have considerable freedom in choosing 7. It is natural to specialize the 
rimmings in such a way that the nx remain invariant. Two different choices of 
the constant tensor 7 give us two different theories only if they can not be ob- 
tained from each other by rimming. 
The two symmetry characters of 9; give two different theories; in the previous 
ap 


paper we considered only one of them. 


Case gix = (and hence ni, = 
ap Ba 


The gi, and the 7, determine with a‘ the rimming invariant quadratic forms 


ik 
Git a® 
aa 

and 

respectively. 


It follows that the signature of 7, is rimming invariant, and this is (apart 
from the symmetry) the only rimming invariant property of the nx. There- 
fore we can put without specializing the theory 


a: 90. 0 


(14) nx(=n") = 0 0 +1 0 ° 


0 0 Oo +1 
Accordingly we have to limit the rimmings to those which leave (14) invariant. 


These are pseudo-orthogonal transformations, whose 6 parameters can depend on 
the space coordinates in an arbitrary continuous way. 


Case 2. Git = —g,,; (and hence nix = — mi). 
a Ba 


In this case we can transform any antisymmetric tensor 7, by rimming with 
a suitable w, into any other antisymmetric tensor. Therefore we can write 


_| 
nt 

Ss. 
it 

aa 
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without loss of generality (in the four dimensional case) 


o 6 G 

0 0-1 0 


Here we have to make a remark. Already in the case of the relativistic gravi- 
tational theory we can ask the question: Shall we require the invariance of our 
equations only under transformations which can be built up by infinitesimal 
transformations or shall we also admit transformations with a negative Jacobian, 
e.g. the reflections 


which can not be built up by infinitesimal transformations? In case of the rela- 
tivistic gravitational theory this question is immaterial since all the equations 
which occur are invariant under reflections. In our case however, where we 
consider the antisymmetric field this question becomes important. This is 
because the nx which are not invariant under reflections occur explicitly in the 
equations. In other words, should we admit transformations and rimmings 
with a negative determinant? Considering our way to treat coordinate trans- 
formations, it will be sufficient to consider only rimmings. 
Let us consider the two cases: 


0 1 0 0 0 0 0 

0 0 0 1 0 0 0 

00 -1 O 0 0 —1 O 

They can be transformed into each other by the rimming 

-1 00 0 
of 0100 
001 07 
0001 


This rimming cannot be obtained by infinitesimal rimmings (6°, + 0';). 

Only by admitting rimmings with negative determinants will our previous 
statement hold, that (15) represents the general case. 

The equations of the theory are for fixed 7 not invariant under reflections. 
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We obtain by (1b) and the antisymmetry’, 


i 
a 


iek 
or the equivalent equations 


B 8B 


A rimming matrix satisfies equations of the same form. Because of these six 
conditions only ten components 0". are independent, and correspondingly the 


group of rimming operations depends on 10 parameters. 

To this space structure corresponds an infinitesimal geometry where we 
introduce an antisymmetric tensor (instead of the symmetric metric tensor g;x) 
as fundamental field quantity. 


§3. Field equations for a field satisfying a symmetry condition 
We can sharpen the condition expressed by the field equations (la), (ab) 
and (9) by the further condition that the bivector field shall satisfy one of the 
symmetry conditions formulated in section 2. That is, by putting 
Jik = 
ap 


and 
Case 1 Case 2 
Gx = Gin = 
a Ba ap 
+1 0 0 0 01 00 
+1 0 -10 00 
0 0 0 +1 00 -1 0 


together with the corresponding limitation of the rimming group. 
Case 1 leaves the choice of the signatures free as in the Riemannian theory. 


§4. Generalized space structure 
The whole theory, as given so far, can be generalized as follows. In section 1 
we restricted the affine connection by three conditions 1), 2),3). The third 
one, expressing the displacement invariance of the scalar product of a contra- 
variant and a covariant vector, will be maintained. But let us drop 2) and 
(tentatively) 1). We will show that this can be done without destroying the 
essential formal connections. 


1 By considering determinants we find from the following equation that in the anti- 
symmetric case the space has to have an even number of dimensions. 


i- 

r 
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Then the equations (1) and (2) remain unchanged, and so does equation (3). 
The equations (la), (2a), (1b), (2b) and (4), however, have to be cancelled. 
The equations defining rimming as well as the equations (6) and (7) still hold. 
What about equations (8) and (9)? 

The equation 


t 
(8a) gigi —g1=0 
has an invariant meaning. After multiplying by h’, and using (3), we get: 


¢ k t 
& 


k 
This equation, taken for a fixed point a shows that the bivector i. , can be trans- 


formed by rimming into 6',,. This means that (8a)—or (85) characterize 
“flat” space. Taking the spur we ” from (8b): 


In order <0 be able to introduce a symmetry condition for the field, we express 
the mixed bivector by the non-mixed bivectors Git : connected with 


each other by the pom 
tl 


The expression for the g*,, and h*, may be put as follows 
8 


al 
= 
(ila) 


h*, = 9" ou 
B 68 


It is easy to verify that these equations are in agreement with (3). 

For the apecial « case of coincidence of a and 8 it follows from (11a), i in connec- 
tion with (10a): 

(1a) = Ox. 
This means that we do have to maintain the condition 1) of section 1. 

The symmetry condition mentioned may be put on the basis of (10a) and 
(11a). 

As shown in this section, equation (9a) is a generalization (weakening) of the 
condition of flat space, which avoids condition 2) [equation (1b)]. There is, 


| 
| 
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however, a formal reason against the choice of (9a) [or (9)] as field equation. 
The field variables g have two indices and depend on the combination of two 
space points, whereas the left-hand side of (9a) is a scalar and depends on the 
combination of three space points. Is it not possible to find a field equation the 
left-hand side of which is a bivector, and which is a generalization of (8a)? It 
will be shown in the next section that there is such a field equation. 


§5. Volume invariance. Field equation 
The quantity 
V gix| dx" dx” dx® da*(=dr) 


is invariant with respect to all coordinate transformations, but to rimmings with 
determinant +1 only. Let us restrict the rimming in conformity. The group 
is then determined by dz as its invariant. This restriction does not involve any 
essential modification of the formalism given in the last section. 

By this restriction of the group we attain, however, the possibility to get, from 
(8a), a covariant equation of the desired character (by integration with respect 
to the a _ The domain of integration G has to be defined in an invariant way. 


So we get the equation: “ty 
tek i Piast as 
(16) gi — dr = 0. 
G BY 8B 


In the case of a finite space we would have to extend the integration over the 
whole space, this being the only choice of invariant character. In the case of 
an infinite space we would have to integrate conformingly over the whole space, 
which involves a limiting process. 

In equation (16) the mixed g are determined by the unmixed g, according to 
(10a) and (11a), these unmixed g fulfilling a symmetry condition. 

A normalization of the g;, according to section 3, is still possible, but not by 


rimming alone. 

Added in proof. W. Pauli and V. Bargmann have meanwhile succeeded in 
proving that equation (16), too, admits only “flat space” solutions. It seems, 
therefore, natural to consider, instead of (16), the field equation 


ik 
[ = 0. 
vy B 7 


This equation has not been mentioned in the present paper because it is not 
satisfied by “flat” fields. 

At present, the author, in collaboration with W. Pauli, is trying to find out 
whether this equation has non-trivial solutions. 


INSTITUTE FOR ADVANCED 
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Then the equations (1) and (2) remain unchanged, and so does equation (3). 
The equations (la), (2a), (1b), (2b) and (4), however, have to be cancelled. 
The equations defining rimming as well as the equations (6) and (7) still hold. 
What about equations (8) and (9)? 

The equation 


& 
(8a) gigi 91 =0 
has an invariant meaning. After multiplying by h’n m and using (3), we get: 


ko ol 
(8b) l = 


k 
This equation, taken for a fixed point a shows that the bivector g*; can be trans- 


4 
formed by rimming into 6',,. This means that (8a)—or (8b)—characterize 
“flat”’ space. Taking the spur we get from (8b): 


In order to be able to introduce a symmetry condition for the field, we express 
the mixed bivector g* by the non-mixed bivectors , connected with 
each other by the Pin 


il 
(10a) g” = 


The expression for the g*, and h*, may be put as follows 
8 


al 
gu 
(lla) 


al 


h*, = 
68 


It is easy to verify that these equations are in agreement with (3). 
For the special case of coincidence of a and 8 it follows from (11a), i in connec- 
tion with (10a): 


(la) = Ox. 
a 
This means that we do have to maintain the condition 1) of section 1. 
The symmetry condition mentioned may be put on the basis of (10a) and 
(11a). 
As shown in this section, equation (9a) is a generalization (weakening) of the 
condition of flat space, which avoids condition 2) [equation (1b)]. There is, 
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however, a formal reason against the choice of (9a) for (9)] as field equation. 
The field variables g have two indices and depend on the combination of two 
space points, whereas the left-hand side of (9a) is a scalar and depends on the 
combination of three space points. Is it not possible to find a field equation the 
left-hand side of which is a bivector, and which is a generalization of (8a)? It 
will be shown in the next section that there is such a field equation. 


_ §5. Volume invariance. Field equation 
The quantity 


is invariant with respect to all coordinate transformations, but to rimmings with 
determinant +1 only. Let us restrict the rimming in ¢onformity. The group 
is then determined by dr as its invariant. This restriction does not involve any 
essential modification of the formalism given in the last section. 

By this restriction of the group we attain, however, the possibility to get, from 
(8a), a covariant equation of the desired character (by integration with respect 
to the t). _ The domain of integration G has to be defined in an invariant way. 


So we get the equation: nis 
tek 
G BoY 8 


In the case of a finite space we would have to extend the integration over the 
whole space, this being the only choice of invariant character. In the case of 
an infinite space we would have to integrate conformingly over the whole space, 
which involves a limiting process. 

In equation (16) the mixed g are determined by the unmixed g, according to 
(10a) and (11a), these unmixed g fulfilling a symmetry condition. 

A normalization of the g;; according to section 3, is still possible, but not by 


rimming alone. 

Added in proof. W. Pauli and V. Bargmann have meanwhile succeeded in 
proving that equation (16), too, admits only “flat space” solutions. It seems, 
therefore, natural to consider, instead of (16), the field equation 


[ - = 0. 


This equation has not been mentioned in the present paper because it is not 
satisfied by “flat”’ fields. 

At present, the author, in collaboration with W. Pauli, is trying to find out 
Whether this equation has non-trivial solutions. 
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1. Introduction 


Eidelheit' has shown that the algebraic properties of the ring of all bounded 
linear transformations of a real Banach space into itself characterize the space 
up to an isomorphism. Mackey [19, 20] has extended this result to a more 
general class of real spaces. It is the purpose of this paper to examine more 
closely the relationship between ring and space and to extend the results, so far 
as possible, to complex spaces. 

We consider a vector space V together with a total’ family P of linear® func- 
tionals defined on V. A subset S of V is said to be bounded if each of the func- 
tionals in P is bounded on S. Throughout the paper, unless otherwise stated, 
the word space is used to refer to a complex vector space in which a notion of 
bounded set has been introduced by this means. 

The conjugate space V* of V is defined, as for Banach spaces, to be the vector 
space of all bounded linear functionals defined on V. The family Q of functionals 
defined on V* which is used to derive the notion of bounded set in V* is taken 
to be 


{F.| F.(f) = f(z), ce V,feV*}. 


It is a theorem of Banach’s [3, p. 80, Théorémes 5, 6] that if V is a normed 
linear space, and P is the set of all continuous linear functionals defined on V, 
our concepts of boundedness in V and V* coincide with norm boundedness. 

Let R be the ring of all bounded operators’ on V; a subset JS of R is said to be 
bounded if, for each bounded subset S of V, the subset SS of V is also bounded. 

We show (paragraph 8) that, with this definition of bounded set in R, any 
minimal left (right) ideal in R is abstractly the same as V (V*). From this it 
follows easily (paragraph 10) that if two rings R, and R, over spaces V; and V2 
respectively are isomorphic, then the spaces themselves are the same. 

Using the results of Murray and von Neumann [24] concerning rings of opera- 
tors on Hilbert space, it is shown in paragraph 11 that, if a space V is such that 
the ring of all bounded operators on it is isomorphic to a certain type of subring 
of the Hilbert space ring of operators, then V is Hilbert space. 


1 [8]. Numbers in square brackets refer to the bibliography at the end of the paper. 

2 A family of functionals is total if all the functionals of the family do not vanish at any 
non zero point of V. 

3 Throughout this paper, linear means additive and homogeneous. 

4 We use the notation {r | s} for the set of all elements r with the property s. 

5 An operator on V is a bounded linear transformation of V into itself. 
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We discuss several topologies, two in V, and three in R: 


the weak and strong topologies in V, 
the finite, finite*, and strong topologies in R. 


For particulars, see Definitions 8-12. Among the more important results ob- 
tained concerning these topologies are the following. 

The weak topology in V makes V a linear topological space; a subset of V is 
bounded if and only if it is bounded in the weak topology; an operator on V is 
bounded if and only if it is weakly continuous (paragraph 13). Thus, every 
space may be considered as a linear topological space, although the converse is 
not true. 

The completion of RF in the strong topology in R is isomorphic to the ring of 
all bounded operators on the completion of V in the strong topology in V; if V 
is a normed linear space, the strong topology in V is the norm topology (para- 
graph 15). 

The completion of FR in the finite* topology in R is anti-isomorphic to the ring 
of all bounded operators on the conjugate space V* of V (paragraph 16). 

Conditions on R are given which insure that V is reflexive (paragraphs 9 and 
16); other conditions on R guarantee that V is the conjugate of some space 
(paragraph 17). 

Conditions are given on an abstract ring which insure that it is the ring of all 
bounded operators on some space (paragraphs 12 and 14, these conditions in- 
volve the finite topology). 

The paper is divided into three sections: definitions and notations; algebraic 
properties of R; topological properties of R. 


Section I. DEFINITIONS AND NOTATIONS 


2. The space V 


Let V be a complex vector space, and let P be a total’ family of linear func- 
tionals defined on V. The functionals of P will be called the distinguished linear 
functionals on V. We define a concept of bounded set in V by 

DeFINITION 1. A set S in V is bounded if, for each distinguished linear func- 
tional f in P, there exists a constant N; such that, for all x in S, we have 


| f(z) | Ny. 


Unless otherwise expressly stated, we shall use the word space to refer to a 
complex vector space in which a concept of bounded set has been introduced 
by Definition 1. 


6 The totality of P is not really necessary for our work; if all the functionals in P vanish 
on a subset M of V, M would necessarily be linear and we would then restrict our discussion 
to the factor space V/M. 
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The bounded sets in V have the following properties: 

Bl. For xe V, x 0, the set {Ar|X eA} is bounded if and only if A is a 

bounded set of complex numbers. 

B2. The linear sum of two bounded sets is bounded. 

B3. Any subset of a bounded set is bounded. 

B4. The point set union of two bounded sets is bounded. 

B5. Any scalar multiple of a bounded set is bounded. 

B6. If Sis bounded, then {US| || < 1} is bounded. 

The first of these properties follows from the totality of the set P. The others 
depend only on the linearity of the distinguished linear functionals. B1, B3, 
B4, B6 imply that, for finite dimensional sets, this notion of boundedness is just 
the ordinary one. No attempt has been made to give a complete listing of the 
interesting properties of the bounded sets in V, nor to list only independent 
properties. 

If the space V is a Banach space or, more generally, a normed linear space, 
the Hahn-Banach Theorem [6, Theorem 1] shows that the family of all continu- 
ous linear functionals is total. Moreover, Banach has shown [3, p. 80, Théoréme 
6] that the bounded sets obtained using this family of functionals are exactly the 
sets which are bounded in the norm. Thus we see that the results we shall ob- 
tain may be interpreted in normed linear spaces, and most of them are believed 
to be new even for this special case. 


3. The conjugate space V* 


A linear (not necessarily distinguished) functional defined on V is said to be 
bounded if the image of each bounded set in V is a bounded set of complex 
numbers. 

The reader will have noticed that our concept of bounded set in V depends 
upon the class P of distinguished linear functionals. However, it is entirely 
possible that different sets of functionals define the same boundedness. As an 
example, let HE be any non reflexive Banach space, and consider the space E*. 
Define P; = E**, P; = image of E in E**. Then [3, p. 80, Théorémes 5, 6] Pi 
and P, define the same notion of bounded set in E*. 

It is easily seen by Zorn’s Lemma that any total set P of functionals defined 
on V is contained in a maximal set P defining the same concept of boundedness. 
That is, in a s>t not properly contained in any set defining the same bounded- 
ness. Mackey has called P the bounded closure’ of P. Evidently, if we use 
the set P to define boundedness in V, P is the set of all bounded linear func- 
tionals defined on V. Following the Banach space example, we change notation 
and define the conjugate space by 

DEFINITION 2. The conjugate space V* of V is the vector space of all bounded 
linear functionals f defined'on V. The family of distinguished linear functionals 
defined on V* is taken to be {F,| x eV} where F.(f) = f(x). 


7 For a more complete discussion of this concept, see [19]. 
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_ The family {F,} of distinguished linear functionals is clearly total. We may 
replace the original family P of distinguished linear functionals on V by the set 
V* of all bounded linear functionals on V without altering the concept of bounded 
set in V. Thus, in particular, we may always assume that the set of distin- 
guished linear functionals is linear. From Definition 2, it is obvious that a set 
T in V* is bounded if, for each x in V, there exists a constant N, such that, for 
each f in we have | f(x) | S Nz. 

The bounded sets in V* also have properties analogous to B1-B6, and again, 
if V is a normed linear space, Definition 2 singles out as bounded sets in V* 
exactly the subsets of V* which are bounded in the norm. 


4. Reflexivity 


The second conjugate space V** of V is defined recurrently as (V*)*; that is, 
as the vector space of all bounded linear functionals defined on V* with “bounded 
set’’ defined in it by means of a certain set of distinguished linear functionals. 

Exactly as for Banach spaces, V may be mapped linearly into V** by the 
mapping 


where F,(f) = f(x) for any f in V*. This mapping will be called the natural 
mapping, and maps V in a one-to-one way onto a subset of V**. It follows easily 
from the definitions that both the natural mapping and its inverse are bounded; 
that is, carry bounded sets into bounded sets. 

DEFINITION 3. A space V is reflexive if the natural mapping maps V onto all 
of V**. 

If we restrict ourselves to Banach spaces, a number of reflexive spaces are 
well known. We give a large class of examples of reflexive spaces which cannot 
be normed to be normed linear spaces. Let V be any infinite dimensional space, 
and let x; (range of 7 not necessarily denumerable) be a Hamel basis for V. 
Then V is the vector space composed of all finite linear combinations of the x; 
with complex coefficients. As the family of distinguished linear functionals, 
we take the family of all linear functionals defined throughout V. The reader 
can easily verify the following statements. 

The space V may be realized as the space of all transfinite sequences {);} 
where only a finite number of the ’s are different from zero. 

Every bounded set in V is finite dimensional, and therefore V is not a normed 
linear space since, if it were, the unit sphere would have to be finite dimensional. 

The conjugate space V* may be realized as the space of all transfinite sequences 
{A} of complex numbers. (The numbers \; being the values of the linear func- 
tional at z;, which completely determine the functional by linear extension.) 

A set T of sequences in V* is bounded if and only if, for each finite number of 
indices 7;,---, i, , there exists a constant N (depending on such 
that T implies 
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The space V is reflexive. 


5. Notation 


We will, in general, use the following conventions, although they cannot be 
relied on absolutely. 
V, V’, V denote spaces. 
x, y, 2 denote points of V (x’ or would indicate a point of V’ or V respec- 
tively). 
V* denotes the conjugate space of V. 
f, g, h denote functionals on V (points of V*). 
R denotes the ring of all bounded operators on V (Definition 5) 
A, B, C denote operators in R. 
a, B, y denote indices of directed systems. 
A, v, denote scalars. 


Section II. ALGEBRAIC PROPERTIES OF R 


6. Some algebraic lemmas 


For later reference, we shall need several algebraic lemmas which we prove in 
this paragraph. 

Lemma 1. The left annihilator, N, of a non zero left ideal in a simple’ ring, F, 
as zero. 

For, N is clearly a two sided ideal in F and therefore either zero or F. If N = 
F, then F is annihilated on the right by the left ideal L so that the right anni- 
hilator of F is non zero. But this right annihilator is a two sided ideal and so 
FF = 0, contradicting the simplicity assumption on F. 

Lemma 2. If F is a simple ring, and L is a minimal left ideal in F, then there 
exists an element e in L such that e’ = e, Fe = L. 

For proof, see [30, vol. 2, p. 145, Hilfsatz 3]. 

Lemna 3. If F is a simple ring, and L = Fe (e = e) is a minimal left ideal in 
F, then any F-endomorphism’ of L may be obtained by multiplying L on the right 
by an element of L. 

Suppose e is taken by the endomorphism into a. Then, if x is any element of 
L, x = xe and x will be taken into xa by the endomorphism so that the endo- 
morphism may be generated by multiplication on the right by a. 

Remark. Clearly any such multiplication is an F-endomorphism. 


7. The ring R 


DEFINITION 4. Two spaces V and V’ are boundedly isomorphic if there exists 
a one-to-one, bounded, linear mapping of V onto V’ with a bounded inverse. 


8 A simple ring is one which contains no proper, non zero, two sided ideals and such that 
there exist two elements of the ring whose product is not zero. 

® An F-endomorphism of L is a homomorphism of L into itself such that for any a in F, 
x— 2’ implies az ar’. 
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Such a transformation will be called a bounded isomorphism. 

Let R be the set of all linear transformations of a space V into itself which 
carry bounded sets into bounded sets. With the usual definitions of addition 
and multiplication, R becomes a ring. An element of R will be called an operator 
on V, and R will be called the ring of operators on V. We define a concept of 


bounded set in R by 
DeriniTion 5. A set Sin R is bounded if, for each bounded set S in V, the set'® 


SS is also bounded. 
Again we notice that, if V is a Banach space, this definition gives exactly 


those sets in R that are bounded in the norm. Another simple consequence of 
the definition is that the ring product of two bounded sets is bounded. 
8. Minimal left and right ideals in R 
Let 20 , fo be fixed elements of V and V* respectively. We define an operator 

A on V by the equation 

Ax = fo(x)x0. 
From the property B1 of bounded sets in V, this operator is bounded and there- 
fore is in R. We use the notation 

A= [20 hol, 


and call such operators one dimensional. Clearly, one dimensional operators 
are just those whose ranges are not more than one dimensional. The product 
of two one dimensional operators is easily computed to be 
[x1 , fillxe , fo] = , fel. 

Consider the set L of all operators [{z, fo] with a fixed fo and z variablein V. The 
set L is a left ideal in R since 

fol + ulze , fo] = [Aer + mee, fo] 
and, if A is any operator in R, 

Alz, fol = [Az, fo]. 

Moreover, L is a minimal left ideal in R. For, any non zero subideal must 
contain at least one non zero operator, say [2 , fo]. But now let go be a bounded 
linear functional such that go(zo.) = 1. Then the subideal contains the operator 

[z, gollzo , fo] = go(20)[z, fo] = lz, fol 


for any zin V. That is, it must be L, and L is a minimal left ideal in R. 
Since there is an obvious one-to-one, linear correspondence between V and 
L—namely 


[z, ol; 


10 FS is the set of all Ax with A eS, ze S. 
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we may make the vector space L into a space by carrying over to L the class of 
distinguished linear functionals on V. We now have two concepts of “bounded 
set”? in L, the boundedness of V carried over by the correspondence z <> [z, fil, 
and the boundedness defined in R by Definition 5. We shall show that these 
two concepts are really the same. Let So be any bounded set in V; and let 
So = {[z, fo] | 2 ¢ So} be the subset of R to which it corresponds; then, if S is any 
bounded set in V, the set 


SoS = {fo(x)z | S, So} {fo(x) So | LE S}. 
Now set supz.s|fo(x) | = N, then 
ToS C {UAS||A| SN}, 


and, by properties B5 and B6 of bounded sets, the set on the right is bounded. 
Hence, by B3, SoS is bounded and ‘% is a bounded subset of R. 
Conversely, if So is any unbounded set in V, and 2 is a point of V such that 
So(xo) = then 
Soro = {[z, folto|z¢ So} = So. 


And, since 2 is a bounded subset of V by B1, we see that Jo is unbounded. 
Thus we see that the minimal left ideal L = {[z, fo] | 2 ¢ V}, with boundedness 
as defined in R, is a space boundedly isomorphic to V. 


THEOREM 1. Any non zero left ideal in R contains a minimal left ideal which is 
boundedly isomorphic to V. 


Proor. Let L be a non zero left ideal, and let A be a non zero operator in L. 
Then 2 , 2; exist in V such that 


An = %, Xo 0. 


Now, let g be a bounded linear functional such that g(x) = 1. Then, since L 
is a left ideal, it must contain the operator 


B = [x, 
This operator is not zero, for 
Bau, = [x0 , = glto = = 


But the range of B is contained in the range of [2 , g] and is, therefore, the one 


dimensional manifold spanned by x. Thus, there must exist a functional fo 
such that Br = fo(x)xo , or 


B= [xo ? fol. 
Now, for any z in V, L contains the operator 
lz, g]B = [z, gllxo, fo] = g(xo)lz, fol = [e, fol. 


But we have already seen that the operators [z, fol, z « V, form a minimal left 
ideal in R which is boundedly isomorphic to V. This completes the proof. 
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CoroLuary 1. Any minimal left ideal in R is boundedly isomorphic to V. 

Proor. Clear. 

Similarly, if x» is any fixed non zero element of V, the set L* of operators [zo , 
f|, for variable f in V*, forms a right ideal in R. In fact, this set is exactly all 
operators whose ranges are contained in the one dimensional manifold spanned 
by 2» and is, therefore, clearly a minimal right ideal. We may make the vector 
space L* into a space by means of the boundedness in V* and the one-to-one 
linear correspondence 


[x, fl, 


of V* with L*. -It is easily seen that the boundedness thus introduced into L* 
agrees with the boundedness in L* as given by Definition 5. 

THEOREM 2. Any non zero right ideal in R contains a minimal right ideal which 
is boundedly isomorphic to V*. 

Proor. Let W bea non zero right ideal in R, and let A be a non zero operator 
in W. Then 2, x; exist in V such that 


Ax = 2%, To 0. 
Now, for any f in V*, W will contain the operator 
Alm ,f] = [An, f] = fl. 


But we have already seen that the set of all operators [x , f] is a minimal right 
ideal boundedly isomorphic to V*. This completes the proof. 

Corotuary 1. Any minimal right ideal in R is bowndedly isomorphic to V*. 

Proor. Clear, 

We may now consider both V and V* to be imbedded in R. In fact, both are 
imbedded in the set of one dimensional operators [x, f]. Let xo , fo be respectively 
any fixed non zero elements of V and V*. Then the sets L = {[z, fol} and L* = 
{[z0 , f]} may be considered as V and V* respectively. Further, if S is any sub- 
set of L, and C = [ax, fol], we have 


[zo , = {fC | lz, fol S}. 


For later reference, we summarize these results in the 

SraTeMENT. With L, L*, and C as above, any element of L*L is a multiple 
of C. A necessary and sufficient condition that a subset S of L be bounded is 
that, for each operator A in L*, there exist a constant N4 such that, for all 
operators B in S, 


with |A| S Na. 


We are now in a position to regain the space if we knuw, algebraically, the ring 
of all bounded operators on it. For, let R be given, and let L, L* be respectively 
any minimal left and right ideals of R. Let C be any non zero element of Lf L*. 
Then, with this L, L*, and C, the above Statement defines a boundedness in L 
which makes it boundedly isomorphic to V. 
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9. A condition for reflexivity 
As we have seen, if [x, fo] is any element of L, and A is any operator in R, then 


A[r, fo] = [Az, fol. 


That is, the isomorphism of L and V is an operator isomorphism” with the 
elements of R as operators on L by left multiplication. But the elements of R 
may also be considered as operators on L*—the operation being right multiplica- 
tion. If A is any operator in R, and [2p , f] is any element of L*, then 


[to , fJA = [xo , g] 


for some gin V*. We define an operator A* on V* by 
A*f = g. 


Following the Banach space terminology, A* will be called the adjoint of A; it is 
easily seen to be a bounded operator on V*. Moreover, if R* is the ring of 
operators on V*, the correspondence 


A— 


is a bounded linear mapping of R into R*. 

THEOREM 3. A necessary and sufficient condition that V be reflexive, is that the 
mapping A — A* of R into R* should cover R*. 

The proof will not be given since it is exactly the same as for a Banach space. 


10. Extension of Eidelheit’s Theorem 


In preparation for the work of this paragraph, we need several lemmas; for 
later use, we prove the first one in a more general form than is immediately 
necessary. 


Lemma 4. If 2x, --- , x, are any n linearly independent points of V, there exists 

a bounded linear functional f defined on V such that’ 
S(xi) = bin, 

Proor. The lemma is satisfied by hypothesis for n = 1. Suppose it holds 
for n — 1; then, using the n — 1 points 1, ---, %,-1, there exists a bounded 
linear function g such that 

g(t) = = g(tn2) = 0, = 1. 
Set =. But now AXn-1 — are n — 1 linearly independ- 
ent points so that there must exist a bounded linear functional h such that 
= +--+ = h(an_2) = 0, h(Ata-1 — Yn) = 1. 


1 For a definition of operator isomorphism, see [30, vol. 1, p. 147]. 
12 The Kronecker delta, 6;; , is defined to be 1 if i = j and zero otherwise. 
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Set = A(tn) = v; then 
h(Atn-1 — In) = — v = 1, 
Putting f = ug — h, we have 
= +++ = f@n-2) = 0, faa) =u» — =0,f(z,) = v = 1, 


and f satisfies the conditions of the lemma. 

Lemma 5. If A is any operator in R not a multiple of the identity, there exists 
a point xo of V such that xo , Ax» are linearly independent. 

Proor. Suppose the lemma were false. Then, for every z in V, Ax would 
be a scalar multiple of xz. But, since A is not a multiple of the identity, there 
would exist 2 , 22 in V such that 


Am = An, = 
Clearly, x; and 2. would be linearly independent; but then 
j.and Ax = Ax + 


would be linearly independent contrary to our supposition. 
Lemma 6. The centrum of R consists of the scalar multiples of the identity. 
Proor. Clearly, the scalar multiples of the identity are contained in the 
centrum. We show that no other operator can be so contained. Let A be any 
operator not a multiple of the identity; then, by Lemma 5, there exists a, point 
xo of V such that x) and A are linearly independent. But, by Lemma 4, there 
exists a bounded linear functional f such that f(a) = 0, f(Am) = 1. Now 


A[xo , flao = Af(xo)xo = 0, 
[to , fIAxo = f(Axo)%o = 0, 


so that A does not commute with [2 , f], and is not in the centrum. This com- 
pletes the proof. 

It will not have escaped the attention of the reader, that the ring R admits the 
complex numbers as operators. We shall have occasion to discuss several types 
of isomorphisms of such rings. 

By R ~ R’, we shall mean that there is a one-to-one mapping of R onto R’ 
such that A A’, B B’ imply 


A+B<A'+B, AB<A’'B’. 


By R & R’, we shall mean R ~ R’, and A < A’ implies \A — AA’. 

By R & R’, we shall mean R ~ R’, and A « A’ implies \A @ XA’, 

By the word isomorphism, we shall mean & unless otherwise stated. 

Suppose, now, that R and R’ are, respectively, the rings of all bounded opera- 
tors on spaces V and V’. 


13 is the complex conjugate of \. 
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Lemma 7. If V and V’ are real spaces, and R = R’; then R= R’. 

Proor™“. The identity J in R must correspond to the identity I’ in R’; also, 
the centrum of R must correspond to the centrum of R’. Thus, an operator 
dJ in R corresponds to an operator )’J’ in R’. But it is easily seen that the 
function \’ = )’(A) gives an automorphism of the field of real numbers and 
therefore \’ = X. Now, AA = (AI)A corresponds to (AJ)’A’ = AI’A’ = dA’, 

Lemma 8. If V and V’ are infinite dimensional’® (complex), normed,'® linear 
spaces, and R =~ R’; then (under the same correspondence!), either R = R’, or R 
= R’. 

Proor. Asin Lemma 7, we show the existence of a function \’ = \’(A) which 
gives an automorphism of the field of complex numbers. It is well known that, 
if this automorphism is continuous; either \’ = X, or \’ = X, so that we must 
only prove the continuity of this automorphism. We assume it discontinuous, 
and define an operator in R which cannot correspond to any operator in R’, thus 
giving a contradiction and proving the lemma. 

Consider V as a minimal left ideal in R; under the isomorphism, V is carried 
into a minimal left ideal in R’, that is, into V’. Thus, we have a one-to-one 
mapping of V onto V’ such that, if x, y in V correspond” respectively to 2’, y’ 
in V’, and Ax = y; then A’x’ = y’. Also (Az)’ = Na’. 

Now, if \’ = X’(A) is not continuous, it will be discontinuous at 0 due to the 
additivity, and, for any e > 0, N finite, we can find X, \’ such that 


Let x;, fi, i = 1, 2,---, be a biorthogonal sequence’ with norm x; = 1, 
= 1, 2,--+ ,—that is, such that 


fi(x;) = 6;;, i,j =1,2,---; 


and set 
1 


norm f;’ 


Then a functional g, defined at the points x; by 


g(x) = |u| 


and extended linearly to the linear manifold spanned by the 2; , will be bounded. 
For, if 


r= norm x S 1, 


14 This proof was given in [8, p. 101], but is repeated here for completeness. j 

15 For finite dimensional spaces, the situation is trivial. 

16 Tt is assumed that the family of distinguished linear functionals is the set of func- | 
tionals of finite norm. 

17 Throughout the remainder of this paragraph, we use a prime to indicate the corre- 
spondent, in R’, of the unprimed expression. 

18 It is easy to prove the existence of such a sequence by an induction argument. 
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then 


But, 


i=1 


so that g is bounded on the linear manifold spanned by the z; , and therefore, by 
the Hahn-Banach Theorem [6, Theorem 1], the functional g can be extended to 
a bounded linear functional f defined throughout V. 

Now 2; corresponds to some point x; of V’, and, since x; ¥ 0, we must have 
x; ~ 0. Therefore, we can choose constants N; such that 


We now specialize the »; so that 


and consider the operator A = [z,, f]. This operator satisfies the equations 
Az; = vit, $=1,2,---, 
so that its image, A’, in R’ must satiety the equations 
= vith, 
Hence, 


norm norm 
: > N; 
norm 7%; norm 


norm A’ = 


and A’ is not bounded, giving a contradiction. This completes the proof. 

It is not known whether Lemma 8 can be strengthened by letting V and V’ 
be infinite dimensional spaces in which there exist bounded sets which “span” 
then in some sense. However, the example of a space V given at the end of 
paragraph 4 shows that Lemma 8 cannot be extended to arbitrary spaces. Con- 
cerning that example, the reader can easily verify these further statements. 
(For simplicity of notation, we consider that 7 has a denumerable range.) 

The ring R of all bounded operators on V may be realized as the ring of ma- 
trices (A;;) whose elements are complex numbers, and which have only a finite 
number of non zero elements in any row. (In the notation used in paragraph 4, 
Ax; = )°;\:;t; sets up the correspondence between operators and matrices.) 

If \ — )’ is any automorphism of the field of complex numbers, 


(rss) (Ais) 
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is an isomorphism (~) of R with itself. If the automorphism of the complex 
numbers is not continuous, this correspondence will yield neither a } nor a &, 

THEorEM 4. If R and R’ are the rings of all bounded operators on V and V' 
respectively, and if R = R’, then V is boundedly isomorphic to V’. Moreover, 
there exists a bounded isomorphism ® of V onto V’ such that A’ = & A ®* for any 
pair of corresponding operators A, A’. 

Proor. We need only restrict the isomorphism to a minimal left ideal in R 
to obtain the mapping @ of V onto V’. That this mapping is a bounded iso- 
morphism follows at once from the Statement in paragraph 8, which gives a 
criterion for bounded sets which is invariant under =. 

If x’ and A’ are any point of V’ and any operator of R’ respectively; then, 
setting A’x’ = y’, we have Ax = y, and 


= = by = = A’2’. 
But, since x’ was arbitrary, this means 
A' = 
This completes the proof. 


Corotuary 1. If V and V’ are real spaces, and R = R’, then V is boundedly — 


isomorphic to V’. 

Proor. Obvious from Lemma 7 and Theorem 4. 

Corotuary 2. If V and V’ are infinite dimensional, normed, linear spaces, 
and R = R’; then there is a one-to-one, bounded transformation of V onto V’, with 
bounded inverse, which is either linear, or conjugate’ linear. 

Proor. Obvious from Lemma 8 and Theorem 4. 


11. The Hilbert Space ring 


Concerning the ring F of all bounded operators on Hilbert Space, we can make 
a much stronger statement than Theorem 4. Throughout this paragraph, WM 
will denote a subring of R which contains the identity, is weakly closed in R, 
and contains, with any element, its adjoint. It has been shown by Murray and 
von Neumann (24, p. 150, Theorem IV] that M is isomorphic to the full ring R 
over Hilbert Space if the centrum of M consists of the multiples of the identity 
and there exists in M a minimal” projection. To apply our theory, we need some 
other condition to replace the existence of a minimal projection. 

Lemma 9. WM contains a minimal projection if there exists a minimal left ideal, 
L, in M. 

Proor. If there is a projection E ~ 0 in L, itis minimal. For, let F be any 
projection in M unequal to zero, and such that EF = F. Taking adjoints of 
both sides of this equation, we find FE = F, so that F isin L since E is. But 
now MF is a left ideal in M contained in L, and, since 


MFaFF=F#0, MF#0. 


19 That is, either Ar + wy Xz’ + wy’, or else Ar + py dz’ + py’. 
20 A projection Z in M is minimal if, for any projection F in M, EF = F implies F = 0 
orF = £. 
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Therefore, MF = L, and there exists an operator C in M/ such that CF = E. 


Hence, 
E = CF = CFF = EF =F; E = F, 


so that Z is minimal. 

Thus, we see that we must only prove the existence of a projectionin L. Let 
B be any non zero operator in L, and set A = B*B. Then A is non zero, Her- 
mitian, and in L. Now, 

LA CL;LA»s AA = A*A #0, 


so that LA = L, since Lis minimal. Thus there exists an operator E in L such 
that EA = A, and we conclude, just as in the proof of Lemma 2, that E” = E. 
We shall show that EF is Hermitian as well as idempotent. Consider LE*; this 
is a left ideal in M. It contains cs 


AE* = (EA)* = (A)* =AeL, 
and, since its intersection with L is not empty, it contains all of L; 
LE* > L. 


Hence there exists an operator F in L such that FE* = E. Remembering that 
E* is idempotent along with E, we find 


EE* = FE*E* = FE* = E, 


and E = EE* is both idempotent and Hermitian; that is, it is a projection in L. 
This completes the proof. . 

TuroreM 5.” If R is the ring of all bounded operators on a space V, and™ 
R = M, then V is boundedly isomorphic to Hilbert Space. 

Remark. This means, of course, that V is Hilbert Space, since we may trans- 
fer the norm to V by means of the bounded isomorphism. 

Proor. By Lemma 6, the centrum of R consists of the multiples of the iden- 
tity, and this property is insured in M by the isomorphism. Also, M must 
contain a minimal left ideal, since R does. By Lemma 9, therefore, M will 
contain a minimal projection, and our result follows by an easy application of a 
theorem of Murray’s and von Neumann’s [24, p. 150, Theorem IV] and our 
Theorem 4. 


12. Characterization of a sufficiently large subring 
DEFINITION 6. A subring of the ring of all bounded operators on a space V is 


sufficiently large if, for any n + 1 points (n > 0) %1,---, Xn; y of V such that 
%1,°*+, t, are linearly independent, there exists an operator A in the subring 
satisfying 

Axi = biny 


*1 Kakutani and Mackey have proved a stronger theorem than Theorem 5 in case V is 
areal space. See this issue of the Annals, page 53. 

*2 Using Lemmas 7 and 8, we may weaken the hypothesis on the isomorphism in special 
cases. 


, 
y 
| 
‘4 
7 | 
q 
| 
| 


~ 


38 B. H. ARNOLD 


It is evident from the definition that, if R’ is a sufficiently large subring of R, 
and 21, +++, 2%n3Y1,°**, Yn are any 2n points (n > 0) of V such that the z; 
are linearly independent, then there exists an operator A’ in R’ such that 


= Yi 


For, if A’ is such that Aja; = (i,j = 1, n), then A’ = A; satisfies 
our requirements. 

THEOREM 6. The following set of conditions is necessary and sufficient that a 
ring F be isomorphic (~) to a sufficiently large subring of finite dimensional” 
operators on a space. 

1. F is simple. 

2. There exists a minimal left ideal, L, in F. 

3. The ring of F-endomorphisms of L is isomorphic (=) to the field of complex 

numbers. 

Remark. If the space is finite dimensional, then any sufficiently large sub- 
ring must be the full ring; so that Theorem 6 may be looked upon as a char- 
acterization of a full matrix ring. 

Proor. Necessity. Suppose, first, that F is“ a sufficiently large subring of 
finite dimensional operators on a space V. Let A be any non zero operator in 
F, and let x, --- , x, be linearly independent points which span the range of A. 
Then, for any y in V, 


Ay = 5 
where the \,’s are linear functionals of y, say \; = fi(y), or 


A= [xi , fil. 


Now, since F is sufficiently large, there exist operators B; in F such that 
Ba j= 6; pi all 1, j 


so that B;A = [x;, fi] ¢F. Thus, every non zero operator in F is a finite sum of 
one dimensional operators in F. 

F satisfies condition 2. Let [xo , fo] be any non zero one dimensional operator 
in F. Then, if z is any point of V, there exists an operator C in F such that 
Cz = z, and therefore 


But we have seen that the set L of all operators [z, fo] (2 variable in V, fy fixed) is 
a left ideal in the full ring over V, and is, therefore, a left ideal in F. The equa- 
tion just above proves that this left ideal is minimal. 

To prove that F is simple, it is sufficient” to show that any non zero two sided 


23 A finite dimensional operator is one whose range is finite dimensional. 
24 If F is isomorphic to such a subring, we may identify F with it. 
2 Obviously FF # 0, since F is sufficiently large. 
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ideal J in F contains all one dimensional operators in F, since it will then contain 
all finite sums of such one dimensional operators, that is, it will be F. But, if 
A = Di (zi, fi] (1, fa ¥ 0) isin J, then J also contains 


= [Bi ai, fil [m1 , fil. 


Now, let [z, g] be any one dimensional operator in F’, 2) be a point of V such that 
fi(zo) = 1, Ao be an operator in F such that Aor, = z. We then find 


fillzo , g] = , g] = g] = [z, g], 


so that [z, g] must be in J since [x1 , fi] «7, Ao € F, [z0, g)¢ F. Therefore, I con- 
tains all one dimensional operators in F, and F is simple satisfying condition 1. 

F satisfies condition 3. By Lemma 3, any F-endomorphism of L may be 
generated by multiplying Z on the right by an element of L. Let 6 be an arbi- 
trary F-endomorphism of L, and let [z, fo] be an element of L which generates 6. 
Then @ sends 


[z, fo] [x, Sollz, fo) fo(z)[z, fol, 


and is merely multiplication by the complex number fo(z). Clearly, the corre- 
spondence 


6 <> fo(z) 


sets up an isomorphism of the F-endomorphism ring of L with the field of com- 
plex numbers. This completes the proof of the necessity. 

Sufficiency. Conversely, if F is any ring satisfying conditions 1, 2, 3, we may 
consider it as a ring of operators on L—the operation being multiplication on the 
left. We shall define in Z a scalar multiplication and a notion of boundedness, 
making it a space; we shall show that F is sufficiently large, and consists only of 
finite dimensional operators. 

DEFINITION OF SCALAR MULTIPLICATION. According to the remark after 
Lemma 3, any element y of L generates an F-endomorphism of L which sends 


ry. 


Further, we get all F-endomorphisms of L in this way. That is, we have a 
homomorphic mapping, ¢, of L (as a ring—no multiplication by scalars) onto 
the field of complex numbers (F-endomorphisms of L). If this homomorphism 
sends y in L into g(y) = , we define 


Ar = zy, 


for any x in L. It is easily seen that this definition makes L a vector space. 
The reader will notice that we have defined scalar multiplication only in L, and 
not throughout F. 

DEFINITION OF BOUNDED SETIN L. Let A be any operator in F, and define 
a functional f, on L by ‘ 


fa(z) = 9(Az), 
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We take as the family of distinguished linear functionals on L, the set 
{f. A | A € F } . 


Each of these functionals is linear; we shall show that the family is total. Let 
x, y be any two non zero elements of L; then Fx = 0, since the right an- 
nihilator of F forms a two sided ideal, and F is simple. Therefore, Fx = L. 
Also, yF'x = yL # 0 by Lemma 1, so that there exists an operator A is F such 
that’ 


yAx = dy, #0. 
But ’ = fa(x), so the family of distinguished linear functionals is total. 

With this definition of boundedness, any operator in F is a bounded operator 
on L. For, let S be any bounded subset of L. Then (Definition 1) for any 
operator A of F, there exists a constant N. such that, for all z in S, 

| fa(x) | | | = Na. 
Now, if Ao is any operator of F, the set A»S is bounded, because, if y « AoS, then 
y = Aor, x e S, and 
| faly) | = | | = | e(AAor) | = | S Naay- 


Thus, by Definition 1, AoS is bounded and A» is a bounded operator on L. 

F contains only finite dimensional operators. For, the set of finite dimensional 
operators in F is a two sided ideal J in F, and, therefore, either zero or F,, since 
Fissimple. But the elements of L, considered as operators in F, are one dimen- 
sional operators, since 

wy = g(y)x = dz, eL, 
so that J is not empty, and F consists only of finite dimensional operators. 

It remains only to prove that F is sufficiently large. Now, the set of dis- 
tinguished linear functionals is linear, since 

A + f A+B) 
and, if g(y) = A, ye L, 


= A~(Ax) = gly)e(Az) = = o((yA)x) = fya(), 


for any x in L. Thus, since the family of distinguished linear functionals is 
total, there exists, for any x ¥ 0 in L, a distinguished linear functional fs, such 
that 


fa(z) =1, 


But now the proof of Lemma 4 shows that, for any n linearly independent 
points 2, --- , x, of L, there exists a distinguished linear functional f, such that 


Salts) = bin, t=1,---,n. 


26 From the above definition of scalar multiplication, we must have y(Azx) = Ay for some 
in any case. 
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Let y be any point of L and set” C = [y, f,], then 
Cx; = falzily = deny, 


t, and F is sufficiently large. This completes the proof of the theorem. 
Section III. Torotocicat Properties or R 


h 13. The weak topology in V 


Since V is a sector space, it is sufficient, in order to define a topology in V, to 
). define a neighborhood basis” of 0 in V. 
DerFINiTIon 8. For any finite number f,, --- , f, of bounded linear functionals 
on V, and any « > 0, let 


y U = {x|reV, | fiz) | <6 i =1, +++, n}. 


The reader can easily verify that the class of all sets U in Definition 8 forms a 
neighborhood basis of the origin in V; that the topology defined makes V a hi 
Hausdorff space; and that addition and scalar multiplication are continuous in bY 
this topology so that V is a linear topological space. We shall call this topology 
the weak topology in V, and shall say that the neighborhood U in Definition 8 is 
defined by fi, +++ 

THEOREM 7. A subset S of V is bounded if and only if it is bounded in the 
weak topology.” 

Proor. Let S be any bounded set in V, and let U be any weak” neighborhood 
of the origin in V (defined, say, by fi, --- ,f,; ¢). Then, since S is bounded, ha 
there exist constants N; such that | 


| < Ni, zeS. 
Set 
€ 
and we have 


AU = << Nit DS, 


and S is bounded in the weak topology since U was arbitrary. 
Conversely, if S is bounded in the weak topology, then, to the weak neighbor- 
3 hood U of the origin defined by the single bounded linear functional f, and « = 1, 
L there corresponds a scalar \ such that A\U > S. But this means that, for x ¢ S, 
| f(x) | < |X], and Sis bounded. This completes the proof. 


‘ *7C is in F because Cz = f4(z)y = o(Az)y = y(Az) = (yA)z for every z in L, so that 
= yA eF. 

*8 For a discussion of the topological concepts used in Section III, see, for example, ) t 
ALEXANDROFF, P., anp Hopr, H., Topologie, Springer, Berlin, (1935) ; also [4, 5, 11, 18, 23, 25). 4 . 

* In a linear topological space, a set S is bounded in the topology if, for each neighbor- t 
hood U of the origin, there exists a scalar Ay such that AvyU > S. 
: *° We use weak or weakly to refer to the weak topology. An analogous notation is em- 
ployed relative to subsequent topologies. ie 


Je 
| 
3 


42 B. H. ARNOLD 


THEOREM 8. An operator on V is bounded if and only if it is weakly continuous, 

Proor. Let A be any weakly continuous operator, S be any bounded set in 
V, and U be any weak neighborhood of the originin V. Then, since A is weakly 
continuous, there exists a weak neighborhood W of the origin in V such that 
AW CU. But Sis bounded, hence, by Theorem 7, there exists a scalar \ such 
that S C AW, and therefore 


AS C AAW 


Since U was any weak neighborhood of the origin, we see, by Theorem 7, that 
AS is a bounded set and A is a bounded operator. 

Conversely, if A is any bounded operator on V, and U is any weak neighbor- 
hood of the origin in V (defined, say, by fi, --- , fn ; €), we define a weak neigh- 
borhood W of the origin in V by gi, --+ , gn 3 €, Where 


gi(x) = fi(Ax), 


The g; are bounded linear functionals since A and the f; are bounded; but now 
AW C U because, if x « W, then 


| g(a) | = | f(Ax)| <6, t=1,---,n, 


and AxeU. Therefore, A is weakly continuous. This completes the proof. 
Theorems 7 and 8 show that any space, in our terminology, may be considered 
as a linear topological space, and that the class of distinguished linear functionals 
may be taken as all continuous linear functionals. 
However, since LaSalle [17, p. 134] has given an example of a linear topological 
space on which there exist no non zero, continuous, linear functionals, the con- 
verse is not true. 


14. The finite topology in 2 


DeFINiTION 9. A directed system” A, of operators in R converges in the finite 
topology in R to an operator A if (1), for each x in V, there exists an a* such that 
a > a* implies Agx = Ax, and (2), A is bounded. 

It is easily seen [4, p. 43, Theorem 7] that this definition makes R a Hausdorff 
space. In fact, it is not necessary that R be the full ring of operators over the 
space V. Definition 9 gives a Hausdorff topology if R is a sufficiently large sub- 
ring of the full ring—a fact which we will use in paragraph 17. Condition (2) 
is trivially satisfied if A is in R, but it plays an important role in questions of 
completeness. A fundamental system of operators in R is a directed system Aa 
such that (1), for each x in V, there exists an a* such that a > a* implies A.t = 
A +t, and (2), for any bounded set S in V, the set” {lim, | x S} is bounded. 

THEoREM 9. The ring R of all bounded operators on a space V is complete” in 
the finite topology. 


3! For definition, see [4, p. 40, Definition 1] or, for a more complete discussion, see [18, 23]. 
%2 Since A qa is fixed “‘after a while’’, there is no difficulty in interpreting the lim,. 
8 That is, every fundamental system of operators in R converges to an operator of R. 
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and 10. In fact, if R is any ring which is complete in the finite topology and 
contains a subring F satisfying the conditions of Theorem 6, then the factor ring 
R/(left annihilator of the minimal left ideal L) is isomorphic to the full ring 
ite over L. 

hat | 15. The strong topologies in V and R 


DEFINITION 10. A directed system x. of points of V converges strongly to a 
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Proor. If A. isa fundamental system, we may define an operator A on V by 
in 
ky | Az = lim Ae2. 
; This operator is linear, single valued, bounded; and A. converges to A in the 
finite topology. 
TureorEM 10. A subring F of R is dense in R in the finite topology if and only 
if it is sufficiently large. 
hat | Proor. Suppose F is sufficiently large. Let A be any operator in R, and let 
{a} be the directed system of all finite subsets of V. Choose A, as any operator 
or- | in F which agrees with A on the points a. The directed system A, clearly con- 
gh- verges to A in the finite topology. 
Conversely, if F is dense in R in the finite topology, it must contain all finite 
dimensional operators (since a directed system A, converges to a finite dimen- 
— sional operator A only if there exists an a* such that a > a* implies A. = A), 
ow i and therefore must be sufficiently large (since the finite dimensional operators 
; form a sufficiently large subring). This completes the proof. 
The following corollary gives a characterization (algebraic and topological) 
si : of rings of operators on spaces. 
: i Corotiary 1. A ring R which is the completion, in the finite topology, of a 
red subring F satisfying the conditions of Theorem 6, is the full ring of operators over 
als : some space, and conversely. 
F Proor. The converse is trivial since the finite dimensional operators form a 
cal ring F satisfying the conditions of the corollary. 
yn- The direct statement of the corollary follows at once from Theorems 6, 9, 


. point x of V if, for each bounded set T in V*, and each ¢« > 0, there exists an a* 
be such that f eT, a > a* imply | f(ta — 4) | 


2) | Again we leave it to the reader to verify that this makes V a Hausdorff space. 
If V is a normed linear space, Definition 10 gives the norm topology. For, if 
E we let T be the unit sphere in V*, then, for any x. — 2, there exists [3, p. 55, 


~ Théoréme 3] f « T such that f(z. — x) = norm (x, — x) so that strong con- 
.d vergence implies norm convergence. The converse is trivial. 
in : A strong fundamental system in V is a directed system x, of points of V such ' 


' that, for any bounded set 7 in V*, and any e > 0, there exists an a* such that 
feT, a! > a*, a’ > a* imply 
3). [f(tar — tar) | <e. 


* Sets containing only a finite number of points, and ordered by point set inclusion. 
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We shall also need the strong topology in R given by 

DEFINITION 11. A directed system Aq of operators in R converges strongly to an 
operator A if (1), for each x ¢€ V, the points A.x converge strongly to Ax, and (2), 
for any bounded set S in V, the set” 


= lim f(Aaz), re 8} 


is bounded for each f in V*. 

THEOREM 11. The completion of R in the strong topology in R is isomorphic to 
the ring of all bounded operators over the completion of V in the strong topology in V. 

Proor. Let & be the completion of R, and consider R as a subset*® of R, 
similarly, let V be the completion of V, and consider V as imbedded in V. We 
shall show, first, that the elements of R may be considered as bounded linear 
operatorson V. For, if Aq and 2g are any strong fundamental systems in R and 
V respectively, then, setting’ A = lim, Aq , = = lim, xg , we may define 


It is easy to show that these limits exist, and that A is a bounded linear operator 
on V. 

To show that any bounded linear operator A on V is represented by some ele- 
ment of R (that is, by a limit of operators in R), we choose, for each point < of 
V, a fixed directed system yg(Z) of points of V converging strongly to Zz. Form 
a new directed system {a} composed of elements (4, --- , En Ys,(AZ1), 
Ya,(AEn)) where the Z; are arbitrary distinct points of V, and yg,(AZ;) is one of 
the points of V in the chosen directed system converging to Az;. The ordering 
is (41 En; ys,(A%1), eke. < (4 (AA), Yon 
(AZm)) if and only if there exists a function j(7) (¢ = 1, --- , n, j(z) taking values 
in m) such that = and Yp;(AZi) < Yr i= n— 
more loosely put, if and only if the Z’s are among the 2’s, and the corresponding 
y’s on the right fellow the y’s on the left. We define an operator in R for each a. 

For the index a = , 3 yp,(A%:), --- , ¥e,(AZn)), we define 
as follows. Let E, be a projection® on the finite dimensional linear manifold 
spanned by Az, ---, Az,. Then, for any ze 


At = gi(Z) AZ; , 


35 The lim, exists by condition (1). 

36 For the imbedding of a space in its completion, see [4, p. 48]. The functionals in V* 
may be uniquely extended to be defined throughout V, and we use these extensions to define 
boundedness in V. Thus, V* = V*. 

37 The lim, is to be interpreted in the topology at beni that is, in this case, the strong 
topology. 

38 That is, idempotent. Such projections always exist. 


| 
| 
| 
|| 
| 


an 


A 


= 


| ans 


RINGS OF OPERATORS ON VECTOR SPACES 45 


where the g; are bounded linear functionals defined on V. Note that E,Az; = 
Az;,i =1,+++,n. Define, for V, 


Agé = 


The operator A, is in R, and, for any z « J, 
Az = lim Agi. 


For, let 7 be any bounded set in V*, ¢ be any positive constant, # be any fixed 
point of V, and ys(AZ) be the chosen directed system of points of V converging 
to Az. Choose 6* such that 8 > 6*, f e T imply 


| — yp(AZ))| < 
Now, choose a* as (Z; yge(AZ)), and a > a* implies 
E,Ai = 143, 
so that 
At = ly,(Az), with y,(A%) > yge(AZ). 
Thus, a > a*, f e T imply 
| f(Az — And) | <6, 


and Az = lim, Aa. Condition (2) of Definition 11 is obviously satisfied since 
A is bounded. This completes the proof. 


16. The finite* topology in R 
As we saw in paragraph 9, the ring R may be imbedded anti-isomorphically in 
the ring R* of all bounded linear operators on V*. To discuss the relationship of 
R to R* we shall need another topology, the finite star (written hereafter finite*) 
topology in R. 
DEFINITION 12. A directed system Aq of operators in R converges to an operator 
A in the finite* topology if (1), for each f in V*, there exists an a* such that a > a* 
implies f(Ax) = f(Aax) for all x in V and (2), for any bounded set T in V*, the 
set of functionals 
{g|g(z) = lim f(Aax), fe T} 


is bounded. 

Again we leave it to the reader to verify that this definition makes R a Haus- 
dorff space. A directed system Aq of operators in R is a finite* fundamental 
system if (1), for each f in V*, there exists an a* such that a’ > a*, a” > a* 
imply f(Aqx) = f(Aq-x) for all x in V and (2), for any bounded set T in V*, 
the set of functionals 


{gl g(x) = lim f(Aa2), fe T} 
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is bounded. As before, condition (2) is useful mainly in questions of com- 
pleteness. 

The finite* topology in R may be better understood by considering R to be 
identified (anti-isomorphically) with a subring of R*. The following diagram 
shows schematically the minimal left and right ideals in the two rings. 


/ 


From Definitions 9 and 12, it is easily seen that the finite* topology in R (con- 
sidered as the ring over L) is “the same as” the relative topology induced in R 
(considered as a subring of R*) by the finite topology in R*. 

THEOREM 12. The completion of R in the finite* topology is anti-tsomorphic 
to R*. 

Proor. We consider FR as imbedded (anti-isomorphically) in R*. The com- 
pletion of R is contained in R* because, if Aq is any finite* fundamental system 
in R, we may define an operator A on V* by 


Af=g, g(x) = lim f(Aez), 


and A, converges in the finite* topology to A e R*. 

To show that the completion of R contains R*, let A be any operator in R*, 
and let {a} be the directed system of finite subsets of V*. We define, for each 
a, an operator A, in R. Consider V* as the minimal right ideal in R composed 
of all operators [xo , f] for a fixed x. Let a be the subset [x , fi], 7 = 1, --- , n, 
of V*, and set 


Choose [xo , fj], j = 1, --- , m S n, as a maximal linearly independent subset of 
the [xo , fi], and choose y; , k = 1, --- , m, in V such that 


Silyx) = j,k =1,+++,m. 
(This can even be done in an m-dimensional subspace of V.) Define Az e R by 
Aa = [ye 


Then 


and therefore, by linearity, 


[to , = gil, t=1,---,n, 
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and A, agrees with A on the subset a of V*. Thus the A, form a finite* funda- 
mental system converging to A. (The condition (2) of Definition 12 is satisfied 
since A is a bounded operator on V* by hypothesis.) This completes the proof. 

Several authors (see for example, [7, 10, 15, 26]) have given reflexivity condi- 
tions on a Banach space. The following two corollaries give conditions on the 
ring of operators over a space which insure that the space is reflexive. 

CoroLtary 1. A necessary and sufficient condition that V be reflexive, is that 
R be finite* complete. 

Proor. Clear from Theorems 3 and 12. 

CoroLLary 2. A necessary and sufficient condition that the strong completion 
of V be reflexive, is that the strong and finite* topologies in R agree. 

Proor. The sufficiency is evident from the preceeding corollary and Theorem 
11. For the necessity, suppose V (the strong completion of V) is reflexive, then, 
by Theorem 3, F (the ring of all bounded operators on V) is anti-isomorphic to 
R* = R*. But Ris isomorphic to the strong completion of R, and R* is anti- 
isomorphic to the finite* completion of R so that the two topologies agree. 


17. Conditions that V be a conjugate space 


Lemma 10. [If R is the ring of all bounded operators on a space V, then a suffi- 
ciently large subring R’ of R, such that the finite dimensional operators in R’ form 
a simple ring, is anti-isomorphic to a sufficiently large subring of the ring of all 
bounded operators on R’ 1) V* (V* considered as a minimal right ideal in R). 

Proor. Let A be any non zero finite dimensional operator in R’, say 


A = Dla, fd Xo, fo 0. 


Since R’ is sufficiently large, there exists an operator B in R’ such that 
= xo, Bay = Br, = 0. 
Then 


BA = Bla; [Ba; = [x ’ fol 
is in R’ and R’ contains some one dimensional operators. Thus, if L* is the 
minimal right ideal in R composed of all operators [xo , f], we have 
R'N L* 0.. 


Now clearly R’ N L* is a right ideal in R’. Moreover, it is a minimal right ideal 
in R’ for, in any right ideal Q C R’ N L*, there must™ exist two operators [20 , fil, 
[20 , fo] such that 


[x0 , fillto , fe] = filxo)[xo , fo] 0. 


* Since the ring F’ of finite dimensional operators in R’ is simple, there can exist no 
nilpotent right ideals in F. See [30, vol. 2, p. 154]. 
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Thus f:(xo) ¥ 0 and, since Q is a linear set, we may assume fi(%) = 1. But then 
Q > [x , Al(R’N L*) = R'NL*, 


and R’ 1) L* is minimal. Therefore, the ring F’ of finite dimensional operators 
in R’ is simple and contains a minimal right ideal, R’N L*. But, by Lemma 3, 
and remembering that FP is the ring of all operators on a space, we see that the 
F’-endomorphism ring of R’ f L* is isomorphic to the field of complex numbers. 
Our result now follows from the proof” of Theorem 6 with left replaced by right. 

TuHEorEM 13. Jf the ring R of all bounded operators on a space V contains a 
subring R’ such that 

1. R' 1) F (the finite dimensional operators in R’) is simple, 

2. R’ is sufficiently large, 

3. R’ is complete in the finite* topology in“ R’, then V is the conjugate of some 
space. 

Proor. By Lemma 10, R’ is anti-isomorphic to a sufficiently large subring of 
the ring of all bounded operators on R’M L*. But R’ is complete in the finite* 
topology in R’ and therefore, remembering the relation between the finite and 
the finite* topologies, and Theorems 9 and 10, we see that R’ is anti-isomorphic 
to the full ring over R’NM L*. Moreover, the completion R of R’ in the finite 
topology is the ring over the conjugate space to R’ M L* by Theorem 12 and the 
relation between the finite and finite* topologies. But R is, by hypothesis, the 
ring over V. Therefore, by Theorem 4, V is boundedly isomorphic to (R’ N L*)*. 
This completes the proof. 
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TWO CHARACTERIZATIONS OF REAL HILBERT SPACE 


By Suizvo KaxuTanr anp GrorGE W. MackEy 
(Received September 30, 1942) 


Introduction 


Let X be a real Banach space, let & be the ring of all continuous linear” trans- 
formations of X into itself and let & be the lattice of all closed linear subspaces 
of X. Eidelheit has shown [1] that X is determined up to an isomorphism by 
the abstract ring of which & is a realization and one of us has proved [2] the 
corresponding theorem for &. These theorems suggest among others the prob- 
lem of finding what special properties serve to characterize the rings and lattices 
of various particular kinds of Banach spaces among those of general Banach 
spaces. It is the purpose of this paper to give a solution of the problem for 
spaces isomorphic to generalized real Hilbert spaces (i.e., real Hilbert spaces 
which need not be separable on the one hand nor infinite dimensional on the 
other). 

Our principal result is to the effect that in order to be able to conclude that a 
Banach space X is isomorphic to a generalized Hilbert space it is sufficient to 
know that either the ring or lattice of X admits an involutary anti-automor- 
phism with a certain additional property. We prove furthermore that if the 
dimension of X is at least three then the anti-automorphism in the lattice 
(ring) corresponds to the operation of taking the orthogonal complement (ad- 
joint operator) in the resulting Hilbert space. The exact statements and proofs 
of these theorems are contained for the case of the lattice in Section I and for the 
case of the ring in Section II. 

Since in [2] both Eidelheit’s theorem and the lattice isomorphism theorem 
have been shown to hold for not necessarily complete normed linear spaces it 
would be desirable to extend our characterization to one among spaces of this 
larger class. We have not been able to do this. We have, however, examples 
showing that the theorems of Sections I and II are not true if the completeness 
restriction is removed. These are presented in Section III. 


I. The Lattice Theorem 


Let X be a generalized real Hilbert space. For each closed linear subspace 
M of X let M’ be the orthogonal complement of M. As is well known the 


1 It should be pointed out that Professor Kakutani left the United States before the 
final draft of this paper had been prepared and accordingly is not responsible for any degree 
of unsatisfactoriness which it may possess. The results in this paper were obtained 
while the junior author was in residence at the Institute for Advanced Study as a 
Sheldon Traveling Fellow from Harvard University. 

? In this paper linear means additive and homogeneous. 

’ The numbers in brackets refer to the bibliography. 
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operation M — M ’ has the following properties: 

(1) If M; and M; are closed subspaces with M, € M; then Mi 2 Mi. 

(2) For each closed subspace M, M” = M. 

(3) For each closed subspace M, M’N M = 0. 
We conclude at once that if X is any real Banach space which is isomorphic to 
a generalized real Hilbert space then the lattice of closed linear subspaces of X 
admits an involutary anti-automorphism which takes each element into a 
complement. Our first characterization is a consequence of the fact that the 
converse of this last statement is true. In case the dimension of X is at least 
three we can prove a stronger result and we begin by doing this. 

TueorEM 1. Let X be a real Banach space whose dimension is at least three 
and let & be its lattice of closed subspaces. If there exists an operation M — M’ 
from & into & which satisfies (1), (2), and (3) above then there exists an isomorphism 
between X and a generalized real Hilbert space of such a character that the corre- 
spondence M <> M’ is carried over into the correspondence between orthogonal com- 
plements in the Hilbert space. In other words it is possible to introduce a positive 
definite’ symmetric bilinear inner product (x, y) into X such that the new norm 
||| x ||| in X defined by the equation ||| x ||| = W(x, x) is equivalent to the given 
norm || x || and furthermore such that for each M in &, M’ is the set of all yin X for 
which (x, y) = 0 for all x in M.° 

Proor. Let M be a one dimensional linear subspace of X. It is clear that 
M is closed and it follows from the fact that M — M’ is a lattice anti-automor- 
phism that M’ is a maximal closed linear subspace of X. Hence (Cf. [2], p. 245) 
there exists a (real) continuous linear functional f defined on X and not identi- 
cally zero such that M’ is the set of all x in X for which f(x) = 0. The functional 
f is uniquely determined up to a multiplicative real constant and the set of all 
such f’s together with the identically zero functional form a one dimensional 
linear subspace of the conjugate X of X. We shall denote this one dimensional 
subspace by M°. 

It is easy to see that the equation M — M’ thus defined sets up a one-to-one 
linear independence preserving correspondence between the one dimensional 
subspaces of X on the one hand and those of X on the other. Since X is at least 
three dimensional we may apply Lemma A of [2] and conclude the existence of 
a one-to-one linear mapping 7 of X onto X which is such that for each one di- 
mensional subspace M of X, T(M) = M’. 

We now use 7’ to define an inner product in X. For each two elements x and 
yin X let (x, y) = f(x) where f = T(y). Clearly (x, y) is bilinear. To show that 


‘To avoid cireumlocutions we say that (z, y) is positive definite if (x, x) is positive 
definite in the ordinary sense. 

* In [4] G. Birkhoff has proved a theorem quite similar to ours. The chief differences 
between the two lie first in the fact that Birkhoff’s theorem characterizes generalized Hil- 
bert spaces themselves rather than spaces isomorphic to them and second in the fact that 
while he assumes that a specific notion of orthogonality which he defines has certain proper- 
ties we merely assume the existence of a notion of orthogonality with certain properties. 
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it is symmetric we observe first that (z, y) = 0 if and only if Mz © Mj, where 
by M, and M, we mean the one dimensional subspaces of X generated by x and 
y respectively. But by properties (1) and (2) of the operation M — M’, Mz ¢ 
if and only if M,. Thus the’statements (x, y) = 0 and (y, z) = 0 
are equivalent. Now let z and y be arbitrary elements of X with z ~ 0. By 
property (3) of the operation M — M’, (x, x) # 0. Hence there exists a real 
number such that A(x, x) + y) = 0. Thus + y) = Oso that (Av + 
y, x) = 0; that is, x) + (y,x) = 0. We conclude at once that (x, y) = (y, x). 

We have just pointed out that (z, x) ¥ Oifz # 0. It follows that (a, 2) is 
one signed. In fact if (x, x) < 0 and (y, y) > 0 then for some pair of real num- 
bers A, » with Ay ¥ 0 we have \’(z, x) + 2du(z, y) + uy, y) = 0 = (Ax + wy, 
dx + py) so that = (—y|d)y. Thus (2, x) = (w’ | (y, y) and we conclude 
that (u’ |”) < 0 which is impossible. Hence, since we may replace T by — T 
if necessary, we may suppose that (x, x) > 0 for « ¥ 0 so that (2, y) in addition 
to being bilinear and symmetric is positive definite. 

We show now that the norm ||| z ||| is equivalent to the original norm || z ||; 
that is, that there exist positive real constants C, and C2 such that C;, || x || < 
||| ||| C2 || for all2in X. If it is impossible to find C, then for each n = 
1, 2, --- there is an z, in X with ||| z, ||| = land || 2, || >. Let f be an arbi- 
trary member of X. Let y be such that f = T(y). Then for each n = 1, 2, --- 
=| Gn, | lll lily ill lily lll. Hence {f(@,)} is bounded. 
It follows from Théoréme 6 on page 80 of [3] that {|| <, ||} is bounded and this 
is a contradiction. In order to prove the existence of C2, we prove first that 
T is a bounded transformation from X into X. Let {z,} be an arbitrary 
bounded sequence of elements of X and for each n = 1, 2, --- let f, = T(a,). 
For each x in X, {|fa(x) |} = {| 20) |} = |} = {| fGen) |} where 
f = T(x). Since {x,} is bounded {| f(z,) |} is bounded. Hence {| f,(x) |} is 
bounded. Thus using Théoréme 5 on page 80 of [3] and the fact that X is 
complete we conclude that {|| f, ||} = {|| Tana) ||} is bounded and hence 
that T is a bounded transformation. Now we may write ||| x ||| = ~/(z, z) = 
Vi@ vilfiilizl < = Mell. 
TTT all x in X where f = T(x). Thus C2 exists and may be taken equal to 

|| . 

In order to complete the proof of the theorem we have only to show that for 
each M in &, M’ is the set of all x in X such that (y, x) = Oforallyin M. But 
for each y in M the set of all x in X such that (y, x) = 0 is the set of all x in 
M}; that is Mj. Since M > M’ is a lattice anti-automorphism the intersection 
of all of these is simply M’. 

Since any two finite dimensional normed linear spaces having the same dimen- 
sion are isomorphic and since there is a generalized Hilbert space of every 
finite dimension the first part of Theorem 1 is true without any dimension re- 
striction. Thus we have: 

THEOREM 2. Let X be a real Banach space and let £& be its lattice of closed sub- 
spaces. X is isomorphic to a generalized real Hilbert space if and only if there 
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exists an operation M — M’ from & into & which satisfies the conditions ©, (2), 
and (3) of Theorem 1. 
II. The Ring Theorem 


We make the results of this section depend upon those of the preceding by 
finding a certain natural lattice in the ring R which is isomorphic to £. 

Let ® be any ring. For each subset @ of R we define the right (left) anni- 
hilator of @ as the set @” (@’) of all elements r of R such that ar (ra) = 0 for all 
ain@. Itis clear that for any subsets @ and & of R if @ ¢ & then @’, 2 B’, 
@' 2 8', @' 2G, and @” > @. It follows easily that (@’") = @(@) and 
hence that @” ( (@") = Gif and only if @ = @’(C) for some subset Cof R. Ac- 
cordingly we call a subset @ of R such that @’(@") = @a right (left) annihilator. 
It is easily verified that the set of all right (left) annihilators forms a complete 
lattice when partially ordered by inclusion. 

Lemma 1. Let X be a normed linear space and let R be the ring of continuous 
linear transformations of X into itself. A subset @ of R is a right annihilator if 
and only if there exists a closed subspace M of X such that @ is the set of all members 
of R whose ranges’ are contained in M. 

Proor. Suppose that @ is a right annihilator. Then A is a member of @ 
if and only if BA = 0 for each B in GQ’; that is if and only if the range of A is 
contained in the intersection M of the null spaces of the members of @'. M is 
obviously a closed linear subspace of X. Conversely, let M be a closed subspace 
of X and let @ be the set of all members of R whose ranges are contanied in M. 
Suppose that A is in @” but that for some 2 in X, A(2o) is notin M. By the 
lemma on page 57 of [3], since M is closed, there exists a continuous linear func- 
tional fo defined on X such that fo(A(x)) = 1 and fo(z) = O for all z in M. 
Clearly the member C of R such that C(x) = fo(x)A (xo) for all 2 in X is a member 
of @’. Thus CA = 0 and hence fo(A(2xo))A(ao) = A(ao) = 0. Since this is a 
contradiction A must be in @. Hence @ = @” and is consequently a right an- 
nihilator. 

Corotitary. The lattice of closed linear subspaces of X is isomorphic to the 
lattice of right annihilators of R. 

The analogue of Theorem 2 follows almost at once from this iin, and . 
Theorem 2 itself. 

linear transformations of X into itself. Then X is isomorphic to a generalized 
Hilbert space if and only if there is an operation T — T’ from R into R which has 
the following properties: 

and are members of R then” = and (T; + T2)’ = 
it 

(2) If T is a member of R then T” = T. 

(3) If T is a member of R such that T’T = 0 then T = 0. 


* The range of a linear transformation T is the set of all elements of the form T(x) where 
visin X, 
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Proor. The necessity of the condition follows at once from the fact that the 
operation of forming the adjoint of an operator, which may be defined in any 
generalized Hilbert space, has the properties (1), (2), and (3). Suppose, con- 
versely, that an operation having these properties exists. For each subset @ of 
R let @’ denote the set of all 7’ for which 7 is in @. It follows easily from 
properties (1) and (2) that @” = @, that @” = @” and that @” = @". Thus 
(@”)” = @’” = @" and in particular if @ is a right annihilator (@”)” = @. In 
other words the operation @ — @” takes the lattice of right annihilators of R 
into itself and has property (2) of the first section. Also it clearly has property 
(1). Let @be any subset of ® and let T be contained in both @and @”. Then 
T’T = 0. Thus by property (3) of T — T’, T = 0. In other words @ — @” 
also has property (3) of the first section. Using the corollary to Lemma 1 we 
conclude at once that the lattice of closed subspaces of X admits an operation 
having the properties (1), (2), and (3) of section I and hence by Theorem 2 that 
X is isomorphic to a generalized Hilbert space. 

The analogue of Theorem 1 can be proved without siete the dimension 
of X. 

TueoreM 4. Let X be a real Banach space and let R be the ring of continuous 
linear transformations of X into itself. If there exists an operation T — T’ from 
R into R which has properties (1), (2) and (3) of Theorem 3 so that X is isomorphic 
to a generalized real Hilbert space then this isomorphism may be set up in such a 
manner that the correspondence T <> T’ goes over into the correspondence between 
an operator and its adjoint. In other words X may be provided with a positive 
definite symmetric bilinear inner product (x, y) such that the new norm ||| x ||| in 
X defined by the equation ||| x ||| = (zx, x) is equivalent to the given norm {| x || 
and such that for all x and y in X (T(x), y) = (a, T’(y)). 

Proor. By Theorem 3 an inner product (x, y); may be introduced into X 
satisfying all conditions except perhaps the last. For each member T of & let 
T* be the adjoint of T computed with respect to (x, y),. Then 7 — T’* is an 
automorphism of ®. By a theorem of Eidelheit, [1], there exists an automor- 
phism U of X such that T’* = UTU™ for all Tin. For all x and y in X let 
(x, y) = (U(x), y):.’ We shall show that (x, y) has the properties desired. 
First of all if (x, x) = 0 then = 0. In fact if there exists an x ~ 0 with 0 = 
(x, x) = (U(x), = (x, U*(z)): = (U*(z), x): let be the projection whose 
range is the one dimensional subspace of multiples of x. Then 0 = (U*(E(y)), 
E(z)); = (E(U*(E(y))), z): for all y and zin X sothat HU*E =0 Thus £’E = 
(U**EU*)E = U** (EU*E) = 0 which contradicts condition (3). It now 
follows, using the argument of the corresponding part of Theorem 1, that we 
may suppose that (x, y) is positive definite. (zx, y) is obviously bilinear. The 
fact that it is symmetric is an immediate consequence of the fact that U is self 
adjoint and this is a result of the relationship T’”’ = T. In fact, since T’ = 
U*"T*U*, T = T” = U**(UTU")U* = (U*U*) *T(UU*) for all T in R. 


7 In connection with our introduction of a new inner product in this way and our later 
introduction of new norms in a similar fashion attention might be called to work of Fried- 
richs [5] and Eberlein [6] where this sort of thing is discussed is some detail. 
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Thus UU* is a constant, \; that is U* = XU. . Since U** = U, * = 
since (U(x), x) is positive for all « ~ 0, \ cannot be —1. Hence ’ = 1 and 
where ||| z |||, is the norm associated with the (x, y):, in order to establish the 
equivalence of ||| x ||| and ||| x |||, and hence of ||| x |!| and || x || we have only 
to prove that whenever {2z,} is a sequence of elements of X such that {||| 2a |||} 
is bounded then {||| 2 |||:} is bounded. Suppose that {||| 2, |||} is bounded. 
Then for each y in X {||| y + 2n |||} and hence {(U(x,) + U(y), an + yh} = 
Xn) + (U(y), y) + 2(@n, U(y))} is bounded. Hence, since {(U(z,), 
rn)} = em is bounded. But the range of U is the whole 
of X. Hence for each linear functional f on X which is continuous with respect 
to ||| x |{l1, {| f(@n) |} is bounded. Hence, since X is complete with respect to 
||| x |||, , it follows from Théoréme 5 on page. 80 of [3] that {||| x, |||} is bounded. 
Finally for all « and y in X and each T in &, (T(x), y) = (U(T(z)), yi = 
(x, = (U*(U(z)), = (Ue), U'(T*(U)))) = (UC), 
T'(y)): = (x, T’(y)) and the proof of the theorem is complete. 

We close this section by remarking that by means of the corollary to Lemma 1 
one of the questions raised at the end of [2] may be answered; that is, the ring 
theorem of that paper follows from the lattice theorem without the intervention 
of Lemma A or Lemma B. 


III. Some Counter Examples 


We now show that the completeness assumptions of the first two sections can- 
not be dispensed with by producing examples of incomplete normed linear 
spaces whose rings and lattices admit operations satisfying (1), (2), and (3) of 
theorems 3 and 1 respectively. It might be expected that one could at least 
conclude that the completion of such a space is a generalized Hilbert space. We 
shall show furthermore, however, that while this may be the case it need not be. 

To begin with let us return to the proof of Theorem 1 and see what we can 
conclude about X if we do not know that it is complete. A scrutiny of this 
proof shows us that we did not use the completeness of X until we had proved 
the following: There exists a bilinear, symmetric, positive definite inner product 
(x, y) in X such that for all x in X we have || x || S W/(z, z) = ||| x ||| and such 
that f is a continuous linear functional on X with respect to || x || if and only if 
there exists y in X such that f(x) = (z, y) for all xin X. Now let us complete 
X with respect to the norm ||| z |||. It is clear that the completion ‘Wis a general- 
ized Hilbert space. It is further clear that there is a unique way of extending 
|| x || to H so that || x || < ||| x ||| for all 2 in H and that when KH is normed 
with || x || a linear functional f on KH is continuous if and only if there exists y 
in X such that f(x) = (a, y) for allzin KH. In other words we see that X may 
be obtained from a generalized Hilbert space by the following process: Choose 
a norm in which nowhere exceeds the original norm. Consider the subspace 
of K consisting of all elements which define linear functionals continuous with 
respect to the new norm. ‘Topologize this subspace with the new norm. 

Suppose now that X is any normed linear space which has been constructed 
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from a generalized Hilbert space in the manner just indicated. Thea there is a 
bilinear, symmetric, positive definite inner product (x, y) in X such that a linear 
functional f on X is continuous if and only if there exists y in X with f(x) = 
(, y) for all xin X. This is all that we need in order to prove that for each T 
in the ring & of all continuous linear transformations of X into itself there is a 
unique 7* such that (T(z), y) = (x, T*(y)) for alla and yin X. The only part 
of the proof that differs from the corresponding part of the standard Hilbert 
space proof is the part dealing with the continuity of 7* and this is carried out 
as follows. If {z,} is any bounded sequence of elements of X then for all y in 
X, {(x,, T(y))} is bounded. But {(z,, T(y))} = {(T*(e,), y)} so that this 
sequence is also bounded. Thus {f(7'*(x,))} is bounded for every continuous 
linear functional f defined on X. Accordingly, by Théoréme 5 on page 80 of 
[2], {7*(x,)} is bounded so that 7* is continuous. Obviously 7 — T* has the 
properties (1), (2), and (3) listed in Theorem 3. We see from the argument used 
in Theorem 3 that the existence of the ring operation implies that of the lattice 
operation whether X is complete or not. Hence since finite dimensional and in 
particular one and two dimensional normed linear spaces are always complete 
we have proved the following theorem. 

THeorEM 5. If a normed linear space X has any of the following properties 
then it has all of them: 

(1) The lattice & of all closed linear subspaces of X admits an operation of the 
sort described in Theorem 1. 

(2) The ring R of all continuous linear transformations of X into itself admits 
an operation of the sort described in Theorem 3. 

(3) There exists a generalized real Hilbert space K and a norm ||| x||| defined 
throughout KH such that ||| x ||| < (x, x) for all x in KH and such that the normed 
linear space X, which: (a) has as elements those members y of K for which (x, y) 
as a function of x is continuous with respect to ||| x ||| and (b) is normed with the 
norm ||| x |||, 7s isomorphic to X. 

It follows from a theorem of Fichtenholz, [7], that X; is contained properly in 
2 if and only if the norm ||| x ||| is not equivalent to the norm +/(z, z). Fur- 
thermore X; is obviously dense in 3 with respect to both norms. Hence in 
order to obtain both of the counter examples we are after we have only to find a 
generalized Hilbert space in which there is a properly smaller norm. But a 
properly smaller norm exists in any infinite dimensional generalized Hilbert 
space. We have only to choose a bounded linear transformation 7 which has 
an unbounded inverse and let ||| x ||| = (1/ || 7 ||) || 7 (x) ||° It is clear that 
such transformations always exist. For example we may choose an orthonormal 
sequence {¢,,} in Hand let 7 be the unique bounded linear transformation which is 
the identity in the orthogonal complement of {¢,} and is such that T(¢,) = ¢n/n 
for n = 1, 2,---. The examples constructed by means of transformations in 
this fashion are however in a sense only partial counter examples in as much as 
they obviously have generalized Hilbert spaces for their completions. An ex- 


8 See footnote 7. 
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ample which does not even have this property may be obtained by taking the 
Hilbert space and defining the norm ||| x ||| as follows: ||| 21, 22, «++ {|| = 


lu.b. In | 


We note in passing that all of these examples are pseudo reflexive in the sense 
of [2]. 
Concluding Remarks 


Since complex Hilbert spaces are discussed much more frequently than real 
Hilbert spaces it is natural to ask whether or not the theorems of this paper hold 
for complex Banach spaces. We do not know the answer to this question. Our 
method breaks down because of the fact that the complex field has too many 
automorphisms. Let X; and X:2 be two linear spaces over a field F. If \ — X’ 
is any automorphism of F then it is clear that if T is a one-to-one transformation 
of all of X; into all of X2 which is quasi linear in the sense that T(Ar + yy) = 
T(x) + w'T(y) for all A, win F and all x and y in X; then 7 sets up a one-to-one 
linear independence preserving correspondence between the one dimensional 
subspaces of X; and X» respectively. Conversely Lemma A of [2] is true for 
linear spaces over any field if the word “‘quasi”’ is inserted before the words “linear 
transformation”. Thus if we try to carry through the proof of Theorem 1 for a 
complex Banach space we obtain an inner product (x, y) which is linear in the 
first variable and quasi linear in the second. It is not difficult to show that the 
automorphisms involved in the quasi linearity is not the identity but we have not 
been able to prove that it is the operation of taking the complex conjugate rather 
than one of the more pathological automorphisms of the complex number field. 
In fact it can be shown that if X is finite dimensional it need not be. We are 
inclined to believe that in the case of infinite dimensional X the continuity of 
the automorphism can be established. In this connection it might be mentioned 
that in work of B. H. Arnold [8] the principal theorem of [1] is discussed in the 
complex case and that although we have not gone into the matter we have reason 
to believe that some of the methods used there can be used to establish at least 
our ring theorem in the complex case. 

In view of the subject matter of [2] it is natural to attempt to use our methods 
to characterize the group of automorphisms of a generalized Hilbert space. 
This can be done but as the conditions are a little unnatural and the proof seems 
to require the repetition of a good part of the lengthy proof of the group theorem 
[2] we shall not go into the matter. 
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from a generalized Hilbert space in the manner just indicated. Then there is a 
bilinear, symmetric, positive definite inner product (x, y) in X such that a linear 
functional f on X is continuous if and only if there exists y in X with f(x) = 
(x, y) for all xin X. This is all that we need in order to prove that for each T 
in the ring & of all continuous linear transformations of X into itself there is a 
unique 7* such that (T(z), y) = (x, T*(y)) for all x and yin X. The only part 
of the proof that differs from the corresponding part of the standard Hilbert 
space proof is the part dealing with the continuity of T* and this is carried out 
as follows. If {z,} is any bounded sequence of elements of X then for all y in 
X, {(xn, T(y))} is bounded. But {(z,, T(y))} = {(T*(zn), y)} so that this 
sequence is also bounded. Thus {f(7*(z,))} is bounded for every continuous 
linear functional f defined on X. Accordingly, by Théoréme 5 on page 80 of 
[2], {7*(z,)} is bounded so that 7* is continuous. Obviously 7 — T* has the 
properties (1), (2), and (3) listed in Theorem 3. We see from the argument used 
in Theorem 3 that the existence of the ring operation implies that of the lattice 
operation whether X is complete or not. Hence since finite dimensional and in 
particular one and two dimensional normed linear spaces are always complete 
we have proved the following theorem. 

THEOREM 5. If a normed linear space X has any of the following properties 
then it has all of them: 

(1) The lattice & of all closed linear subspaces of X admits an operation of the 
sort described in Theorem 1. 

(2) The ring R of all continuous linear transformations of X into itself admits 
an operation of the sort described in Theorem 3. 

(3) There exists a generalized real Hilbert space KH and a norm ||| x||| defined 
throughout KH such that ||| x ||| < (x, x) for all x in H and such that the normed 
linear space X; which: (a) has as elements those members y of KH for which (x, y) 
as a function of x is continuous with respect to ||| x ||| and (b) is normed with the 
norm ||| x |||, 2s isomorphic to X. 

It follows from a theorem of Fichtenholz, [7], that X, is contained properly in 
OX if and only if the norm ||| « ||| is not equivalent to the norm +/(z, x). Fur- 
thermore X; is obviously dense in 3 with respect to both norms. Hence in 
order to obtain both of the counter examples we are after we have only to find a 
generalized Hilbert space in which there is a properly smaller norm. But a 
properly smaller norm exists in any infinite dimensional generalized Hilbert 
space. We have only to choose a bounded linear transformation 7’ which has 
an unbounded inverse and let ||| « ||| = (1/ || 7'||) || 7 (a) || ° It is clear that 
such transformations always exist. For example we may choose an orthonormal 
sequence {y,,} in Hand let 7' be the unique bounded linear transformation which is 
the identity in the orthogonal complement of {¢g,} and is such that T(¢n) = ¢n/n 
for n = 1, 2,---. The examples constructed by means of transformations in 
this fashion are however in a sense only partial counter examples in as much as 
they obviously have generalized Hilbert spaces for their completions. An ex- 


8 See footnote 7. 
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ample which does not even have this property may be obtained by taking the 
Hilbert space ? and defining the norm ||| z ||| as follows: ||| 21, 22, °-+ {|| = 


l.u.b. | Ln | 


We note in passing that all of these examples are pseudo reflexive in the sense 
of [2]. 

Concluding Remarks 

Since complex Hilbert spaces are discussed much more frequently than real 
Hilbert spaces it is natural to ask whether or not the theorems of this paper hold 
for complex Banach spaces. We do not know the answer to this question. Our 
method breaks down because of the fact that the complex field has too many 
automorphisms. Let X; and X2 be two linear spaces over a field F. If \ — d’ 
is any automorphism of then it is clear that if T is a one-to-one transformation 
of all of X; into all of X2 which is quasi linear in the sense that T(Ar + wy) = 
T(x) + u’T(y) for all A, win Fand all « and y in X; then T sets up a one-to-one 
linear independence preserving correspondence between the one dimensional 
subspaces of X, and X» respectively. Conversely Lemma A of [2] is true for 
linear spaces over any field if the word “quasi” is inserted before the words “linear 
transformation”. Thus if we try to carry through the proof of Theorem 1 for a 
complex Banach space we obtain an inner product (x, y) which is linear in the 
first variable and quasi linear in the second. It is not difficult to show that the 
automorphisms involved in the quasi linearity is not the identity but we have not 
been able to prove that it is the operation of taking the complex conjugate rather 
than one of the more pathological automorphisms of the complex number field. 
In fact it can be shown that if X is finite dimensional it need not be. We are 
inclined to believe that in the case of infinite dimensional X the continuity of 
the automorphism can be established. In this connection it might be mentioned 
that in work of B. H. Arnold [8] the principal theorem of [1] is discussed in the 
complex case and that although we have not gone into the matter we have reason 
to believe that some of the methods used there can be used to establish at least 
our ring theorem in the complex case. 

In view of the subject matter of [2] it is natural to attempt to use our methods 
to characterize the group of automorphisms of a generalized Hilbert space. 
This can be done but as the conditions are a little unnatural and the proof seems 
to require the repetition of a good part of the lengthy proof of the group theorem 
[2] we shall not go into the matter. 


INSTITUTE FOR ADVANCED Stupy. 


BIBLIOGRAPHY 


1. Ee Hert, M., On isomorphisms of rings of linear operations, Studia Mathematica, vol. 9 
(1940), pp. 97-105. 

2. Mackey, G.W. Isomorphisms of normed linear spaces, Annals of Mathematics, vol. 43 
(1942), pp. 244-260. 

3. Banacu, S., Théorie des Opérations Linéaires, (1932). 


is a 
Sa 
art 
ert 
ut 
in 
1is 
us 
of 
he 
od 
ce ‘ 
in 
es 
ve 
Ls 
d 
d 
) 
€ 
1 
| 
| 


58 SHIZUO KAKUTANI AND GEORGE W. MACKEY 


4. Brrxuorr, G., Orthogonality in linear metric spaces, Duke Mathematical Journal, vol. 1 
(1935), pp. 169-172. 

5. Friepricus, K., Spektraltheorie halbbeschrankter Operatoren und Anwendung auf die 
Spektralzerlegung von Differentialoperatoren, Mathematische Annalen, vol. 109 
(1934), pp. 465-487. 

6. Epertern, W. F., Harvard Thesis, (1942). 

7. Ficurennouz, G., Sur les functionnelles linéaires continues au sens generalisé, Matema- 
tiche Sbornik, N. S., vol. 4 (1938), pp. 193-213. 

8. ArnoLD, B. H., Rings of Operators on Vector Spaces, Annals of Mathematics vol. 45 
(1944). 


| | 
| 
| 
| 
| 


ANNALS OF MATHEMATICS 
Vol. 45, No. 1, January, 1944 


CONTRIBUTIONS TO THE THEORY OF CLOSED HERMITIAN 
TRANSFORMATIONS OF DEFICIENCY INDEX (m, m) 


By Hans Lupwic HAMBURGER 


(Received March 30, 1943) 
ConrTENTS 

§3. Analytic representations of the 73 
§4. The linear self-adjoint differential equation of the second order............... 77 
CuapTer II. SeLF-ADJOINT TRANSFORMATIONS AS 78 
§5. Definition and tests for prime transformations........................6. 0.005. 78 

§6. Construction of all closed Hermitian transformations of which a given self- 
adjoint transformation is an 83 

CuapTeR III. Primp TRANSFORMATIONS WHOSE SELF-ADJOINT EXTENSIONS IN AN 
INTERVAL OF THE Reat Axis Have Point Spectrum ONLY............... 87 
87 
§8. The main theorems about point 91 


§9. Self-adjoint extensions having prescribed real points as characteristic values... 96 
Part I 


1. This paper gives in full detail the proofs of some new theorems which have 
recently been published in a note with the same title in the Quarterly Journal 
of Mathematics.’ Some of the results of the present paper are, however, not 
contained in the previous note. For example, the case m = © which was 
omitted before, will be considered here. 

For the convenience of the reader I give in 2 to 7 an abstract of J. v. Neu- 
mann’s theory of closed Hermitian transformations of deficiency-index (m, m) 
and their self-adjoint extensions, which is the starting-point of my own. work. 
The abstract also refers to the classical example of boundary problems of ordinary 
linear self-adjoint differential equations of the second order as an illustration 
of the general theory. I again use this example in §4 as an application of my 
own results. 

The reader will find a summary of the main results of the paper at the end of 
this introduction in 8 to 10, and in 11 an indication of the contents of Parts II 
and III, which will appear later. 

The abbreviations ‘c.H.t.’ and ‘d.i.’ will be used respectively for ‘closed Her- 
mitian transformation’ and ‘deficiency-index’. 


2. Let H be a closed Hermitian transformation defined in a domain D, every- 
where dense in Hilbert space $, so that the equation 


(2.1) (Hf, 9) = (f, Hg) 
holds for every pair of elements f, g of D. 
1 (4), 
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If H is not bounded, it may happen that some elements g* correspond to 
elements g which do not belong to D in such a way that the equation 


(2.2) (Hf, 9) = (f, 9°) 


holds for every element f of D. Let D* be the domain of all elements g satisfying 

(2.2). Then every element g of D belongs also to D* since, for any g of 9, 

(2.2) follows from (2.1) by putting g* = Hg. If D* coincides with D, the 

c.H.t. H is self-adjoint and then, and only then, H has a spectral representation of 
+00 


the form Hf = \dE(A)f, where H(A) denotes the resolution of the identity 


corresponding to H. 

In this paper, however, we are concerned rather with the case in which D 
is a proper subset of D*, i.e. the case in which elements g exist which satisfy 
(2.2) without belonging to D. Then the operator H can be extended as a linear 
transformation beyond D by writing H*g = g* for every element g of D*. 
Hence (2.2) becomes 


(2.3) (Hf, 9) = (f, H*9), 


H* being the adjoint transformation of H. This extension H* of H, although 
linear, because of (2.2), is no longer Hermitian, since (2.3) holds only if f is an 
element of D, whereas g may belong to the wider domain D*. 


3. A familiar example’ of such a general c.H.t. is given by the ordinary linear 
self-adjoint differential equation of the second order 


(3.1) = + = 0, 


where p and gq are real continuous functions in the interval a < ¢ < b, and where 
p > 0 in the same interval. The dot, as usual, denotes differentiation with 
respect to ¢. 


We now define the Hilbert space © as the set % of all those functions f(t) 
b 
for which the Lebesque—integral / | f(t) |? dt exists, D* as the subset of 


composed of the functions f(é), with a continuous first derivative f(t) and a 
second derivative f(t), such that L(f) is also an element of = &. 

Finally we define D as the proper subset of all elements f of D* satisfying the 
further conditions 


(3.2) f(a) = f(b) = fa) = #() = 0. 
Writing 
(3.3) = at, 


2 (2) p. 480, Theorem 10.18, first part. 
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Hf = L(f) if f belongs to D, H*g = L(g) if g belongs to the wider domain D*, 
we obtain from Lagrange’s familiar identity 


(3.4) (Lf), 9) = — 
the desired result 
(3.5) (Lif), 9) = L@)) or (Af, 9) = H*9) 


provided that f is an element of D and g an element of D*. We readily see that 
if (3.5) is to be fulfilled by every g of D*, f must necessarily satisfy the boundary 
conditions (3.2). 


4. If I denotes the identity, we define the range ®; of the transformation 
H; = H — il as the set of all elements 


h= Hf, 


f being any element of D. We now consider the set of all elements ¢ of which 
are orthogonal to every element of ®;. Since WR; is a linear manifold, the 
elements ¢ themselves form a linear manifold, which may be denoted by 


N= HOR. 
In the same way we define _ 
N= HOR 


§t_; being the range of the transformation H_; = H + iI. 

As was first shown by J. v. Neumann’, the assumption that D is a proper 
subset of D* implies that at least one of the two sets Jt; , Jt_; contains elements 
different from zero. If m and n are the dimension numbers of Jt_; and J; 
respectively, the pair of numbers (m, n) is called the deficiency index‘ of the 
c.H.t. H. 

Hence the transformation H is self-adjoint if, and only if, its d.i. is (0, 0). 
Otherwise m and n may have any positive integral values, including ~. 

If ¢g is an element of Jt_; we have, by definition, 


(H_f, ¢) = 0 
for every f of D. Hence it follows that, H 4 being the transformation adjoint 
to H_;, 

(f, H 0, 
and furthermore, since this relation holds for every element f of D, which is 
everywhere dense in §, 

H ie = 0. 
* (1) p. 88, Satz 33. v, Neumann uses the word “‘hypermaximal” instead of self-adjoint. 
(2) p. 144. Theorem 4.17 and p. 339. 


*(1) p. 87, Definition 15. 
(2) p. 81, Definition 2.21, p. 338, Definition 9.1. 
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This means, however, that ¢ is a characteristic solution of H* belonging to the 
characteristic value +7. In the same way it can be shown that every element 
of N; is a characteristic solution of H* belonging to the characteristic value —i, 
Consequently no element of Jt; or Jt_; can belong to D, for otherwise these 
elements would also be characteristic solutions of the c.H.t. H belonging to a 
non-real characteristic value, which is impossible. v. Neumann has proved’, 
moreover, that 


(4.1) 


Plainly m and n are the precise numbers of the linearly independent characteristic 
solutions of H* belonging to the characteristic values +1 and —7 respectively. 


5. If ¢ = & + zn is any non-real number, ; the range of the transformation 
H, and N; = § © MR; , then the dimension number of Yt; is also m if » < 0, 
if » > 0°. Moreover, every element of Jt; is a characteristic solution of H*, 
belonging to the characteristic value §, whose multiplicity is m if » < 0 and 
nif > 0. 

If we take the differential equation L(f) = 0 of (3.1) again as an example, we 
readily see’ that the c.H.t. determined by L(f) = 0 has the d.i. (2, 2), since the 
equation L(y) = ¢¢ has two linearly independent solutions for every value of the 
parameter. 


6. It is one of v. Neumann’s main results® that a c.H.t. H has self-adjoint 
extensions if and only if m = n. He also gives the following method of con- 
structing all self-adjoint extensions of a c.H.t. H of d.i. (m,m). He first deter- 


mines an orthonormal basis ¢;(7), go(i), , em(z) in and ¢(—7), 
+++, ¢m(—i) in N,;, takes any m™ order unitary matrix U = (u,,), and writes’ 
(6.1) = en(t) — tw 


He then defines the domain $ as the set of all elements 
(6.2) g=ft+ » 


where f is any element of D and the a, are complex constants. It can easily be 
shown that there cannot be two different representations (6. 2) of the same 
element of . On the other hand it is evident that D C D C O*, since the 


5 (1) p. 85, Satz 29. 

(2) p. 341. Theorem 9.4. 

6 (1) p. 89, footnote 46. 

(2) p. 348. Theorem 9.8. 

7 (2) p. 480 Theorem 10.18 first part. 
8 (1) p. 90, Satz 35. 

(2) p. 339. Theorem 9.3. 

° (1) p. 89, Satz 34, p. 90, Zusatz. 
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g. are elements of D*, because of (4.1). He then puts Hg = H*g for every 
element gof . Aneasy expansion, by means of (6.1), first leads to 


9) = (gu, Ho), 
and then to 
(6.3) (Hg, h) = (g, Hh) 


for every pair of elements g, h of D. 
If we consider the range ft; of 


m 
Ay Up 
p=l 


Hig = Hif + D4 Hig, = Hif + 2i 


we see from this equation that 

Ri = Ri @ Ns = 
and in the same way we obtain 

Ri = Ri ON: = G. 


Hence the c.H.t. H has the d.i. (0, 0) and is self-adjoint, by a remark in 4. The 

above equations generalize from 7 to any real non-complex 2, i.e. R= RON. 
It also follows from the general theory of self-adjoint transformations that there 

is an inverse transformation H ; for every non-real ¢, called the resolvent of H 

and denoted by R;. Its spectral representation is given by the formula 


+00 
(64) 


where E(A) denotes the resolution of the identity corresponding to H. 

By an ingenious use of Cayley’s transformation of c.H.t. v. Neumann succeeds 
also in proving that every self-adjoint extension of H can be obtained by means 
of an m™ order unitary matrix U in the way described above.” 


7. In order to apply this method of extension to the Hermitian operator 
defined by the differential equation (3.1), we write 


(7.1) 9) = — OGM), 


and ¢;(t; ¢), ¢g2(t; ¢) for a pair of solutions of the differential equation L(y) = f¢, 
satisfying, moreover, the conditions 


b 
(7.2) (e(t; £), eu(t, $)) = [ oo, = 1, 2). 


The assumption that the coefficients p(t) and g(t) of L(f) are real implies that 
o(t, §) = ¢,(t, ¢). If we define two new functions g,(t) in the same way as in 


0 (1) p. 80-91. 
(2) p. 335. Theorem 
p. 339. Theorem 9.3. 
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(6.1), namely as 
2 2 

p=l 


we readily verify, by means of the equations (3.4) and (7.2), that” 


(7.4) B(g,(t), gu(t)) = 0. 
We then determine the domain D, according to (6.2), as the set of all functions 


(7.5) gt) =fO + p> Ay gut), 


where f(t) is any function of the domain D defined in 3., i.e., a function satisfying 
the condition (3.2). Hence we obtain from (7.4) 


(7.6) BG, 91) = 0, BG, 92) = 0. 


On the other hand, asimple argument” leads to the result that every function 
g(t) of D* satisfying (7.6) can be represented in the form (7.5). Hence the 
domain & can also be defined by (7.6). 

These conditions (7.6), however, can be interpreted as boundary conditions, 
since written in full they have the form 


dug(a) + + bug(b) + bg(b) = 0, 
+ amp(a) + beg(b) + = 0. 


Conversely, every pair of self-adjoint boundary conditions (7.7) determines a 
second order unitary matrix U, and with it the two functions g;(¢), g2(t) of (7.3), 
so that the equations (7.6) are equivalent to (7.7). 

If, for example, we take the familiar boundary conditions 


(7.7) 


(7.8) cos ag(a) — sin ag(a) = 0, B9(b) — sin B9(b) = 0, 


we first determine a pair of solutions g(t; 2), go(t; 7) of the differential equation 
L(g) = ig which, besides satisfying (7.2), fulfil the condition 


cos agi(t; 7) — sin ag,(t; 7) = 0. 
We then write 


g(t) = gilts i) — galt) = galt; i) — 


11 (2) p. 467. 

12 (2) p. 468. 

13 For the definition of self-adjoint boundary conditions see (2) p. 114-117, p. 482. See 
also E. L. Ince, Ordinary differential equations, (London, 1927) p. 215-217. 

14 (2) p. 480, Theorem 10.18. 
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where 6, and 6 are determined by the equations 
gift = Bei(b; 7) — sin By;(b; 7) 
cos i) — sin i)’ 
cits — ©08 aga(a; — sin 
COS age(a; 7) — sin age(a; t) 


Finally, using (7.4) for » = 1, v = 2, we readily verify that both functions 
g:(t) and go(t) satisfy the boundary conditions (7.8), and this implies the equiva- 
lence of the boundary conditions (7.8) and (7.6). 

If the boundary conditions are given in the form (7.6), we find a solution of the 


differential equation 
(7.9) L(g(t; $)) = 5) +f, 
satisfying (7.6), by writing” 
b 
(7.10) = 2906) as. 


Here G(t, s; ¢) denotes the function 


gilt; Be ’ 9); Ber ’ 92) 
g(t; Big: , 1), Bg , ge) 
v(t, 8; By, 91) , Biy, g2) 
Be ’ 9); Bi, 92) 
Bie ’ 9); By , ge) 


gilt; — Her(s; $) 
and where B(y; g,), v = 1, 2, is calculated with y as a function of ¢ so that B(y, g,) 


itself is a function of s. Since G(t, s; ¢) is the familiar Green’s function belonging 
to the differential equation L(f) = 0, we conclude in the usual way that 


(7.12) Gt, 8; = Gs, t; 6). 


The numerator and denominator of the quotient (7.11) are both transcendental 
integral functions of ¢. Hence it follows that the zeros ¢ = A, of the denominator 
of (7.11) are the characteristic values of the differential equation L(y) = f¢ 
under the boundary condition (7.6), since these values ¢ = \, are the only ones 
for which the equation (7.10) does not determine a solution of (7.9) for any 
function f(t) of & = ©. 

If we interpret (7.11) as a linear operator by writing 


(7.11) Gt, = 


where 


v(t, 8; = sgni(t ng s) 


18 (2) p. 485, Theorem 10.19. 
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R; appears as the resolvent of H; , since 
= L(Rsf) — = f 


according to (7.10) and (7.11). The equation (7.12), moreover, implies (R;f, g) 
= (f, Rig) for any pair of functions f(t), g(t) belonging to % = $. 

Finally, we obtain the spectral representation (6.4) of R; by expanding the 
meromorphic function (7.11) in a series of partial fractions. Its poles are the 
characteristic values ¢ = A,. 


8. The investigations with which the present paper is concerned have their 
origin in the observation that the two best known examples of c.H.t. with finite 
deficiency index lead to self-adjoint extensions whose spectrum consists of an 
infinite number of isolated characteristic values only. The first one of these 
two examples is furnished by the boundary problem of the differential equation 
(3.1) considered above, the second one by the Jacobi-matrices of d.i. (1, 1) 
associated with an indetermined moment problem.’® Thus the question arises 
whether this phenomenon does not follow from a common argument of general 
character. The answer is given in Theorem 10 and 11, §8 whose main content 
may be formulated as follows'’: The spectrum of every self-adjoint extension of a 
c.H. prime transformation of d.i. (m, m), where m is finite, consists of an infinite 
number of isolated characteristic values, if, and only if, there exists an orthonormal 
set of m characteristic solutions ¢,(¢) of H " continuous in the whole ¢-plane, 1.e. 
continuous even for real values of £. Moreover, if a single self-adjoint extension of a 
c.H. prime transformation H of di. (m, m) (m finite) has a point spectrum only, 
without continuous spectrum, then every self-adjoint extension of H has this prop- 
erty. Here prime transformation denotes any c.H.t. H of d.i. (m, m), such that 5 
does not contain any linear manifold which reduces H and with respect to which 
H is self-adjoint. It is readily seen that every c.H.t. of d.i. (m, m) which is not 
prime is at least prime with respect to some Hilbert space ’ contained in . 


9. The results described in 8 suggest the investigation of c.H. prime trans- 
formations of finite d.i. (m, m) whose self-adjoint extensions have continuous 
spectra. <A first contribution in this direction was given by v. Neumann’s 
Theorem™ that every unbounded self-adjoint transformation H can be inter- 
preted as the extension of a c.H.t. S of d.i. (m, m), m + 0. His method for 
the construction of S, however, does not allow us to decide whether the d.i. 
of S is finite or infinite. So we are led to the problem of constructing all c.H. 
prime transformations H of which a given self-adjoint transformation H is an 
extension. This problem is solved completely in Theorem 7 and 8, §6. We 
find that in the case in which A has a simple spectrum, there exist prime trans- 
formations H of d.i. (m, m) form = 1, 2, --- and m = ©, whereas m = k, when 
H has a spectrum of multiplicity k. 


16 (2) p. 530-614, especially p. 546, Theorem 10.27. 
17 See in this connection a paper by J. W. Calkin (3) p. 505, Theorem 2, p. 506, Theorem 3. 
18 (1) p. 108, Theorem 49. 


d 
re 
Se 
0 
n 


| 

| fe 
| 
a 

fi 
| 
( 
I 
| 

| 

| 
I 
i 
| ¢ 

| 
| 


CLOSED HERMITIAN TRANSFORMATIONS 67 


10. All these results, which form the main content of Chapter II and III, 
derive from some new analytic developments discussed in Chapter I. In Theo- 
rem J, §1, we introduce a matrix C(¢) which is defined as follows: If Hisa 
self-adjoint extension of a c.H.t. H of d.i. (m, m) and Ry = H;", then H and the 
orthonormal set of characteristic solutions ¢:({), go(¢), , ¢m(¢) of Hy deter- 
mine an m™ order matrix C(¢) = (ew(¢)), = by the equation 


for every non-real ¢’ and ¢”. If m = », C(¢) and C”'(¢) are both uniformly 
bounded matrices in every closed domain of the ¢-plane which does not contain 
any point of the real axis. 

If we write 


we show in Theorem IT, §2, that ,(¢) depends analytically on ¢. 

Finally, in §8, we are led to an analytic representation of the #,(¢) which is 
fundamental for our further development. In the case in which H has a simple 
spectrum we obtain 


+00 


Here h denotes a suitably chosen element of §; 2,(A) is a function of \ which, 
moreover, satisfies the two conditions: 


+t 
When H has a multiple spectrum the representation of ®,(¢) corresponding to 
(10.1) is given in the second part of §3. 

The results of §§1-3 are illustrated in §4 by the example of the differential 
equation (3.1). 

We mention that the results of §§1-7 hold for every m, including m = ~, 
whereas the theorems in §§8 and 9 hold for finite m only. 


11. In part II we shall deal with the theorem corresponding to Theorem 10 
and 11 of the present paper in the case m = «. Here the difficulty to be over- 
come relates to the fact that the continuity of the ¢,(¢) in the whole {-plane does 
not imply by itself that the spectra of all self-adjoint extensions consist of 
isolated characteristic values only. As can be shown by an example, there is a 
c.H. prime transformation of d.i. (©, ©), satisfying the above hypothesis, such 
that some of its self-adjoint extensions have spectra consisting of isolated char- 
acteristic values, whereas others have continuous spectra which are everywhere 
dense on the real axis. Hence it follows that we have to add some further 
conditions which the infinite matrix C(¢) determined by H must satisfy, in order 
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that the spectrum of H should have the desired property. These conditions 
will be both necessary and sufficient. 

In part III we shall apply our general methods to the special case of a matrix 
J‘” of d.i. (m, m) which is composed in a suitable way of m Jacobi matrixes J, 
each of d.i. (1, 1) and corresponding to an indetermined moment problem.” 
This investigation will lead to explicit expressions for the resolvents of all self- 
adjoint extensions of J‘”. Here m can be finite as well as infinite. 


CHAPTER I. ANALYTIC DEVELOPMENTS 
§1. The Matrix C(x) 


12. The same notation as in the introduction will be used in what follows. In 
this chapter only we write z, y, z instead of ¢ to denote the complex variable. 

TueorEM 1. If H is ac.H.t. of di. (m, m), ¢i(x), g(x), Gm(x) an ortho- 
normal set of characteristic solutions of the adjoint transformation H* which belong 
to the characteristic value x, then the resolvent R, = Hz of any self-adjoint extension 
H of H and the set ¢,(x) determine an m™ order matrix C(x) = (Cw(x)) and its 
inverse matrix C™'(x) = (¢;'(x)) for every non-real x, such that 


for every non-real x and y. 
For m = & the two matrices C(x) and C™'(x) are uniformly bounded in every 
closed domain of x which does not contain any point of the real axis. 
Proor. We have H:¢,(x) = 0 and hence 
= (« — 


Now Hyf = 0 ifand only if f = >", a,9,(y). Hence Hig = (x — y)e,(z) if and 
only if g = ¢,(z) — o%.1a¢,(y). But R, is the inverse of a contraction of H; 
and thus there are a,,(«, y) such that 


If m is finite, z non-real and z ¥ x, z ¥ y, (12.2) leads to the expression 


a=l1 Y—2 


(x — = 
(12.3) 


On the other hand, the familiar functional equation for resolvents 


RR, 


19 (2) p. 546, Theorem 10.27. 
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leads to 


(12.4) 


We further obtain from (12.3) and (12.4) 


m > Y)Aar(y, 2) m 


Hence 


2) = d(x, 2), 

or if A(x, y) denotes the matrix (a,,(z, y)), 
(12.5) A(z, y)Aly, z) = A(z, 2). 

For z = x we obtain instead of (12.3) 

(© = — EY (only) — 

a=l Y x 

and instead of (12.4) 
(x — y)Rz Ry = (Rz — R,)¢y(x) 


Hence 


or 
(12.6) A(z, y)A(y, x) = I. 


We now show that, for m = , the matrix A(z, y) determined by (12.2) is 
bounded uniformly in x and y, if both belong to a closed domain which does not 
contain any point of the real axis. If we write 


g(x) = 


where the x, are complex constants with >> | x, |? < ©, we obtain 
p=1 
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Hence it follows that 


(12.7) > Ly Ayr(2, 


| 


< + |x y| |)”. 


A familiar inequality”, however, yields 


x 


where d, denotes the shortest distance of y from the spectrum of H , so that 
dy 2 3X(y). Thus (12.7) leads to ; 
2 
< (1 + 
p= 
which gives the desired result. 
Since A(z, y) is bounded, the equations (12.5) and (12.6) hold by the above 
argument also in the case m = ~., 
If we write C(x) = A(z, 7), (12.5) and (12.6) lead to 
C(x) = Ai, 2), 
A(x, y) = A(z, )A(i, y) = C(x)C“(y). 


This completes the proof of formula (12.1). 
Finally we obtain from (12.8) in the case m = 2 


(12.8) > 


Ly 
u=1 


(12.9) 


<(1+|2- 
Ny 


which proves the two last assertions of Thoerem 1. 

Remark. An investigation of the argument of the above proof gives the 
result that Theorem 1 holds for every real x for which the set of characteristic 
solutions ¢1(x), ¢2(x), @m() of H? exists, and for every real y which is not 
within the spectrum of H and for which the set of elements gily), g2(y), **°; 
¢m(y) exists also. 


Ly Cuv (2)! 


p=1 


(z)| 


(12.10) 


13. We now wish to find an expression for C(x) depending on the m™ order 
unitary matrix U, which, from the considerations of 6 determines the self- 
adjoint extension H 

The equations (12.2) and (12.9) yield 


— = onli) — = en) — est 


20 (2) p. 142, Theorem 4.14. 
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a comparison of this with (12.1) leads to 
(13.1) C@)-= =1. 
There results, moreover, for y = —i 


On the other hand, since 2iR_:,(7) is an element of 9, we obtain from (6.1) 
and (6.2) 


(13.2) = gut) = — Upe 


Hence we see that 
=U, C(-i) = U*. 
By substituting y = 7 we obtain from (12.1) 


This leads to 

(13.3) = (¢,(z), — + 


because of (13.2). Since 


ei) 4g, = LG — - 2) 
(13.4) 
= Hzg, 
we obtain finally 
(13.5) = (v(x), Heg), 


. or, by substituting for H 2» its expansion (13.4), 


(13.6) C(x) = + i) — — —)U*), 


where g(x, y) denotes the matrix whose element is (¢,(z), ¢»(y)). 
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§2. The set of elements &,(zx) 
14. If we multiply (12.1) with cz(x), sum over y and write 


(14.1) = Can(x)®,(x), 


we obtain 
(14.2) (x — y)R,®.(x) = .(x) — Sa(y) 


This readily leads to 

TuEeorEM 2. The function (®,(x), g) defined by (14.1) for any element g of §, 
is regular and analytic in every closed domain of x which does not contain any 
point of the real axis. (d®,(x))/dx = R®,(x) is an element of zy) for every non- 
real x. 

Moreover, we notice that the system of elements %,(x) (u = 1, 2, «++, m) 
depends, according to (14.1), on the special choice of the extension H , whereas 
the set of the ¢,(x) is determined by H only. 


15. If E(A) denotes the resolution of the identity corresponding to H, so that 


+00 
= [~ 


+o 
and if AE denotes the projection E(b) — E(a), where b > a, then H and AE 
are permutable” for every element g of D. We now apply the transformation 
H,AE to (14.2) and obtain 


— y)AH®,(z) = H,AB®,(x) — H,AB®,(y). 
Hence and because of H, = H, + (x — y)J it follows that 
(15.1) H,AE®,(x) = HyAE®,(y). 


This leads to 
THEOREM 3. 
If we write 


(15.2) vi = H,AES,(2) = (A — 2) 


then y; is independent of x. 

If D is the domain of H, Ms the linear manifold into which the projection AE 
takes $, then the v2 are elements of Ms , and D-Mz is the set of all elements f of Ms 
which are orthogonal to each of the p>. 

Proor. The assertion in the first paragraph is equivalent to (15.1). It 
follows further from (15.2) that AEyY? = y, ie., that ¥2 is contained in Mts. 

If f = AEf is an element of D-M, , we conclude from the considerations in 5 


21 (2) p. 179, Theorem 5.2. 
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that (Hef, ®,(z)) = 0, since $,(z) belongs to Nz and f to D. On the other hand, 
for f e Ma » we have 
®,(x)) = (HzAEf,®,(x)) = (AEH:f, &,(z)) 
= (f, H.AB®,(z)) = (f, v2). 
Hence Hf is orthogonal to all the 4,(z), ie., to the set Nz. The equation 
= @ Ne of §6, now yields that Hef is in and hence = Thus 
is in 0. 
we obtain from (15.2) 


(15.3) AES,(z) = = 
(15.4) = ties 
“ 


16. THrorEm 4. If we write 


where the x, denote complex coefficients, such that >. |x, |" < © form = ©, then 
062) lim = lim = « 
b—00 b—+00 


for every admissible system of numbers x, . 

Proor. The convergence of the integral (16.2) would imply that (x) is an 
element of . But in this case (x) would be a characteristic solution of H 
belonging to the non-real characteristic value x, which is impossible since H 
is self-adjoint. This proves (16.2). 

Theorem 4 implies that the order of passage to the limit and integration in 
formula (15.4) cannot be altered. 


§3. Analytic representation of the ,(zx) 


17. For further development we need an analytic representation of ,(z) 
more handy than the expression (15.4). A method of obtaining it will derive 
from the operational calculus. 

We first deal with the case in which the self-adjoint extension H has a simple 
spectrum only. Then there exists an element h of S where |h | = 1, such that 
every element f of S can be associated with a function F(A) which represents f 
by the integral” 


+00 
(17.1) te [ F(a) d(EQ)h). 


* (2) p. 226, Theorem 6.2, p. 275, Theorem 7.9. 
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If we write 
= (E(A)h, h), 


p(X) is a non decreasing function with p(—«) = 0, p(+«) = 1, and we have 
furthermore 


: +0 
q72) = [1 FO) Paco. 


On the other hand, any function F(A) with a convergent integral (17.2) deter- 
mines an element f of 5 by (17.1). 
If 


+00 
is a further element of 5, we obtain 
+00 
Let G,(A; x) be the function associated with #,(x) such that 
+00 
(17.3) =  G,052) don). 
Then Theorem 3 implies that, by applying the transformation H.AE to &,(z), 
b 
AB8,(2) = — 2)G,05 = vi 


is independent of x. Hence it follows that, if we put 
(A — 2)G,(A; x) = 2, (A), 
,(A) is independent of x. The substitution of 2,(A) in (17.3) yields the desired 
analytical representation 
b 
a74) a)=[ = [ 9,0) aon). 
Finally we obtain 


ap“? 

because of (17.2), whereas, by Theorem 4 (16.1) and (16.2), 
+o m 2 

(17.6) lim |y*/? = [ dp(A) = 


b—>-+00 


for any system of complex values 2, for which |, |? < 


| 

=e 


ave 


tere 
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Moreover, it is 3 


+00 


since &,(¢) = g,(¢) according to (13.1). 


18. If the spectrum of His multiple, 5 can be split into a set of mutually 
orthogonal linear manifolds, such that™ 


(18.1) H = Mo Mihi) @ Me(he) @ 


Here Nt denotes the linear manifold spanned by the orthonormal set of all 
the characteristic solutions x,, of H which belong to characteristic values X, ; 
the h, are suitably chosen elements of § with | h,| = 1, and M(h,) denotes the 
linear manifold spanned by E(A)h, where \ increases from — « to +, 

Since the manifolds Nt , Nt(h,) and M(h,) are supposed to be mutually orthog- 
onal, we have 


(E(\’)h, , E(X”’)hy) = 0 (v # p) 
for any pair of real values d’, ” and 
(E (A)h, = 0 


for every p and x and every real X. 
If we write p,(A) = (E(A)h,, h,) then the p,(A) determine real non-negative 
functions P,(d), such that™ 


r 


If, moreover, for any \ = Xo and any x, we have P,(A) = 0 ina certain neighbour- 
hood of \» , we have also P,(A) = 0 in the same neighbourhood for every v 2 x. 
Hence we see that an integer k(\)) = 0 can be associated with every real }, 


such that = 0, if dnt) tnd [ dox(d) > 0, is defined by 
0 


ots 
P,(A) > for v = 1,2, , 


dots) = 0 for » kOe) +1. 


k(\o) is called the multiplicity of the point \» with respect to the continuous 
spectrum. 

Let k, be the multiplicity of the characteristic value \ = A,, to which the 
characteristic solutions x,, of H correspond, k’ the maximum of the k, and k” 


*8 (2) p. 247, Theorem 7.4; p. 250, Theorem 7.5. 
* (2) p. 213-214, p. 250, Theorem 7.5. 
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the maximum of k(A). If k denotes the greater of the two numbers k’ and k’”, 
k is the multiplicity of the spectrum of H. The case in which k’ or k” or both 
of them are infinite is not excluded. 

We now associate every element f of § with a set of constants F? and a set 
of k’’ functions F(A), such that 


ke’ 


k +0 


— 


This implies further that we can put 
ke’ 


k +00 


By applying the transformation H,AE to &,(x) and using Theorem 3, we see 
that 
k 
pb 
+2 0-26.05 = 
is independent of x. Here the symbol }>* means that the sum is to be ex- 


Pp 
tended over those p only which are suffixes of characteristic values \, situated 
in the interval a < d, < b. If, finally, we write 


(18.4) (Ap — ©)(®u(x), = Qe , (A — 2)Gy(x; x) = 
which are all independent of zx, we obtain 


P 


2 


|Ap — =|? k=l JA — 


whereas, by Theorem 4, (16.1) and (16.2), 
k 

a->—co 


p 
+00 


x=] 


P,(d) dpx(d) = 


1! 

| 

| 
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for every system of complex numbers x, provided that >>| 2, |? < ». Be- 
cause of %,{7) = g,(t). We have, moreover, 
(®, (2), = 


19. Remark on formula (18.1). If k is the multiplicity of the spectrum 
of H, (18.1) can also be written in the form 


(19.1) = M(hi) Mlhs) © +++ 


where 


It is easy to see that the M(h.) are also mutually orthogonal and that (18.1) 
and (19.1) are equivalent. 

It is a remarkable fact that no representation of of the sort given in (19.1) 
can have less than k terms.” 


§4. The linear self-adjoint differential equation of the second order 


20. We can readily apply the results of the preceding sections to the linear 
operator defined by the differential equation (3.1) dealt with in 3 and 7. First 
we determine the matrix C(¢) by using the equation (13.5). 

We obtain from (3.3), (3.4), (7.1) and (7.3), because of 


L(y, (t; = ), 
cult) = (ent), Bran) = — 3. enlts — a 


(galt; — g(t) L £))) at 


= Bigult; £), gr(t)), 


and notice that the determinant of —2iC(¢) equals the denominator of the ex- 
pression (7.11). This implies that the roots of the determinant of C({) which 
are all real, furnish all characteristic values of the equation L(g) = f¢. In 
Chapter III, §7 we shall find out from what general property of the matrix 
C(¢) this fact arises. 

Since the self-adjoint extensions of L(y) lead to a point spectrum only, we 


* (2) p. 258, Theorem 7.6. 
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obtain the expression 
(20.1) ,(t; (@,(t; Xpx(t))Xpe(t), 
and by (18.4), 


Pp 
Here the A, and x,,(t) denote the ee values and characteristic 
functions of the self-adjoint extension of L(y) determined by the boundary 
conditions (7.6). 
The infinite series of the right hand side of (20.1) and (20.2) are not con- 
vergent for every ¢ in the usual sense, but on sani in the mean, i.e., 


lim [ ‘lean z ‘dt = 0. 


p=1 «k=l 


On the other hand, we obtain 


and here the series on the right hand side is absolutely and sealdebeader con- 
vergent in ¢. This implies that, in accordance with an assertion of Theorem 2, 
d®,(t; 
(7.6). 
As is well known, L(¢) has, in the case of the familiar boundary conditions 
(7.8), only simple characteristic values. Hence it follows that in this case 
(20.2) can be written in the form 


$,(t; = 


=1 


is an element of d, since the x,,(¢) satisfy the boundary conditions 


Xp(t) 


CHAPTER II. SELF-ADJOINT TRANSFORMATIONS AS EXTENSIONS 


§5. Definition and tests for prime transformations 


21. Dermnirion 1.”° Let T be any closed linear transformation, © its domain, 
M a linear manifold and Ey the projection which takes H into M; then M ts said 
to reduce T if: 

1. Eof is an element of D for every f belonging to D, 

2. EoTt = TEof for every f of D. 

This readily implies the following 

Lema 1.’ reduces a c.H.t. H., whose domain is D, 

1. Eof ts an element of D for every f belonging to D, 

2. HE is an element of M for every f of D. 


26 (2) p. 150, Definition 4.5. 
27 (2) p. 151, Theorem 4.34. 
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Another test of reducibility is given by: 

Lema 2.% M reduces a self-adjoint transformation H if, and only if, M re- 
duces the resolution of the identity E(A) corresponding to 

DeriniTIon 2: A c.H.t. H of di. (m, m) is called a prime transformation if 
does not contain any closed linear manifold which reduces H and with respect to 
which H is self-adjoint. 

If, on the other hand, H is not prime, let Mt be the greatest linear manifold 
contained in © which reduces H and in which H is self-adjoint, then H is evi- 
dently a prime transformation with respect to the Hilbert space 5’ = © © Mi. 


22. A test for prime transformations is furnished by 

TueoreM 5. Let H be a c.H.t. of d.t. (m, m) and 2(f), 
a system of characteristic solutions of Hy determined by (14.1) for any self-adjoint 
extension H of H. Furthermore, let E(d) denote the resolution of the identity cor- 
responding to H. Then H will be a prime transformation if, and only if, the 
linear manifold spanned by E(A)®,(7) for = 1,2, ---,mand <A < 
coincides with 9. 

Remark. This Theorem implies that, if H is not prime with respect to , 
it is prime at least with respect to the Hilbert space 5’ spanned by the E(A)®,(7) 
(u = SAS +o), 

Proor. We first suppose that H is a prime transformation. In order to 
prove that the linear manifold spanned by the E(A)®,(i) coincides with 
we assume that this assertion is false. Then at least one element h + 0 of 
must exist such that 


(22.1) (EQ)®,@),h) =O SAS +o). 


If we use the representations (18.2) and (18.5) for h and ©,(i) respectively, 
we obtain from (18.3) 


and hence 


ke? 


for» = 1,2, ---, mand every p. This however, that (22.1) is equi- 
valent to 


p Ap k=l 


for » = 1, 2, --- , m and every 
If M is the linear manifold spanned by all the elements which satisfy (22.1) 
and with it also (22.2), we now show that h’ = R,h is an element of D as well 


** (2) p. 288, Theorem 7.15. 
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asof NM. First h’ is an element of D, since, according to the considerations in 4, 
these elements are defined by the equation (Hih’, &,(—i)) = 0 (cf. §6). hi’ 
however belongs also to It, because by (14.2) and (22.2), 


&,(¢) — 6,(—7) 
)=0 


= (Rh, = (h, = (1 


for every ¢. 
If, on the other hand, h’ is an element of It-D, the element Hh’ belongs to 
M, because of 


(Hh', ®(5)) = (h’, H*®,(5)) = = 0. 


Hence I2-D coincides with the range of R; with respect to Mt. It can be shown 
in the same way that I2-D coincides also with the range of R_; with respect 
to M. 

We now prove that Jt reduces H. If Ey denotes the projection which takes 
H into M, then Ey reduces R;, since R; takes Mt into Mt-D; hence RE = 
E.R.g for every element g of $, by Definition 1 and Lemma 1. This implies 
further that, if f is an element of D, then Eof also belongs to D because 


f) = ERA sf = 


Since, moreover, H; takes It%-D into Pt as has been shown above, we obtain 
from Lemma 1 that Jt reduces H. 

We finally show that H is self-adjoint with respect to It. We notice first 
that It-D is everywhere dense in Mt, for otherwise an element ho + O of M 
would exist such that (h’, ho) = 0 for every element h’ of M-D. This would 
lead to 


(h’, ho) = (Rh, ho) = (h, R-sho) = 0 


for every element h of Nt; hence R_;ho = 0, which implies ho = 0. Since H; 
as well as H_; take M@-D into Mi, the d.i. of H with respect to Mt is (0, 0), by the 
considerations in 4. Consequently H is self-adjoint wih respect to M. 

If, however, 2 reduces H and H is self-adjoint with respect to I, H cannot 
be a prime transformation, which is contradictory to our supposition. Thus 
we have proved one part of Theorem 5. 


23. To prove the other part of Theorem 5 we suppose that the equations (22.1) 
have no solution h besides h = 0, and assume further that the assertion of H 
being a prime transformation is false. Let 2% be the linear manifold which 
reduces H and with respect to which H is self-adjoint. This implies that H; 
as well as H_; takes I%-D into M and, conversely, that R; takes Mt into M-D. 
Hence 2 reduces R; and with it also E(A) by Lemma 1 and 2. 

If f, moreover, is any element of IN we write 


‘| 
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where f’ belongs to M-D, and obtain 


(23.1) (f, = (H-f’, = (f’, = 0. 
Since (23.1) holds for every f of Mt, (23.1) is equivalent to 
Eg®,(t) = 0, 


if Ey) denotes the projection which carries § into M. Hence 
E.E(A)®,(t) = EQ)E®, (4) = 0, 


because WM reduces E(A). This implies, however, that (f, E(A)®,(i)) = 0 for 
every f of It and for every real A, which is contradictory to our hypothesis 
that (22.1) has no solution h ~ 0. This completes the proof of Theorem 5. 


24. Theorem 5 leads readily to 

TarorEM 6. If H is a c.H.t prime transformation of d.i. (m, m), H a self- 
adjoint extension of Hl and k the wultiplicity of the epectrum of then k S m. 

Proor. If EZ, denotes the projection which takes into § © M(@,(z)) where 
IM(#,(z)), according to the definition given in 18, is the linear manifold spanned 
by E(A)#,(7) for SA S +, then = 0. 

On the other hand, we have 


(EQ) = Ff, = A” = minimum (A, )’)) 


for every f of Hence E(A)E2f is an element of © M(4,(z)) and, because of 
Lemma 1, this implies that § © M(@,(i)) reduces E(A).” Hence 


= 


Consequently the linear manifold I(@,(z)) coincides with the 
linear manifold spanned by E(A)#,(z) and for SAS +o. In 
this way we continue constructing a series of projection Be ,°*t, By, +++, Em 

such that FE, earries Hinto H © (M(F:(7)) @ --- @ 

Then --- © with the linear 
manifold spanned by all E(A)®,(7) (u = 1, 2, ---, m) if \ runs from — to 
+. Itisevident, moreover, that the linear manifolds 2t(£,®,()) are mutually 
orthogonal. Furthermore, we have 


M(Pi(t)) © © --- © = 


since, by Theorem 5, the E(A)®,(i) (u = 1, 2, ---,m) SA ZS + span 
the complete Hilbert space ©. This implies, however, k < m, as can be shown 
by the Remark in 19, which completes the proof. 


25. We now give a test indicating whether the sum of m linear manifolds 
M(f,) spans the whole Hilbert space $; this test is based on the attains 
(18.2) of the f, . 


** (2) p. 243, Theorem 7.2. 
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Lemma 3. Let H be a self-adjoint transformation, whose spectrum of mul- 
tiplicity k determines a representation of the form (18.2) for every element f of §, 
and let f:, fo, «++ ; fm be any set of m elements of , such that 


k + 


p k=l 
ke’ 


k, +0 
P= +E [| dvd). 


Then the closed linear manifold 
(25.1) Mfr) © M(fe) --- © 


coincides with © if, and only if, the following two conditions are satisfied: 
(i) the system of m equations in y? 


(25.2) = 0 (u = 1,2, +++ ,m) 


has no solutions y? ¥ 0 for any p, 
(ii) the set of all points X for which the system of m equations 


kQ) 


(25.3) Fu(d) =0 (u = 1,2, +++ ,m) 


has a solution 0, such that | is pi-measurable, is of pi-measure zero. 

Proor. If the closed linear manifold (25.1) does not equal §, then there 
is an element h which is orthogonal to each of the m linear manifolds N(f,). 
Let 


kee 


k +00 
then it follows from h being orthogonal to N(f,) that, by (18.3), 


Fn =0 
for every p and uw = 1, 2, ---, m, 
ke?’ 


(25.4) valu) Pe(u) dox(u) = 0 


for every \ and » = 1, 2, --+, m. 
Hence 


ky 
= 0 


for every \ except for a set of p:-measure zero, which is contradictory to the 
hypothesis (i) and (ii). This proves that if the closed linear manifold (25.1) 


| 

| 
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does not coincide with §, then the conditions (i) and (ii) of Lemma 3 cannot 


both be satisfied. 
If, on the other hand, the system of m equations (25.2) has a solution y? ~ 0 


for a single p, then the element h = > V2Xn«e is orthogonal to each of the m 


linear manifolds M(f,). Furthermore, if the set © for which the system of 
m equations (25.8) has a solution ¥,(A) ~ 0 is of p-measure > 0, | ¥,(A) |? 
being p;-measurable in S, then there exists a subset S’ of S which is bounded 
and whose p;-measure is also > 0. By putting 

aoe 


we obtain 
=D devs) > 0. 


Moreover h is orthogonal Fa each of the m linear manifolds Dt(f,) because of 
(25.3) and (25.4). This implies that the manifold (25.1) does not equal §, 
when one of the conditions (i) of (ii) is not satisfied which completes the proof. 


26. Remark 1. If H has a simple spectrum, the conditions (i) and (ii) of 
Lemma 3 take a simpler form. Making use of the representation : (17.1) 
which holds for every f of , we obtain 

Lemma 3°. Let H be a self-adjoint transformation with a simple spectrum, 
and let 


+00 +00 


be any set of m elements of H, then 
--- OMFn) = H 


if, and only if, the set of all points \ for which the system of m equations F(A) = 0 
is satisfied is of p-measure zero. 

Remark 2. It is readily shown that Lemma 3 implies Theorem 6; for if 
m < k, the system of m equations (25.2) or (25.3) must have solutions ~ 0, 
since either at least one of the k, > m, or k(A) > m for a d-set of pi-measure > 0. 
Hence the manifold (25.1) cannot equal 5, however the m elements f, may be 
chosen. This, of course, holds also for f, = ®,(i), which completes the proof 
of Theorem 6. 


§6. Construction of all closed Hermitian transformations of which a given 
self-adjoint transformation is an extension 


27. We first deal with the case in which the given self-adjoint transformation 
has a simple spectrum only. 


| 
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TuroreM 7. Let H be a self-adjoint transformation with a simple spectrum, 
E(A) the corresponding resolution of the identity, and R; its resolvent. Also let h 
be the element of defined in 17, such that 


Then, in order to construct all the c.H.t. H of d.i. (m, m) to which H belongs as a 
self-adjoint extension, we consider all the sets of m linearly independent functions 
0,(A) = 1, 2, ,m; < +) which satisfy the following two con- 


ditions: 


(i) 2,(0)20) dp(\) = (u,v = 1,2, +++,m), 


ce 


for every system of m complex numbers x, for which 3 |x, |? < 0. 
Furthermore, if we write 
@7.1) = [2 1,2, 4m), 


where ¢ is any complex number outside the spectrum of H, we obtain the domain D 
which determines the desired c.H.t. H of d.i. (m, m) by applying the transformation 
R; to the closed linear manifold of all elements of orthogonal to each of the m 
elements ,(—7). 

We have, moreover, 


(27.2) H7,(¢) = 0 (u = 1, 2, «++, m) 


for every ¢ outside of the spectrum of H. 

Finally, H is a prime transformation if, and only if, the set of all points d for 
which the system of m equations 2,(A) = 0 is satisfied is of p-measure zero. 

Proor. To show that the two conditions given in Theorem 7 are necessarily 
satisfied by every c.H.t. H we notice that equation (27.1) coincides with (17.4). 
Hence condition (i) follows from (17.5) and (17.7), condition (ii) from (17.6). 

In order to prove that these two conditions are also sufficient for the con- 
struction of any c.H.t. H we have only to show that the domain D defined in 
Theorem 7 is everywhere dense in . The domain D, however, consists of all 


elements f associated with functions FO) such that 


dp(a) = 


w+ 1’ 
+00 
(27.3) [ aco, 
(27.4) | Hf)? = dp(r) < ~, 


F(A), (A) 


(27.5) (Hif, &,(—1)) = 


dp(d) = 0 (u =1,2,--+,m). 


| 

| 

| 

| 

i! | 

| 
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We now assume that our assertion concerning ®D is false, i.e., that D is not 
everywhere dense in $. This implies that there is an element 


+00 


of © which is orthogonal to every f of D. 
Hence 


Go = ao) =0 


for every function F(x) which satisfies (27.4) and (27.5). But this implies that 
GA) = 2, (a), 
pol 


and furthermore that | g |? = ©, because of condition (ii). Hence g is not an 
element of $; thus the assumption of D being not everywhere dense is refuted. 
The assertion (27.2) is equivalent to 


®,(¢)) =0 = 1, 2, m) 
for every fof D. We have, however, 


because of (27.5). 
Finally, the assertion of the last paragraph of Theorem 7 follows readily 
from Theorem 5 and Lemma 3°, which completes the proof.” 


*° The present proof differs entirely from the proof given in the Note previously pub- 
lished in (4) pp. 121-128. It is considerably shorter and deals at once with the three cases 
m = 1, m finite > 2and m= «. There were, however, two reasons for which it seemed 
worth while to give also the longer proofs dealing separately with the cases m = 1 and m 
finite = 2. First, these proofs are direct, whereas the present proof is indirect. Second, 
the older proofs connect Theorem 7 with a minimum problem of the theory of positive 
definite Hermitian forms formulated and solved in Lemma 1 and 2 of the previous note, 
which may be of some interest of their own. Since the previous note does not deal with 
the case m = ©, I give here the wording of the Lemma concerned with positive definite 
Hermitian forms which implies Theorem 7 in the case m = ©: 

J 


Lemma: Let (Az, z) = } > GpgFp%q be a positive definite bounded Hermitian form, 
p.gq=l 


(A — = Sz = (sp¢(¢)) its resolvent, (A\™z, z) = the nth reduced form of 
(Az, z). Moreover let, 
m < me < m < 


be a fixed infinite sequence of positive integral numbers and M,, for n > my , the minimum 


h 
; 
! 
n 
) 
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28. We now pass to the case of a given self-adjoint transformation with a 
spectrum of multiplicity k, where k = max (k’, k’”’) is the number defined in 
18, which can assume any positive integral number 2 2, including ~. 

TuroreM 8. Let H be a self-adjoint transformation with a spectrum of mul- 
tiplicity k, E(\) the corresponding resolution of the identity and Ry its resolvent. 
Also let Xx be a complete set of orthonormal characteristic solutions of H , each of 
them belonging to the characteristic value \, of multiplicity kp , furthermore, h,, 
ho, «++, heer @ set of elements in $ defined in 18, such that 


(EQ)hes he) = = dox(u), 


where IM denotes the closed linear manifold spanned by all xpx . 

Then, in order to construct all the c.H.t. H of d.i. (m, m) to which H belongs as 
a self-adjoint extension, we consider all the sets of m sequences of coefficients 2. 
and of mk’’ functions Qy«() which satisfy the following two conditions: 


(u,v = 1,2, +++, m), 
m 
@ +E 7.0) dn) = 


for every system of m complex numbers x, for which 
23 | |’ < 


If, in addition, we write 
ke? 


Pp 


attained by (A“z, z) in the flat space 
Tm, = 1, Lm, = Img = = Imp = = =O ~ m, my Sn < 
Then 

lim M* = 0 for every k 


if, and only if, 


vp=l 


for every system of complex numbers u, for which 7 | uw» |? = 1, where ¢ assumes negative 
p=1 
values only. 


‘| 
| 
| 
| 
vi 
| | 


as 


tive 
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where ¢ is any complex number outside the spectrum of H, then we obtain the domain 
D which determines the desired c.H.t. H of d.i. (m, m) by applying the transforma- 
tion R; to the closed linear manifold of all the elements of S which are orthogonal 
to each of the m elements ®,(—7). 

We have, moreover, 


= 0 (u = 1, 2, m) 


for every ¢ outside of the spectrum of H. 

Finally H is a prime transformation if and only if the 22, and the Q,,.(d) satisfy 
the two conditions formulated in Lemma 3 for the F}, and F,,.(d) respectively. 

Proor. The proof follows the same lines as the proof of Theorem 7. The 
equations (18.5), (18.6), and (18.7) imply that the given conditions are neces- 
sarily satisfied by every c.H.t. H. 

To show that the conditions are also sufficient for the construction of any H 
we first have to replace the equations (27.3), (27.4) and (27.5) defining the ele- 
ment f of D by 


ki? 


| * | F.Q) |? 


(Hf, = +2 P,(d) dpx(d) = 0. 


Then we use the same argument as in 27. This completes the proof. 


III. Prime TRANSFORMATIONS WHOSE SELF-ADJOINT EXTENSIONS, 
IN AN INTERVAL OF THE Rea Axis, Have a Pornt Spectrum ONLY 


§7. Preparatory considerations 

29. In this chapter we deal with the case in which the orthonormal set of 
characteristic solutions ¢;(¢), ¢2(¢), «++ , @m(¢) of H* exists not only for non-real 
values of £ = & + in, but also for all values of ¢ situated in the open interval 
a <é< bof the real axis, such that each of the m elements ¢,({) is continuous at 
every finite point ¢ of the strip a < & < b of the complex {-plane. According 
to the Remark at the end of 12, Theorem 1, in this case, holds for every ¢ of 
the strip a < & < b. 

Before passing in §8 to the proof of the main Theorem we give here two 
preparatory Lemmas. For m to be finite is an essential hypothesis of the 
considerations of §8, whereas the two Lemmas proved in this § hold also for 
m= 0, 

30. Lemma 4. If H* is the odjoint transformation to a given c.H.t. H of d.i. 
(m, m), D* and D of the domains of H* and H respectively, and ¢(f) any char- 


ha 
| in 
vul- 
ent. 
v of 
h, 
m), | 
1)- 4 
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acteristic solution of H* such that Hyo(f) = 0, then 


(30.1) 
+) (OO), — 6 — DEO), 


where f denotes an element of D. 
Proor. Since 


by a theorem quoted in (4.1), every element of D*, and hence also ¢({), can be 
represented in the form 


(30.2) of) =f—- (t) — 
The application of the transformations H*; and H; to (30.2) leads to 


H*,o(t) = Huf 2% ag 


= — 21D 


¢-(i)) = —2ia, , 

(Hie(s), = —2%b, . 
However, 

= 6 + DOO), = —@®, Hie), 
= — D&O), = —@), 
This yields 
2ia, = = + DO), 


The substitution of these values for a, and b, in (30.2) gives the desired result 
(30.1). 


31. Tuzorem 9." Let H be a c.H.t. of d.i. (m, m) and let oi(f), 
gm(¢) be an orthonormal set of characteristic solutions of Hz, each of which is 
continuous for every point ¢ of the stripa <& <b. Let, moreover, H be any self- 


31 We shall find again in the proof of Theorem 10, §8 that, for finite m, the roots of the 
determinant || C(£) || are the characteristic values of H form = ©. We need however 
this Theorem in Part II also for m = o. 


| 
hence 
| 
| 
| 
| 
| | 
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adjoint extension of H and C(f) = (Cw(f)) the matrix of Theorem 1 determined 
by H and the set {y,(¢)}. Then, fora < b, = is a charac- 
teristic solution of H if, and only #f, 

(31.1) = 0 (v = 1,2, -++,m). 


We note that the interval a < \ < b may be finite or infinite. 

Remark. This Lemma does not refer to characteristic solutions of H which 
are not situated in the linear manifold spanned by the m elements ¢,(A,). For 
these other characteristic solutions see the Supplement to Theorem 9 given in 32. 

Proor. If 


(31.2) = Oy 


is a characteristic solution of H , then it belongs to the domain D of H. Hence 
gr) = 0 (v = 1, 2, --+, m), 
where g, is the element defined in (6.1). On the other hand, we have 


0 = (Oy), = Hho.) = 

by as This shows that (31.1) holds if (31.2) is a characteristic solution 
of H. 

We now suppose that the equations (31.1) have the solution different from 
zero. Thisimplies, according to (13.5), 
(31.3) (Ap), Fis, gs) =0 (v =1,2,-++,m). 
Lemma 4, on the other hand, yields 
(314) =f- He» Hr, — (Ap), Hr, -i)). 
We have, however, because of (6.1) and (31.3) 


Hence we obtain from (31.4) 


4 


= 
h is 
the | 
ever 
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which, according to (6.2), indicates that g(A,) is an element of D. This com. 
pletes the proof, since 


32. SupPLEMENT TO THEOREM 9. If m is finite and x a characteristic solution 
of H which belongs to the characteristic value d, without being an element of the 
linear manifold spanned by the m elements ¢,(Ap), then there exists an element ,’ 
of D such that Mx’ = 0. 

In this case the given c.H.t. H of d.i. (m, m) is not prime with respect to §, but 
only with respect to the Hilbert space $' spanned by the E(A)®,(¢) (u = 1, 2, ---, 
+0), and x’ is an element of H O H’. 

Proor. We first show that the two m™ order determinants 


[| 4) I] = I] |] and || |] = || 


are different from zero. 
We assume that this assertion is false and that . 


(32.1) Il ep , 2) || = 0. 


This implies, however, that there is an element 


(32.2) = ay 
such that 
(32.3) (e(Ap), = O (v = 1, 2, +++, m). 
Lemma 4, on the other hand, yields, because of (32.3), 
No 


0 = (Hy, ¢(Ap)) 


Hence we obtain 


(Os), 


(e(Ap), ¢(—1)) = 0 (v 1, 2, m), 
er) = f, 


where f is an element of D. But this is contradictory to (32.2) and refutes 
the assumption (32.1). It can be shown in the same way that 


(32.4) || = 0. 
Lemma 4 leads to 
1< 
(32.5) = fu + {Ap + 1) (Pu(Ap), 
— Op — (Gur), = 1,2, m). 


| 
| 
| 
| 
| 
| 
| | 


com- 
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These m equations can be solved for ¢,(—7), because of (32.4) so that 
(32.6) = fr + Gragali) + bra 


where the f, are elements of D and the a,, and b,q coefficients determined by 


the equation (32.5). 
If x is a characteristic solution of Hh, and hence also of Hx, Lemma 4 yields 


or, by substituting the expression (32.6) for ¢,(—7), 


where fo is an element of D and the a, and 8, are new coefficients. On the other 
hand, we have 


0= (Hx, X, Pr(Ap)) = Ap) r(Ap)) v= 1,2,+++,m)- 


Hence a, = 0, because of || g(Ap, 7) || ~ 0. This implies, however, that fo ~ 0 
since, by hypothesis, x is not contained in the linear manifold spanned by the 
m elements ¢,(Ap). (32.7) now leads to 


0 = Hix = = Mh, fo. 
Therefore fo = x’ is an element of D and a characteristic solution of H belong- 
ing to the characteristic value \,. 
We have, moreover, 


(32.8) = 


for every ¢ and every ». Hence Theorem 5 yields that H is not prime since 
(32.8) is equivalent to (x’, H(A)®,(z)) = 0(—» SA S +~), as has been shown 
in the first paragraph of the proof.of Theorem 5. This completes the proof 
of the above Supplement. ; 


§8. The Main Theorems about point spectra 


33. ToEorEM 10. Let H be ac.H. prime transformation of d.i. (m, m) where 
m is finite, and let ga(S), = + in) be an orthonormal set of 
characteristic solutions of H; , each of which is continuous at every finite point of 
the stripa <& <b. Let H be any self-adjoint extension of H, C(g) = (cw(¢)) 
the matrix of Theorem 1 determined by H and the ¢,(¢), and a’ < & S Db’ any inter- 
val interior toa <& <b. Then the spectrum of H in the interval a’ < d < B 
only consists of a finite number of points, i.e., of characteristic values, which are 
the roots of the determinants || C(¢) || . 


(H; x’, #,(¢)) = 0 


ition 
ut x’ 
m), 
ites 
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We note that the interval a < & < b may be finite or infinite. 

Proor. The c,,(¢) are continuous functions of ¢ at every finite point of the 
strip a’ < & < D’ because of (13.3). The determinant || C(¢) || cannot vanish 
for any non-real ¢, since the inverse matrix C™'(¢), by Theorem 1, exists for 
every non-real ¢. We now wish to show that, in the interval a’ < & < b’ of 
the real axis, || C(¢) || has at most a finite number of roots. 

If 6(¢, &) and ¢(¢, &) denote the m™ order matrices whose elements are (4,(¢), 


,(F)) and (¢, (5), ¢(F)) respectively, then 
because of (14.1). If we pass to the determinants, we obtain 
|| 
33.1 4 = d 


|| &(¢, &) || is, however, an analytic function of ¢, regular in the neighborhood 
of every non-real ¢, since, by (18.5) and (18.6), 


P GP > 
On the other hand, we obtain 
6 |] = = 


for every real ¢ = é of the interval a’ < ~— < BD’. 
Hence and because of the continuity of the ¢,(¢), there is a rectangle a’ < § <b’ 
—e <n S +¢, in which the continuous function of ¢ 


(33.2) lle, || = 
(33.1) now leads to 


(33.3) 1 || 


which, because of (33.2), is a continuous function of ¢ in the rectangle a’ < ¢ < 0’, 


—elns te. Since ee is an analytic function of ¢ at every non-real 
point, it is, by a familiar argument of the theory of analytic functions, also 
regular at every point of the rectangle a’ < ¢ < b’, -—e S$ y S + «, and hence 
1 

that rectangle. This shows, however, that, because of (33.3), || C(¢) || has also 
at most a finite number of roots in the interval a’ < ~ < b’, which we denote 
by = &. 

This implies that the inverse matrix C(t) = (¢;2(¢)) exists in every point 
£ + &, of the interval a’ < £ < b’, and that the m’ elements c,, (¢) are continuous 
functions in the neighbourhood of every § ¥ &. Hence, and because of Theo- 


by a well-known theorem, has at most a finite number of roots in 


| 
| 


the 
nish 
for 
b’ of 
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rem 2, (®,(¢), 9) = (= Gn (f)¢,(f), 0), for every q of §, isa regular function of ¢ 


in every closed domain of the strip a’ S € S b’ which does not contain any one 
of the points € = . If A’ denotes the interval a’ < ¢ < b’, y;' the element 
defined in (15.2), we obtain from (15.3) 


We’) 


ve) = (u = 1,1, +++, m). 


This integral, because of 
(A’E®,(5), ye) = @,(8), va), 

is analytic at every point of any interval ¢’ <  < £” which is situated within A’ 
and does not contain any of the pointst = ~,. Thisimplies that (E(A)y;, y2") = 
| |, by a familiar Theorem,” remains constant in the interval < < £”. 
Hence 

i 
for every £ of the interval ¢’ < — S #”’, and since H is supposed to be a prime 
transformation, (33.4) implies, by Theorem 5, that 


— E@))g = 0 


for every g of 5; for otherwise (E(¢’’) — E(é’))g would be orthogonal to E(A)#,(7) 
(u = 1,2,---,m;—o + because of (33.4), and consequently the 
would not span §. This means, however, that — E(t’) = 0. 
Thus we readily see that the spectrum of the interval a’ < ~ < b’ consists onl 
of the isolated points = & which, evidently, are characteristic values of H, 
as, by the way, has been shown before in Theorem 9. This completes the 
proof. 


34. Lemma 5. Let the c.H. prime transformation H satisfy the same hypothesis 
as in Theorem 10. If the real number & is contained in the interval a < & <b, 
then H has an infinite number of self-adjoint extensions H such that the point fy 
belongs to the resolvent set of H. 

Proor. Let H be the self-adjoint extension of H determined by the unitary 
matrix U = eJ, as has been shown in 6. Then the matrix C(¢) of Theorem 1 
belonging to H and the ¢,(¢) is given by the equation 


= + ef, (¢ ie “ols, 1), 


according to (13.6). Hence we readily see that the determinant || C(g) || is a 
polynomial of the m™ degree in e~”, whose term with greatest index equals 


G — &)" || eG, — #0, 
because of (32.4). Consequently @ can be chosen such that || C(é) || ¥ 0. 


** Compare e.g. (2) p. 163, Lemma 5.2. 
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Theorem 10, however, implies that, in the interval a < & < b the spectrum 
of Af consists of the roots of || C(g) || only. Hence \ = & is a point of the 
resolvent set of H, which is the desired result. 


35. THEeoreM 11. Jf H is ac.H. prime transformation of di. (m, m) where m 
is finite, and H a self-adjoint extension whose spectrum in the interval a’ S  < I! 
consists of a finite number of characteristic values only, then there exists an ortho- 
normal set , of characteristic solutions of H; which is con- 
tinuous in the whole strip a’ S & S b’ of the complex plane. 

Remark. This Theorem, together with Theorem 10, implies that, if a c.H. 
prime transformation H of d.i. (m, m), where m is finite, has one self-adjoint 
extension H whose spectrum, in the interval a’ < dX S b’, consists of a finite 
number of characteristic values only, then every self-adjoint extension of H has 
this property. 

Proor. Theorem 2, and formulae (17.4) and (18.5) respectively, imply that 
H determines a set of m characteristic solutions #,(¢) of H M which are continuous 
in ¢ within the whole strip a’ = & S Db’ of the complex ¢-plane, except for a 
finite number of points = \,, the characteristic values of H. The problem to 
construct an orthonormal set of characteristic solutions ¢,(¢) consists in finding 
an orthonormal basis of the m-dimensional manifold spanned by the m elements 
#,(¢), and is solved by applying E. Schmidt’s familiar procedure to the ®,(¢). 
This yields an orthonormal set of m elements ¢,(¢) which, except for the points 
&€ = Xp, are continuous in ¢ within the whole strip a’ < — < b’. Consequently 
we still have to construct the ¢g,(¢) in the neighbourhood of the X, . 

If k, is the order of multiplicity of one fixed characteristic value \, of i , then 
k, = m, by Theorem 6. We now obtain from (18.5) 


(35.1) Jim Qe — = = 1,2 


where the x, are the characteristic solutions of H belonging to the character- 
istic value \,. 

The matrix formed by the Qf,(u = 1, 2, --- , m;« = 1,2, --+ , k,), however, 
is of rank k, ; for otherwise the equations 


k 
(35.2) > Ne a, = 0 


would have a solution a“ ~ 0, and, if we write 


k 
Xe Ge Xx » 
= 


we should obtain from (35.2) and (18.5) 
(E(A)®, (2), xq) = 0 (u=1,2,---,m;—- + &), 


and then Theorem 5 would imply that the given c.H.t. H be not prime, which 
is contradictory to the hypothesis. 
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We now suppose that the determinant 
k=l, 


In the case k, = m, the equations (35.1) already imply that the orthonormal 
set of the ¢,(¢) exists also for ¢ = A, and is continuous at this point. 

In the case k, < m we consider the c.H.t. H’ of d.i. (k, , k,) which is formed 
according to the prescriptions of Theorem 7 and 8 respectively, such that H 
is a self-adjoint extension of H’ and that 


H;*®,(5) = 0 (u = 1,2,:--, ky). 
We readily see that H’ is a c.H. extension of H and that 
(35.4) DCM CH CHO* 


if D’ and D’* denote the domains of H’ and H’™ respectively. In fact the 
,(¢) (u = kg + 1, «++ , m) are elements of D* but not of D’*. Although H’ 
is not necessarily prime in §, the Remark to Theorem 5 implies that H’ is prime 
in the Hilbert space spanned by the E(A)®,(i) (u = 1, 2, ---, 
4S +). 

If a, < — S b, is an interval interior to a’ < ~ S b’ which contains the point 
£ = \,, but no other characteristic value of Hi we can find an orthonormal set 
of k, characteristic solutions ¢,(¢) of H’* by applying E. Schmidt’s procedure to 
the (u = 1,2, ---,k,). Thus we obtain elements ¢,(¢) (u = 1, 2, , 
which, according to (35.1) and (35.3), are continuous in ¢ within the whole strip 
a, S & S by, including the point — = \,. Hence we see that H’ satisfies the 
hypothesis of Lemma 5 with respect to the Hilbert space 5’; consequently 
there is a self-adjoint extension H’ of H’, such that the point = \, belongs to 
the resolvent set of A’ with respect to 6’. #1’ is also an extension of H, since 
H’ is an extension of H. 

On the other hand, H’ cannot have any characteristic solution belonging to 
the characteristic value \, which is element of § without being an element of 
9’; for otherwise, by the Supplement of Theorem 9, H’ would have a char- 
acteristic solution belonging to \, which would be an element of § © ’, and 
also an element of the domain D’ of H’, and consequently a characteristic solu- 
tion of H also, because of (35.4). The x(k = 1, 2, --+ kg), however, are all 
the characteristic solutions of H belonging to \,, which, because of (35.1) and 
(35.3) are all elements of 6’. Hence it follows that the point § = A, belongs to 
the resolvent set of H’ with respect to the whole Hilbert space 9. 

We now draw two concentric circles in the ¢-plane whose centre is the point 
¢ = , and whose radii, 7’ and r” respectively (r’ < r’’), are chosen small enough 
that both circles are situated in the strip a, < & S b,, and that neither of them 
contains any characteristic value of H and H’, except for ¢ = ,. If we denote 
the two domains | — A, | r’ andr’ <|¢—,| Sr” with and ©” respec- 
tively, then the extension H’ furnishes an orthonormal set of continuous elements 
¢.(6) (4 = 1, 2, --- , m) in G’, since every point of GC’ belongs to the resolvent 
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set of H’, whereas H furnishes the ¢,(¢) outside of G’ within the strip a, < ¢ < b. 
The ¢,(¢) constructed in this way have, of course, the curve | — d,| = 1’ as 
a line of discontinuity. In order to remove this discontinuity we replace the 
in @” by 


where the v,,(¢) are elements of a m™ order unitary matrix, continuous in {¢, 
and chosen in such a way that 


Yw(S) = for =r” 


This completes the construction of an orthonormal set of m elements ¢,(¢) which 
are continuous also in the neighbourhood of ¢ = ),. 
We can now deal in the same way with the neighbourhood of each point ¢ = ), 
contained in the given interval a’ < ~ < b’. This completes the proof of 
Theorem 11. 


§9. Self-adjoint extensions having prescribed real points as characteristic 
values 

36. THEorREM 12. Let H be ac.H. prime transformation of d.i. (m, m) where m 

is finite, and let gi(S), o2($), , (§ = — + iy) be an orthonormal set of 

characteristic solutions of H;, each of which is continuous in every finite point of 

the stripa<&<b. Let &, ber real numbers (r S m) such thata <i <& < 

<b. If k.(a = 1, 2, , r) denote positive integers, where k. = M, 


a=l 


then there is a self-adjoint extension H of H having the &, as characteristic values of 
multiplicity at least. 

If r = 1, ky = m, H is uniquely determined. 

Proor. We first prove the Theorem in the case m = 1. If H’ is any self- 
adjoint extension of H which, by (17.4), determines 


then we obtain from this 


= 
(36.2) 


+00 2 -} 


for every ¢ which does not belong to the spectrum of H’. When & is a char 
acteristic value of H’, it already satisfies the condition required in Theorem 12. 


| 
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If, on the other hand, & is a point of the resolvent set of H’ , we then consider 
all self-adjoint extensions H of H defined by any unitary matrix U, which, in 
the case m = 1, equals e”. Hence the first order matrix C(¢) corresponding to 
H and ¢(f) is defined by 


(36.3) = + e@) — & De“), 


according to (13.6). To determine @ in such a way that H has a characteristic 
value in & , we refer to Theorem 9 which implies that @ must satisfy the equation 
C(é&:) = 0. (36.1) and (36.2), however, lead to 


= 100) awe, 
Hence we obtain from (36.3) 


This furnishes the desired self-adjoint extension H in the case m = 1. 


37. We now assume that Theorem 12 has already been proved for all c.H. 
prime transformations of d.i. (2, 2), --- , (m — 1, m — 1), and seek to show 
that, under this assumption, it also holds for c.H. prime transformations H of 
di. (m, m). Let H’ be any self-adjoint extension of H, which determines the 
set of characteristic solutions #2(¢), , ®n(¢) of Hz, by (17.4) or (18.5) 
respectively. We now consider the c.H.t. H’ of d.i. (1, 1) formed according to 
the prescriptions of Theorem 7 or 8 respectively, such that H’ is a self-adjoint 
extension of H’ and that 


= 0. 


We readily see that H’ is a c.H. extension of H and that, by the Remark to 
Theorem 5, H’ is prime in the Hilbert space ’ spanned by E’(A)#;(7), where 
E'(X) denotes the resolution of the identity corresponding to H’. As has been 
shown above, a self-adjoint extension Hi” of H’ exists, which has & as a char- 
acteristic value. If x is the characteristic solution of H” belonging to & , then x 
is an element of §’. H’, however, is a self-adjoint extension of 1 also, since 
H’ is an extension of H. 

Now let &,(¢), S2(¢), --+ , &n(¢) be the set of characteristic solutions of Ht 
determined by H”. If, according to (18.4), we write 


(37.1) 0, = (A (@,(¢), x) (u = 1,2,-::, m), 


r’ as 

> the 

| 

m), | 
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(37.2) Vy» = (u = 2, eee 


has a solution v,, satisfying the equations 


= (u,v = 1,2, 


a=1 
1 
Let Umi, Um2, *** » Umm be an m™ row of constants, such that the (Vy») form ( 
a m“ order unitary matrix. Then n 
(37.3) # 0, 
b 
since (37.2) has no more than m-1 linearly independent solutions. If we put 
ti 
(5) = Vu» 
then the ®, (¢) have the same properties with respect to H” as the ,(¢), and 
moreover i 
(@,(), x) = 0 
(37.4) 
because of (37.1), (37.2) and (37.3). t 
We now form the c.H.t H” of d.i. (m — 1, m — 1), by the prescriptions of t 
Theorem 7 or 8 respectively, such that H” is a self-adjoint extension of H” 7 
and that 
is 
(6) = 0 (u =1,2,-+-,m—1). 
Then H” is itself an extension of H, and, by the Remark on Theorem 5, it is “ 
prime in the Hilbert space 5” spanned by the E’’(A)®,(z) (u = 1,2, ---,m—1; . 
+), where E’’(A) denotes the resolution of the identity cor- 
responding to H”. , on the other hand, is an element of $ © §” because of 
(37.4). Hence it follows that, by the Supplement of Theorem 9, x is a char- 
acteristic solution of H” and consequently a characteristic solution of every self- 
adjoint extension of H”’. , 
The assumption made above about c.H. prime transformations of d.i. (m — 1, | 
m — 1), however, implies that there is a self-adjoint extension H of H” which 2 
has & as a characteristic value of multiplicity k; — 1 at least, and &(a = 
2, 3, --+ , r) as characteristic values of multiplicity k, at least, such that the 3 
corresponding characteristic solutions are all elements of §’’. Besides this, A, 4 


as an extension of H’’, has the characteristic solution x, which is an element of 
© §” so that itis a characteristic value of H of multiplicity k, at least. This 
shows that H has all properties required in Theorem 12. 

If & is a characteristic value of multiplicity m, and C(¢) the matrix of Theo- 


| 

| 

| r 

| 

| 

| 

| 

| 
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rem 1 determined by H , Theorem 9 implies that 


=0 = 1, 2, +++, m). 
Hence we obtain from (13.6) 


if U = (uw) denotes the unitary matrix which determines 7. The equations 
(37.5), however, show that the uw, are uniquely determined, since the deter- 
minant 


by (32.4). This completes the proof. 
38. The application of Theorem 12 to the differential equation (3.1) leads 
to the following result: if the differential equation 


Lif) = + = 0 


is defined in an interval a < ¢ S b and if & and & are two real numbers, then 
there are always real self-adjoint boundary conditions such that £ and & are 
characteristic values of L(f) which correspond to these boundary conditions. 

To prove that the boundary conditions are real it is sufficient to show that 
the self-adjoint extension H constructed in Theorem 12 is real. We first notice 
that the c.H.t. H defined by L(f) is real and that, consequently, the self-adjoint 
extension Ho in 37 can be selected as a real transformation.” Then 4;(t, £), 
$:(t, ¢) are real functions of ¢ if ¢isreal. Hence the c.H.t. H’ of d.i. (1, 1) in 37 
is also real with all its self-adjoint extensions because all self-adjoint extensions 
of a real c.H.t. of d.i. (1, 1) are real.” Thus %,(é, ¢), $2(¢, ¢) are real functions 
of ¢ for real ¢, and this holds also for #; (¢, ¢), 2 (é, ¢), since the %, in (37.2) are 
real. This implies, however, that the c.H.t. H” of d.i. (1, 1) as well as its self- 
adjoint extension Hf are real, which is the desired result. 
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THE LINEAR HOMOGENEOUS GROUP. II* 


By BRENNER 
(Received April 6, 1943) 


In these Annals (2) 39, pp. 472-493, the normal (i.e. invariant) subgroups of 
the linear homogencous group @>,n,, are found.’ In that article the discussion 
represents the elements of @ as n” matrices whose elements are residue classes 
mod p’ and whose determinants are #0(p). Now @p,n,, may be represented 
as the group of automorphisms of the Abelian group % of order p” and type 
The normal subgroups of can be described in terms of the 
relation of @ and the underlying Abelian group %; this article contains a recast- 
ing of the known results into this group-theoretic form (theorems 1, 5, 9, 10, 
12, 15) as well as new results about the normal and characteristic subgroups of 
®. New results on outer automorphisms of © also appear (page 102; theorems 
8, 16, 18, 19). 


1. Let be the additive group of n-tuples or vectors (a), d2, d) 
whose elements are residue classes mod p’ (p, prime, r, positive integer). Group 
addition is vector addition and is unique: (a;) + (b;) = (c;) where c; = a; +); 
(mod p’) (j = 1,2,---,n). Sete; = (0,---,0,1;,0,--- , 0); an automor- 
phism of % may be defined by e; = (Gi, Giz, +++ , Gin), (@ = 1, 2,---, m), and 
this automorphism maps % in all (and not a proper part) of itself provided det 
(a:;) ~ 0 (mod p). Thus the automorphism group © of % can be defined asa 
group of matrices. p’ *% is defined as the subgroup of % consisting of those 
vectors which can be written in the form (p" “a;). 

We define N? = all matrices of ® which fix every (cyclic) subgroup of order 
p’ in %; NF then consists of all matrices (a;;) with a;; = 0 (mod p’)(i # 3); 
= (mod p*)(i J). 

MN, = smallest normal subgroup of © which performs the identical automorphism 
on p” *% but does not fix any cyclic subgroup of order p**' in Y. MN, then con- 
sists of those matrices of N} which satisfy the additional restrictions: a; = | 
(mod p’); det (a;;) = 1 (mod 7’). 

We plan to draw a picture of the lattice of normal subgroups of G. We 
distinguish two cases; in the first case, n is prime to p. Then the normal sub- 
groups of © fall into a lattice (see following page). 

The labelled subgroups make the direction of inclusion evident. The first 
box is irregular only when (n, p — 1) > 1. The pictures illustrate the cases 
n=2,p' = 27;n=5,p' =9. 

The case (n, p"’) = p”, u > 0, is reserved for section 3; the discussion of the 
important case (n, p”’) = 1 is a necessary preparation for that section. 


*T am indebted to Professor Garrett Birkhoff for suggestions concerning this article. 
1 Unspecified references in this article are to these Annals, volume 39. 
? This representation was known to W. Burnside and C. Jordan. 
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2. From known results, in the case (n, p) = 1, every normal subgroup 2% 
of G satisfies NF DR DMN. 

TuroreM 1: If p > 2, (n, p) = 1,0 S s then /N, ts cyclic of order 
vp’) = p' — If a subgroup of © satisfies NF DN DM, then N is normal. 

Proor: This theorem is a special case of theorem 10, which is established in 
Section 3. 

TueorEM 2: If n = 2, p = 2, then N./MNe41 is the direct product of n° — 1 cyclic 
groups order p (0 <s <r). That is, N./9.+: is an elementary group. 

* 


Proor: The theorem is true because every element of It, has order® por 1 
ret N41, every two cosets are commutative, and the order of N, is p~?"” 

s>0). 

Theorem 2, in connection with previously published results,* enables us to 
find the composition series of G»,»,, When p > 2, namely p"”“""~ cyclic groups 
of order p in addition to the groups in the known composition series of G/N: . 

Corottary: (0 < s < 1) is an elementary group of order 

There is no normal subgroup of © between MN, and Nui (0 < s < 1). 


Fie. 1 


K 
{ 


2 


* These Annals, 39, p. 492, theorem 13.2. 
‘W. Burnside: The Theory of Groups of Finite Order, Cambridge 1911, p. 428 ff. 
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THEOREM 3: The largest normal subgroup of © contained in No with inder 
>1 contains N, with index (n, p — 1). 

The proof is to be found in Burnside, 1911 ed., p. 434. This theorem shows 
how to draw the lines which proceed toward the right from the groups inter- 
mediate between Np and Ny . 

Tueorem 4: Jf p > 2, (n, p) = 1, then all normal subgroups of © are charac. 
teristic.” 

Proor: The commutator group of © is Jt , so that all normal groups which 
lie between MN) and Nj are characteristic, since they all have different orders, 
The center of @ is N* ; and since NF is the only normal group which contains 
with index p""? (0 < s <r), then? is characteristic (0 s <r). Now 
any normal group intermediate between Jt? and J, (0 < s < r) can be reached 
from 9} by a descent so arranged that the order of each normal group divided 
by the order of its successor in the descent is <p"". Hence all normal sub- 
groups of @ are characteristic. 

Although @ has many characteristic subgroups, nevertheless @ has at leas! 
¢(y(p’)) classes of owter automorphisms. We define these as follows. Let A 
be a variable matrix of © = Nj , and write A = BC, where B eM and C eM? 
are uniquely determined. Now %? is cyclic of order g(p") and is the center of 
; hence N* admits ¢g(y(p’)) automorphisms a, of which only the identical 
automorphism is included in @'"M7@. Since C is in the center of G, the trans- 
formations a(A) = Ba(C) yield ¢(¢(p’)) classes of outer automorphisms of 6. 
Each fixes Jt) element by element. It is an open question whether J) admits 
outer automorphisms outside of &. 

Turore 5: If p = 2 and nis odd, 0 < s S r, then N?/N, is the direct product 
of groups of order 2"* and 2. If a subgroup N of @ satisfies NF DN DMN, then 
MN is normal. 

Proor: This theorem is a special case of theorem 15, which is established in 


‘section 4. 


Corouiary: If n is odd and p = 2, then NF /N, is isomorphic with the multi- 
plicative group of odd numbers mod 2’. 

Turoreo 6: If p = 2 and n is odd, (0 s then Noi = Now; 

Proor: This theorem is a special case of theorem 11, which is established in 
section 3. 

THEorEM 7: The normal subgroups N, and Ne (s = 0, «++ , r) are characteristic 
if (n, p) = 1. 

Proor: Nt} is the center of G; N* is the only normal subgroup of @ which 
contains N*,, with index (0 < s < r). Hence 271, --- , are charac- 
teristic. Also 2 is the commutator subgroup of @, and 9,41 is the only normal 
subgroup of @ which is contained in Nt, with index p"”’ (0 < s <r). Hence 
Ni, are characteristic. 

TuHEorEM 8: @ has 2r normal subgroups which are not characteristic. All 
others are characteristic. 


5 Cf. 39, p. 485, theorem 10.16. 
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PRooF: N* is of order 2” and type (2, 2"*). Because of this, two subgroups 
of NF are non-characteristic, — all others are characteristic. Let MN be a 
subgroup of satisfying NT DN DMN. Set M=|RNARF. Then = 
N, UM, so that M is elacistutiatic if and only if M is. 

By reasoning similar to that on page 102, it can be concluded that @ has at 
least as many classes of outer automorphisms as has 2? , namely 2”*. 

TurorEM 9: If p = 2, (n, p) = 1, and N, N’ are any normal eubgroupe of &, 
s(N’) = 1, necessary and sufficient that N DN’ are: s(N) FS s(N’); 
m2 mM, wheres Mv = NRF. 

PRoor: N= M U R,. 


3. In this section p > 2, n is arbitrary > 1. 

TuroreM 10: If p > 2,0 S$ s S 1, then NIN, is the direct product of two 
cyclic groups of orders a, b, where b i a,b = (u, v), a = ee — p’')/b, u = 
(n, o(p')), » Here = 1 if = 0, = p' — pf > 0. 
All groups satisfying N MN, are normal. 

Proor: See the matrix-theoretic definitions of Jt, , NF in section 1. Let ¢ be 
a primitive root mod p’. We determine d so that the determinant of the matrix 
B = diag (e€ + Ap’, «, --- , €) is e" (mod p’). Next let y be the ¢(p*)/u power 
of «. Since y" = 1(mod p’), we can determine u so that the matrix C = diag 
(y + up’, y, y, °°, y) have determinant 1 (mod p’). It is obvious that BN, 
and CO, generate N?/N, . 

Now B has order a mod %,. For B* eX, if and only if two conditions are 
satisfied: first det = 1 (mod p’); hence {(p" — |x; second = 1 
(mod p*); hence (p* — p”") | 2; together these two conditions say exactly that 
zis a multiple of a. Now since > | a and b is a power of p, we can conclude from 
the general theory of Abelian groups that if b > 1, then yn /N, has two inde- 
pendent generators, one of order a = ¢(p’)/b and one of order b. (In an Abelian 
p-group, there exists a basis in which a pre-assigned element of highest order is 
one of the basis elements.) 

Corotiary 1: If n is prime to p, then NF /N, is cyclic of order ¢(p’). 

Corotiary 2: If s = 0, 1, or r, then NF/N, is cyclic of order ¢(p’). 

CoroLary 3: Some coset in Ni /N, has order (p — 1)p'"!** (x = 0). 

Note that there is a (1, 1) correspondence between the cosets of G/N, and the 
automorphisms of p” “9%. 

TuroreM 11: Jf 0 < s < 1, the cross-cut N, N Ne, contains Nor with index 
n, Pp). 

Proor: A matrix Y = (y;,) is in both 9%: and MN, if and only if det Y = 
(mod p’); yi: = 1 (mod p*); s(Y) = s+ 1. If € be a fixed primitive root mod 
(p" then det Y = 1 (mod is equivalent to yi; = (mod p’™), = k- 
¢(p'")/u for some k,O Sk <u= (n, o(p"*)). The condition y;; = 1 (mod p’) 
leads to the theorem, as follows. 

let u = dp',t S s, d| (p —1). Then’ = 1 (mod 7’), s > 0, is equivalent to 
o(p") | ko(p"*) /u, so that k must be a multiple of d, and also k must be a ee. 
of pi ift > 0, so kis a multiple of (n, p — 1) (n, p’)/p = u/pif (n, p) = p3k 
is a multiple of d = wif (n, p) = 1. Since two matrices Y and X = (2;;) in 
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K*,, and of determinant 1 (mod p’) belong to the same coset mod Jt.41 whenever 
yii = Xi (mod p**"), the index (n, p) in theorem 11 is not too small; the type of 
matrix construction used in the proof of theorem 10 can be used to show it is 
not too large. 

Corotiary: If 0 N, UNF, is contained in NF with index (n, p). 

Since the groups NF /N, and are Abelian, we can conclude that if 
N satisfies DNVMRN Ne , then the index of N under NF is (n, p) 
times the index of N under Weis: That is, the inclusion lines in the s™ box are 
parallel (1 < s < r). See picture at end of section. The lattice of normal 
subgroups is distributive (np > 4). 

TurorEeM 12: The largest normal subgroup of © contained in No with index 
> 1 contains NR; with index (n, p — 1). 

has index (n, p — 1) under See Theorem 3. 

Turorem 13: The normal subgroups N* are all characteristic (s = 0). 

Proor: N* is characteristic because it is the center of G. Now no normal 
group besides U contains with the same index as does U 
and no normal group besides 0? contains Mer U ®, with the same index as does 
; hence is characteristic whenever is characteristic. 

TuHroreM 14: The normal subgroups Nt, are all characteristic (s 2 0). 

Proor: %, is the smallest subgroup of N* which is normal in G and is not con- 
tained entirely in Ni. (0 < s < 1), Q.E.D. 

The groups intermediate between Jt? and Yt, are characteristic, since N?/N, 
is cyclic. M* MN, has index (n, p) under N*, (r > 1) and the groups inter- 
mediate between U and are characteristic since U is 
cyclic. But if p|n, there are two groups St, 8 which have the property that 
M/N,_1 and B/N,_1 are outer conjugates in N*1/N,-1. I do not settle here the 
question whether St and $ are outer conjugates in ©. 


4. Let p = 2,n > 2. 

Turorem 15: If p = 2,n > 2,r = 2,0 < 8 <1, thenN*/ MN, is the direct prod- 
uct of cyclic groups of orders a, b, 2 where a = 2 /b, b = (n, 2”, c), c = max 
1). Ifr =1,Nd/No are both of order1. All satisfying 
= MN; are normal. 

Proor: Note that NF/N, has order 2”". If s = 0 or 1, then MN, consists of all 
matrices from 9} which have determinant 1 (mod 2”). On the other hand, nF 
contains matrices B of any odd determinant A mod 2”. For if B = diag (A, 
1,1,---,1) then BeRS. Thus N*/N, is the direct product of cyclic groups of 
order 2, 2”~”. 

Lets > 2. Let B = diag (3 + 2°k, 3, 3, » 3), where k is found by solving 
det B = 3" + 3°" 2° k = 3" (mod 2’), u = se 2 *). The various determinants 
(mod “ of matrices in 2} must be included among determinants of +B’, i = 
1, 2, : ,2"*/u. (If r = 3, all the odd numbers mod 2" are given by the first 
or * powers of 3 and their negatives.) Now set C = diag (3° + 2°I, 3°, 3°, - 
3°), « = 2° l satisfies det C = 3” + = 1 (mod 2’). It is 
that BN,, CN,, —1N, generate . 
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The lowest power of B which will be in Jt, is the a™, as in theorem 10. Fur- 
ther since BY, and CN, do not generate NF/N., the number of independent 
generators is as stated in the theorem; the orders of two of them are a and 2; 
the product of all the orders must be 2”, Q.E.D. 

Ifs = 2,r = 2, weverifya=b=1. Ifs =2,r> 2, let B = diag (3 + 4k, 
3, --+ ,3) where kis found by solving det B = 3" + 3" "4k = —3 or3 (mod 2’), 
as nis even or odd. The matrix B has order a = 2” mod ®, , and the matrix 
of order 2 mod Q&, is —1. 

Corotiary: If n > 2, and if n is odd or if s < 2, then N/M, is isomorphic with 
the multiplicative group of odd numbers mod 2’. 

The rest of this section is left unwritten because it parallels section 3 closely. 


a; 
a, 


Fie. 3 


5. In this section, n = p = 2, r = 1, except in one theorem. 

Ifr = — — Mt is the lattice of normal groups. Letr > 1. 

According to theorems 6.7, 6.9, p. 479, these Annals, 39 (1938), the normal 
groups may be classified into the fifteen categories below. (See the indexed 
notes following the classification.) Let*® 


U = diag (—3,1); V = diag (—1, 1); 

W=(1,1,0,1); Asx = (1,2, 2,4 — 3, = 2, 
k=1,2,---,r—2; B = (1, 2, 2, —1); C = (1, 4, 4, 13); 
D=83; Ey = (3, 2',3 + 2°) (s > 3); 

Ey = (3°°(1 + 2°), 2°, 2%, (37 + 2") + 377 (1 + 2°"), 
j=2%,k=1,2,---,r—2(r >8 2 8); 

F = diag (1 + 2°", 1/(1 + 2°"), (r> s 2 3). 


matrix (a;;) is written (au, a2, a12, a2), and (a, 0, 0, is written diag 
dee). 
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I. Groups containing No: {No , U'}, {No, 
U'V},l=2',k = 0,1, ,7r — 2, and, if 
r> 2, {No , U,V}, ¢ = 2, k = 0,1, 
r — 3. II. Groups which contain § but do not 
contain No: {§, U'}, U'V}, US V}, 
las above. III. Groups which contain & but 
do not contain U'}, 1 as above. IV. 
Groups which contain Jt; and are contained in 
U'V}; and, if r > 2 
U‘, V}, t, las above. V. Groups which con- 
tain %; and are contained in Ny , but do not 
contain 2%: {%,, U'}; and, if r > 2, {%, 
— U'},t, las above. VI. Groups which con- 
tain $2 but do not contain & and are not con- 
tained in Nz : {G2 ,B}, {G2, Ax} ;and, if r> 2, 
{2 , A, , U'}. VII [VIII]. (r > 2) Groups 
which contain %[$2] but do not contain H» or 
3, and are not contained in NZ : {&,B}, {&, 
(1, 2, 1)}, {Be Ax}, {Be ’ (1, a, -4 
—3’)}. IX. Groups which contain Jt, and are 
contained in : U'}, {Ne, —U'}, and, if 
r > 2, U', —1},t, las above. X. (r>2) 
Groups which contain $2 but do not contain N. 
(these necessarily contained in N2): {%2, U'}, 
{S2, U", {Se U", diag (3, 1/3)}, h= 
1,2,---,7r — 2; {Se , —U"}, {Se , diag 
(3, 1/3) U’}, f = 2, k=l, 2,---,r—3. 
XI. (r > 2) Groups which contain $3 but do 
not contain $2 and are not contained in Nz : 
C}, {Ds ’ {Ds C, (See 
XV.) XII. (r > s > 2) Groups which con- 
tain N, and are contained in Nz : {N, , D'}, 
[Ns , {Ns , FD‘}, {Ns , F, —1}, t as 
above; D’, —1}, {%,, D’, F}, e = 2%, 

=0,1,:--,r—4 XII. > 2) 
Groups which contain &, but do not contain 
Ne: , {3 ’ D’, —1}, 
{3: —F’D'}, t as above; , F’D*}, as 
above. XIV. (r >s > 2) Groups which con- 
tain 5.4: but do not contain %, (these neces- 
sarily contained in MN¥): Bx}, 
—E,}, -1},k = 0,1,--- 
XV. (r > 2) Groups which contain J, and are 
contained in NF: {M,, {N,, —D'}, {M-, 
D‘, —1}, l, t as above. 
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Notes: V. Neither V nor U 4V can be included in any normal group in this cate- 
gory; for example WVW"'V = W’,so that a normal group containing V must 
contain 9, also (Annals 1938, p. 474, theorem 1.5). VI. By theorem 6.7 (b), 
p. 478, ibid, a group in this category must contain a matrix M = (a,;) with rz = 
rm = Qe = 1; hence det M = Gir — dy Gy + ay(a22 — ay) = +1 or 3 (mod 8). 
From this it can be shown by direct computation that M is congruent mod , to 
U°A; for suitable k, v, or to B“ for suitable odd u. VII, VIII. A normal group 
in this category must contain a matrix M with rx = rn = ge = 1; hence a 
matrix TMT = (aj) with an = 1, ay = 2, ry = G2 = 1. Mod %; this 
takes (on multiplying on the left by (1, 0, 8m, 1)) one of the two forms (1, 2, 
+2, ds), and as in VI its determinant is —1 or 3 (mod 8). Thus for each such 
determinant there are only two matrices to try in regard to adjunction to % 
or Po. 

We have listed the normal subgroups of G. The next step is to indicate the 
inclusion relations. The facts already proved, when combined with 2) = 
{3,, —1}, Ge = {Me, —1}, & = {Be, —1} are sufficient for a full description of 
the lattice of normal subgroups of G. This lattice is not distributive. 

We now discuss the outer automorphisms of G. 

THEOREM 16: The four elements in the central of No are fixed under any outer 
automorphism of ©. (r 2 3) 

Proor: —1 and —1 + 2”” are the only elements in the central of No which 
have the same order and height (root-exponent) in the central of ©. —1 has 
the square root (0, 1, —1, 0) in%. —1-+ 2" has no square-root in No. 
For suppose det A = 1, A” = —1+ 2”", A = (a,b, c,d). Then 


(1) a(a + d) = d(a + d) = 2"" (mod 2’); 
(2) ba + d) = c(a + d) = 0 (mod 2’). 


We distinguish two cases. If (case 1) ad is even, then bc is odd; from (2) a + d = 
0 (mod 2”), which contradicts (1). If (case 2) ad is odd, then from (1), a 
—d + 2" (mod 2") and b and c are both even. Hence det A = ad — be = 
—1 (mod 4), a contradiction. 

Lemma 17. Let B = (e,f,g,h) If D = (—1 +2’, 0,0, 1) B has order 
2, then f and g are even:e = h (mod 2’). (r > 1) 

Proor: If D’ = 1, it follows that: 


(1) e(e — h) — fg 2”* = 0 (mod 2’), 
(2) fle —h + e2”") = 0 (mod 2’), 
(3) gfe —h + = 0 (mod 2’). 


If e were even, then (since det B is odd) fg would be odd. From (2), e = h 
(mod 2”), and from (1), fg is even, a contradiction, Hence e is odd; from (1), 
e = h (mod 2”"). Thus eh is odd, fg = eh — det Biseven. Again from (1), 
e = h (mod 2’); from (2) and (3), f and g are both even, Q.E.D. 

THEOREM 18, There is no automorphism t of G which carries A = (—1, 0, 0, 1) 
into a matrix of different determinant. 
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Proor: Since A® = 1 and A has no square root in G, A’ = t(A) has determi- 
nant —1 or —1 + 2”". Assume t(A) = (—1 + 2”", 0, 0, 1) B, with B as in 
lemma 17; and set W’ = t((W) = (a, b, c,d). Now WA = A“W. Hence 
w'A’ = A’'W'". Comparing elements in the secondary diagonals of the 
last two products, we have b2”* = 0 (mod 2’), c2”* = 0 (mod 2’). Hence } 
and ¢ are even, so that W’ does not have order 2”. Thus ¢ cannot be an auto- 
morphism, Q.E.D. 

THEOREM 19: There is an outer automorphism (of order 2) of Gp,2,r (p" > 4): 
diag (a, 1) <> diag (1/a, 1), (a, p) = 1; No <> (0, 1, 1, 0) No (0, 1, 1, 0). 

Remark: This is an inner automorphism of Jt}. However, an inner conjugate 
(transform) of A = (a;;) which fixes a2 must also fix ay, as is easily proven 
directly; hence this is an outer automorphism of ©. 

In order further to discuss the characteristic subgroups of © we use 

TuEorEM 20: The commutator group © of Ge», is §. 

Proor: Let A: , B;, be any two matrices of determinants A, E respectively, 
and set A; = diag (A; 1) A, Bi = diag (F, 1) B; C = A,B,A7'By' = 
diag (AE, 1)- diag (FE, 1) A diag (F, 1) BA™ diag (A”“, 1) B’: 
diag (A, 1) diag (A7E™, 1). 

Case 1) Then Ce §¥ since is normal. 

Case 2) Set A = Are If we substitute (1, 
1,0, 1)W diag (E™, for diag (E~', 1) in the long product of matrices 
above, we see that C ¢ §. 

Case 3) BEF. Set A = B = WB, Are J, Bo F. If we 
make two substitutions similar to the one in case 2), and then use an appropriate 
grouping in the expression for C’, we see that C e §. By lemma 5.6, p. 477, these 
Annals 39 (1938), € 2 §. Since we have proved § 2 G, hence € = §. 

THEOREM 21: The commutator group € of MN, is Hs. 

Proor: (1, 2, 0, 1) (1, 0, 2, 1) (1, —2, 0, 1)- (1, 0, —2, 1) = (21, —8, 8, 3), 
so that € > ;. The proof that € | Hs is direct. 

THEOREM 22: Every group in the diagram on p. 106 is characteristic in ©. 

Proor: § is the commutator group. ti is characteristic because it is the only 
subgroup of § of index 3 which is normal in @. The groups which are normal 
in © and which contain § with index 2 are No, {F, diag (—1, 1)} (r = 2); if 
r > 2, {§,1+ and {§%, diag (—1 + 1 + 2”*)} must also be included. 
No is characteristic because it is the only one of these which contains a matrix 
which permutes the cosets of §/Jt:. S& is the largest normal group which is 
contained in § but does not contain %,. 91 = RAN. Gs; is characteristic 
(theorem 21). 2 is characteristic because it is the only normal group contained 
in &%; and containing $3 with index 4. 

Now we start at the other end and prove in succession that J,, M1, °°* 5 
MN. , Rs-1, +++, Ms are characteristic. We find that the four pairs ¥’, 9)’ of nor- 
mal groups satisfying the three conditions (a) ¥°:9)* = 4, (b) there is no normal 
group between ¥* and 9%", (c) Y°:N, = 2 (s > 3) are: Xi = {%a1, —1}, Di = 
—1}; = —1 + 27 "}, De = {M., —1 + BH = 
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(-1, 0, —1)}, Ys {Ms ? diag (—1-—2"", 1/(—1-—2"")}; Xs 
De. (fs = 7, = = 

N, is characteristic. Now 9t,. = Xi may be distinguished as the only one of 
the ¥; which contains an element of N* of height (root-exponent) 2” *, so that 
N,_, is characteristic. As a hypothesis for mathematical induction, assume that 
is characteristic (8 < s <r). Then each of and each contains two 
elements of N?; each of ¥; and Xj contains only one. Further, 9)j contains an 
element diag (1 + 2°", 1/(1 + 2°”)) which is the square of an element in No , 
and which has order 2”***. Those elements diag (—1—2°, 1/(—1—2°”)) 
of 93 which have order 2’** are not squares. Hence 9t,_; is characteristic. 
(s 2 3). 

The last step is the proof that % and 2 are not outer conjugates. &% can be 
obtained from $2 by adjoining an element of the central, while the group obtained 
by adjoining the whole central to 3. will not include $, . 
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ON GROUPS WHOSE ORDERS CONTAIN A PRIME NUMBER 
TO THE FIRST POWER 


By Hsto-Fu Tuan 
(Received May 6, 1943) 


INTRODUCTION 


It is nearly half a century since Frobenius first laid down the foundation of the 
theory of representations of groups by linear transformations in 1896. Since 


‘then, there have been simplified treatments by Burnside and Schur. The 


theory has been extended from finite groups to Lie groups. The theory has been 
connected with the general theory of algebras. The modern treatment can be 
traced back to the structure theorems of Wedderburn and is largely achieved 
through the works of Noether. 

In a series of recent papers,’ Brauer with his collaborators has developed a 
coherent theory of the modular representations of finite groups, which were first 
studied by Dickson.” The modular theory gives a generalization of the classical 
“ordinary” theory and yields a new approach for its further study. It also 
provides another method of attack for a number of problems, one of which is the 
difficult and historically important problem of simple groups.’ 

Another well-known problem is to find all the finite collineation groups (or 
finite linear groups) in a given z-dimensional vector space. Blichfeldt has 
solved this problem for the cases z = 2,3 and 4.‘ We are now interested in the 
question: Which prime numbers can divide the order of such a group, particu- 
larly to the first power only? 

In two previous papers with the same title as the present one,’ as an applica- 
tion of the general modular theory Brauer gives a detailed study of this special 
type of group. The aim of the present paper is to improve the main result of 
his second paper,” which itself improves an earlier result of Blichfeldt’ related to 
the question mentioned above. 

The main theorem in the present paper is this: 

Let @ be a group of order g = pg’, where p is a prime number with (p, g’) = 1. 
Let © have an 1-1 representation 3 of degree z < (2p + 1)/3. Then we have 
the following possibilities: 


(Numbers in brackets refer to the bibliography.) 


1 [5], [6] and [7]. 

*L. E. Dickson, Transactions of the American Mathematical Society, vol. 8 (1907), 
p. 389. 

§ In this connection, a joint paper of Brauer and the author is forthcoming. 

‘ [2] Chapters 3, 5 and 7; and H. F. Blichfeldt, Transactions of the American Mathe- 
matical Society, vol. 6 (1905), p. 230. Cf. [3], p. 32, §9. 

5 [8] and [9]. 

6 [9] Theorems 3 and 4. 

7 [2], p. 89, Theorem 5. 
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I. @ has a normal p-Sylow subgroup $ = {P} of order p. 

II. The factorgroup @/% of & by its normal subgroup & is isomorphic with 
the group LF(2, p), where % consists of all the elements of @ which are of order 
prime to p and which are commutative with an arbitrary fixed element P a@f 
order p. 

Ill. p = 3, G/B or 

5, G/ = As 
p= 7,6/8 %, 
where G, denotes the symmetric group on n letters and Y%, the alternating group. 

In particular, if we restrict further either (A) 3 to be irreducible, or (B) 
z < (p+ 1)/2, then B = € = the center of G. For these two particular cases, 
II says simply that considered as a collineation group, © represents LF (2, p) 
isomorphically. 

Further, for (p + 1)/2 < z < (2p + 1)/3, B = Cis not necessarily true. 

Brauer’s result falls under our case (B) with the further restriction z < 
(p — 1)/2; IIL then does not occur. 

Blichfeldt’s result states that the order g of a primitive unimodular linear 
group 3 in z variables is not divisible by a prime number p which is greater than 
(22 + 1)(2 — 1). 

Notice that if a finite linear group 3 in z variables of order g = pg’ with 
(p, g’) = 1 has a normal subgroup §$ of order p, then 3 contains a normal sub- 
group 3, such that MN is the direct product of $8 and the normal subgroup & of 3, 
while the factorgroup 3/® is cyclic.’ For a primitive group of this type, we 
can take 3 = N,ie. 3 = YB X BY; if 3 is primitive and unimodular, then the 
degree z must be divisible by p. 

Our result for case (B) can also be stated as follows: Let 3 be a finite linear 
group in z variables which has no normal subgroup of the prime order p > 7. 
If the order g of 3 contains p to the first power only, then p S 22 + 1. The 
equality sign can hold only when 3, considered as a collineation group, is iso- 
morphic with LF(2, p). Since it is well-known that LF(2, p) has an irreducible 
representation by collineations in (p — 1)/2 variables and another one in 
(p + 1)/2 variables,”* the inequality p < 2z + 1 cannot be improved further. 

The proof of the main theorem depends on a number of lemmas and preliminary 
theorems, some of which are of a fairly general nature and have certain interest 
in themselves.” 

In §1, we give a summary of some former results which will be needed again 
and again, and throughout the paper we shall follow the notation there as 
standard. 


* This is the notation of [1]. In [3], PSL (2, p) is used instead. 

[8], §1. 

'’ F. Klein, Mathematische Annalen, vol. 15 (1879), p. 275; I. Schur, Journal fiir die reine 
und angewanndte Mathematik, vol. 132 (1907), p. 133. 

" They will appear as Theorems A, B and C in §5 and §6. 
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We first consider the group @ under the restriction that its first p-block B,” 
has only one linear character, viz. the 1-character. In §2 and §3, we prove a 
number of preliminary results which are used to give complete information about 
the possible distributions of the degrees of the ordinary irreducible representa- 
tions of B,. In §4, we establish some further lemmas to characterize the center 
€ of our group & by means of these representations. 

In §5 and §6, we give a more general discussion of the tree 7; associated with 
B,.” In §7 and 88, this is applied to our results obtained in §2 and §3 to dispose 
easily of some distributions. This then suffices, together with the results of §4 
to establish, under the restriction mentioned above, the main theorem for the 
case of an irreducible representation 3. In §9, we restate the result in a more 
desirable form. 

In §10, we then extend the above result to the general case and complete our 
argument for the main theorem by referring to Blichfeldt’s works on the col- 
lineation groups of 2, 3 and 4 variables for the small primes 3, 5 and 7. 

The present paper is work done by the author under the direction of Professor 
Richard Brauer of the University or Toronto as a doctor’s thesis submitted to 
the Princeton University. To Brauer, I wish to acknowledge my deep in- 
debtedness and warm gratitude for his help and encouragement throughout 
this work. Due to his suggestions and advice, in the proof of Theorem C in 
particular, the present treatment is considerably shorter than my original one. 
To Professor Claude Chevalley of Princeton, I would like also to express my 
hearty thanks for his kind concern, 


§1. Former results. Hereditary notations 


In this section, we shall give a summary of the results which are obtained in 
[8] and [9] §1—§4 and which will be needed constantly afterwards. All the later 
results of [9] are incorporated and included in the present paper more or less as 
special cases. Some proofs are omitted to avoid repetition. Also, some results 
from [7] to be needed in §6 are stated here for convenience of reference. _ In the 
discussions throughout, the notation will be kept in conformity with that intro- 
duced here as far as possible. 

The following convention is appropriate: The words “representations” and 
“characters” always refer to the representations in the field of all complex num- 
bers and their characters, unless the word “modular” is added, in which case we 
mean a representation in a field of characteristic p and the character in the sense 
of [5] §6. 

Now let us consider a group G of order g = pg’ where p is a prime number with 
(p, 9’) = 1. Let P be an element of order p in the p-Sylow subgroup § = {P}. 
Its normalizer (or centralizer) Jt} = N(P) is of the form 


(1.1) N= PX &. 


12 [5], §9. 
18 [7], Theorem 7 Corollary 6. 
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The normalizer I of ¥ contains both ¥ and BY as normal subgroups. The 
factorgroup IN/N is cyclic of order g = (p — 1)/t, dividing p — 1. If Min®M 
corresponds to a generating element of It/N, then we have 


(1.2) = P™, 


where 7 is a primitive root (mod p).™ 

Let ¢; = (1), 2, --+ be the irreducible characters of G, and denote by z, = 
De(‘,) the degree of ¢, and by r, the number of p-conjugate characters. These 
characters appear distributed into blocks B,, B,, --- of characters. A block 
B, is either of type 1 (highest kind) or of type 0 (lowest kind).’* In the first case, 
B, consists of exactly one character ¢, ; we then have z, = 0 (mod p) andr, = 1; 
further ¢, is modularly-irreducible and vanishes for all p-singular elements, i.e. 
of order divisible by p, of G. In the second case, all the characters of B, have 
degrees relatively prime to p. Let B,, B:,--- , By, be the blocks of type 0, 1 
being the number of members in a maximal system of elements of ¥ such that 
no two of them are conjugate in M.’’ For each of these 1 blocks, there corre- 
sponds a certain multiple 4 = mt > 0 of t. The block B, then consists of 
@ = (p — 1)/t, characters ¢, for which r, = 1 and one exceptional family of 
f, p-conjugate characters.” To each block B, of type 0 there corresponds a 
class of irreducible characters of B, say 


= &(M"VM), ---, 
(V) = VM), 
which are associated in I; we have 
= &(V). 
Each irreducible character of 8 appears exactly once in the form 
= 1,2, ---,l;« 1).” 


For each ¢, belonging to a block By of type 0 a sign 6, = +1 is defined such that 
when we restrict ourselves to elements G of Nt, the irreducible characters ¢,(@) 
belonging to the block B, can be expressed by the irreducible characters 6” 
of &, 6, and ¢, a suitably chosen primitive p* root of unity, in certain expres- 
sions. Further, the degree z, or ¢, is determined mod p by t, f, and fy (the degree 
of 6) and is therefore determined completely when in particular z, < p. There 
are all together five cases of expressions; for the explicit expressions, see [9].”° 


4 [8], Lemmas 1, 2 and 3. 

18 [6], §4. 

16 [5], §17 and §19. 

17 [8], Theorem 1 and Lemma 4. 

*® [8], Theorem 2 and Lemmas 5 and 6. 

19 [8], Theorem 4. 

* {9}, Theorem 1 and Corollaries 1 and 2, to be referred as Theorems 1, 1.1 and 1.2. Cf. 
also [9] p. 423. 
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We choose B; as the block which contains the l-character (; = (1) of G, 
Then 06; is the 1-character of B, fi = 1, 71 = 1, andt, = ¢. Further the degrees 
2, of the characters ¢, of B, satisfy one of the congruences ; 


(1.3) z = 6, = +1 (mod p). 
(1.4) z, = 6,/t = +1/t (mod p).” 


For any p-regular element G, i.e. an element of order prime to p, we have the 
character-equation of B, as: 


(1.5) Case U: x@) + Li a(G) = 8@), 

(1.6) Case a(@) = + x), 

where a and 8 range over all the characters ¢, of B; for which 6, = 6. = +1 and 
5, = 63 = —1 respectively and which do not belong to the exceptional family 


and x is a character suitably chosen from the exceptional family of B, with 
5, = 6, = +1 or —1 for Cases A and % respectively. In particular, we have 
the degree-equation of B, as: 


(1.7) Case Dg(x) + Dge(a) = Deis), 
(1.8) Case 8: Dg(a) = Dg(a) + Dg(s).” 


Further, let ¢ be an irreducible character of G which possesses a p-conjugate 
character ¢’ # ¢. Denote by — the conjugate complex character of ¢. Then 


(1.9) Case A: SF Dx + La, 
(1.10) Case B: (FD x.” 


Every block B, of the lowest kind contains gq, modular (irreducible) characters. 
To each of these B, , there is associated a tree 7 , which characterizes its struc- 
ture rather fully. We shall need only 7,. TT; has q + 1 vertices V, and q 
edges E,. Each V, corresponds to a family of p-conjugate (ordinary) charac- 
ters fy, , of B,, and each corresponds to a modular character ¢, of 
A modular character ¢, of B; appears as a modular constituent of an (ordinary) 
character ¢, of B, , if the edge EZ, contains the vertex V, ; the multiplicity of ¢, 
in ¢, is then exactly one.“ Further, if ¢, and ¢,- are two (ordinary) characters of 
B, , then their corresponding vertices V, and V,- are joined by an even number 
of edges if and only if they have the same 6, = 6, , both +1 or both —1.” 

Applying [7] Lemmas 1 — 1* and Theorem 11”° to our case, we have: There 
exists a cyclotomic field K over the field R of all rational numbers such that: 


21 [8], Theorem 11. 

22 [8], Theorem 6. 

23 [9], Theorem 2. 

24 [8], Theorem 3. 

25 [8], Thecrem 5. 

26 [7], §1, §10 and §11. 
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(1) K contains the g’ root of unity. Every irreducible representation 3 
with the character ¢ has K(f) as a splitting field with the degree r = [K(¢):K] 
over K equal to the number of p-conjugate characters in the family of ¢. All 
K(¢) are subfields of the cyclotomic field K(e) = Q, where ¢ is a p-th root of 
unity. 

(2) The prime p is unramified in K: (p) = pq, where p is a prime ideal divisor 
of pin K and (p,q) = 1. Let p* be the ideal divisor of p in K(¢), then K is the 
inertial field of p* in K(¢), further we have p = p*’. 

(3) The representation 3 can be written with [-integral coefficients belonging 
to K(¢), and the arrangement of the modular constituents of 3 in K(¢) is uniquely 
determined apart from a possible cyclic permutation. 

Considering in particular the representations of B; , we have: 

(i) Every 3, with r, = 1 for ¢, actually has K as its splitting field. 

(ii) Every 3, of the exceptional family with r, = ¢ for ¢, has K(¢,) = K* 
as its splitting field with [K(¢,):K] = ¢. 


§2. The distribution of degrees of characters of B, 


We shall begin our present study with the following hypotheses: 

H, : Gis a group of order g = pg’ where p is a prime with (p, g’) = 1. 

Hz: ¢; = (1) is the only linear character in the first p-block B, of G. (This is 
in particular the case when @ = G’, the commutator subgroup of G.) 

H;: ® has an 1-1 irreducible (ordinary) representation 3 of degree z < 
(2p + 1)/3 with the character ¢. 

We shall show in Lemma 2 below that we can then also conclude that 

H?: ® has no normal subgroup of order p 

We shall show later that conversely H;, H> and H; imply H:. Thus the 
given hypotheses H,, H2 and H; are equivalent with the hypotheses H,, H 
and H;. Notice that p cannot be two under these hypotheses. 

We shall first prove two elementary lemmas: 

Lemma 1. Let the group © satisfy the hypothesis H,. Then any irreducible 
representation 3* of G, which represents all the elements V of the subgroup B 
defined by (1.1) with unit matrices, belongs to the first p-block B, of ©, provided its 
degree z* is relatively prime to p. 

Proor. If ¢* is the corresponding character, then we have by [9] Theorem 1 
(or more directly by [9] formula (4)) that 

= = = — 1) + = 2*(mod 1 — 6), 
= cis a primitive p™ root of unity. By [5] (27), it follows that {* belongs to 

Lemma 2. Let the group © satisfy the hypotheses H, and H,. Then we have 

Hz: © has no normal subgroup of order p. 

Proor. For otherwise @ = IM would contain all the three subgroups ¥, B 
and = 9(P) as its normal subgroups. 

Ifq = (p — 1)/t ¥ 1, then 


M-—-é and N-1, 
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where £ is a q™ root of unity, gives a linear character say ¢* ¥ (1) of G/N = 
{MR}, hence of G also. Now % — 1, so ¢* belongs to B, by Lemma 1, a con- 


tradiction. 
Ifq =1,thent = p—landG=R = X Bby (1.1). Then 


P—e and $-1, 


where eis a p® root of unity, gives a linear character say ¢* ¥ (1) of G/%, hence of 
@ also. We have the same contradiction as before. Q.e. d. 

We shall now prove: 

Lemma 3. Let the group © satisfy the hypotheses H, , Hz, and H; and assume 
p>3. Thent = 2. Indeedt = t = 2and fy, = 1, where t, and fy refer to the 
block By to which 3 belongs. Further z = (p + 1)/2 orz = (p — 1)/2. 

Proo?. By [9] Theorem 1.2, the 1-1 irreducible representation 3 of degree 
z < (2p + 1)/3 (hence < p) can only have its character ¢ of Case IT, III or IV. 
Now p — 1 < (2p + 1)/3 implies p = 2 or 3, hence under our assumptions we 
can only have Case III or IV for ¢. 

Now if we have Case III for ¢, it is clear that t = 4 = 2andf, = 1. Hence 
z= p— (p—1)/t = (p+ 1)/2. (He is not required here.) 

While if we have Case IV for ¢, then Lemma 4 below will show that also 
t=t =2andf,=1. Hencez = (p — 1)/t = (p—1)/2. Q.e.d. 

We shall now study these two Cases (viz. Case III and Case IV) separately: 

Lemma 4. Let the group © satisfy the hypotheses H, , H2 and further 

H;: @ has an 1-1 irreducible representation 3 of degree z < p — 1 with the char- 
acter ¢ of Case IV, viz. z = (p — 1)f,/t in the block By . 

Assume p > 3. Thent = ti = 2,f, = 1,2 = (p — 1)/2. 

Moreover, let u and v be the respective numbers of the characters B and a of B, 
with 6g = —1 and 6, = +1 and being not the characters x, x’ of the exceptional 
family. Thenu+v = (p —1)/2. Further we have: 

Case A: p = 1 (mod 4). u = (p — 1)/4. 

One degree 1, two degree (p + 1)/2, v — 1 degree p + 1, u degree p — 1. 

Case %: p = 3 (mod 4). u = (p — 3)/4. 

One degree 1, two degree (p — 1)/2,v — 1 degree p + 1, u degree p — 1. 

The proof can be carried out in exactly the same way as in [9] §6; hence we 
shall not repeat the argument. 


§3. Continuation 


In order to discuss Case III, we shall first prove the following 

LeMM A5. Let the group G satiafy the hypotheses H, , Hz and further 

H;: @ has an 1-1 irreducible representation 3 of degree z < p — 1 with the 
character ¢ in a block By with t = t and f, = 1. 

Then the center © of © is identical with B, where {P} K B= N(P) = Nas 
given in (1.1). Further every representation of the first p-block B, represents 8 = © 
by unit matrices. Moreover, the factorgroup G/€ of G by B = C has exactly one 
p-block of type 0, viz. B; , which is the same as B, of &. 
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Proor. (1) 8 = &. 

(1) Clearly € lies in N; further € contains no element of order p, for otherwise 
@ would have a normal subgroup of order p; hence € € &. 

(b) Since 3 is an 1-1 representation, all the elements represented by 3 with 
scalar matrices lie in ©. By [9] Theorem 1 and 1.2, we must have one of the 
Cases II, Ul orIV. Now & = ¢ and f, = 1, hence for the elements N = P'V 
(i = 0,1, +--+, p — 1) belonging to N, we always have 


S(P'V) = (e')’, 


where @) is linear and hence a scalar, ¢ a primitive p* root of unity and p ranges 
over certain values. In particular, for elements V of B, we have ¢(V) = @(V)z, 
which shows that V is represented by 4(V)I in 3, and therefore 8 ¢ GC. 

(2) The representations 3 X 3 and 3’ X 3 will represent every V in B by 
the unit matrix, where 3 is the conjugate complex representation and 3’ the 
representation with a p-conjugate character ¢’. Then (1.9) and (1.10) show that 
every representation of B, represents the elements V of 8 by the unit matrices. 

(3) Now we are going to show that G/€ has only one block of the lowest kind. 
Indeed, if V € is a p-regular element in G/C€ and VE © B(G/G), viz. 


(VE)(PE) = 
then V is a p-regular element of G such that 
VP = PVC or = PC 


with a certain element Cin ©. Now PC is of order p, hence C = 1, i.e. V lies 
= ©. Hence G/€ has only one block of the lowest kind, say . 

By (1) and (2), every representation in B, of & defines one for G/€, which 
must lie in B; of @/G. By (1) and Lemma 1, every representation in Bj of 
(/€ defines one in B, of G. Consequently B, of G is the same as Bi of G/€. 
Q. e. d. 

Lemma 5.1. Under the same hypotheses, all the (ordinary) representations of 
B, are unimodular. 

Proor. Indeed, the determinants of the matrices of such a representation 
form a linear character ¢* of G, and ¢*(V) =1 forall the elements V in %, then 
itself belongs to B,. Hence by H2, we have = = (1). Q.e.d. 

Lemma 5.2. Under the same hypotheses, all the modular characters of B are 
unimodular. 

Proor. Since the determinants of the matrices of any modular representation 
of B; form a linear modular character, which is obtained from a certain linear 
(ordinary) character ¢* by replacing the p™ roots of unity in ¢* by 1 (this follows 
from the explicit construction of the linear ordinary and modular characters by 
means of the commutator subgroup). As ¢*(V) = 1 for all the elements V in &, 
hence ¢* = ¢, = (1) asabove. Q. e. d. 

Now we shall come to the proof of the following 

Lemma 6. Let the group © satisfy the hypotheses H, , Hz and further 


| 
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H;: & has an 1-1 irreducible representation 3 of degree z = (p + 1)/2 with the 


character ¢ of Case IIT in the block By. (Thust = t = 2andf, = 1). 3 
Assume p > 3. Let wand v be the respective numbers of the characters 8 and a | 
of the block B, with 6g = —1 and 6, = +1 and being not the characters x, x’ of (3 

the exceptional family. Then u + v = (p — 1)/2. Further all the degrees of the 
characters of B, are either p + 1 or p — 1 with the exception of one degree 1 and the wi 
i following further exceptions: th 

i Case U: p = 1 (mod 4). uw = (p — 1)/4. 

i Case %.1: Two degree (p + 1)/2. re] 
Case %.2: Two degree (p + 1)/2. 
One degree 2p + 1. One degree 2p — 1. de 
| Case 1.3: Two degree (3p + 1)/2. One degree 2p — 1. du 
Case p = 3 (mod 4). u = (p+ 1)/4. de 
Two degree (p + 1)/2. -" 
One degree 2p + 1. 
chi 


%.1: Two degree (p — 1)/2. 


| | Case 8: p =3 (mod 4). u = (p — 3)/4. 
Case $.2: Two degree (3p — 1)/2. One degree 2p + 1. - 


Cases A.1 and B.1 have the some distributions as Cases A and B in Lemma 4. by 
All the other cases have some degree > p + 1. for 
| Proor. By [9] Theorem 1 we can assume that for elements G belonging to 
| we have, denoting by (e) a character ~(1) of the group $ = {P}, ‘ 
or 
| where 0 S p < p with p® = y™ (mod p), hence p* # 1 (mod p), or p* # —1 , 
| (mod p) for p ¥ 0, or p ¥ 0 is a quadratic non-residue mod p, thus we have ~ 
(3.1) All + D0” (0%, 
with p ranging over quadratic non-residues mod p. The p-conjugate ¢’ of ¢ hay 
is given by (3.! 
with o ranging over quadratic residues mod p. The conjugate complex § of ¢ for 
is given by 
(3.3) FHAll+ + for p =1 (mod 4), (3.] 
(34) for p = 3 (mod 4). 
Hence for elements G belonging to Jt, we shall have from (3.1) — (3.4) as 
ae VF = HALL + + 
=14+ 0°" + + DO", 


i | where p (or p’) and o have the same meaning as before. 
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By (1.9) and (1.10), we have for elements G@ of G: 


(3.7) Casem: Lie, Dyes, 

(3.8) Case BS: B+ x, 

where a, 8, x are characters of B;. From (2) in the proof of Lemma 5, we make 
the 


Remark: The “missing” terms, if any, from ¢& or ¢’= consist of irreducible 
representations of G, any of which represents the elements V of the subgroup 
& = € by unit matrices, and hence (by Lemma 1) belongs to B, provided its 
degree is relatively prime to p. It follows in particular that none of these irre- 
ducible representations can have degree 1, since by H» any representation of 
degree 1 in B, must be the 1-representation of G, so in the contrary case we would 
have either ¢§ D 2(1) or ¢’F D (1), then [9] Lemma 1 would imply ¢ D 2¢ or 
¢’ D ¢, either of which is clearly impossible. 

From (3.6) — (3.8), it is easily seen that for Cases %{ and %, at most one of the 
characters with 6 = —1 of B, can contain the term “‘1’’ when restricted to ele- 
ments G belonging to 3%. Now a, 8, x all belong to B, with t; = t = 2, we have 
by [9] Theorem 1.1 that: 
for Case %, x has degree (p + 1)/2 + a’p(a’ = 0 integer), 

6 has degree p — 1 or p — 1 + p, at most one 8 can have degree 
p- 
for Case B, x has degree (p — 1)/2 or (p — 1)/2 + p, 
8 has degree p — 1 or p — 1 + p=, at most one of x, 8 can have de- 


gree > p; 
for both Cases, one a is always ¢; = (1) of degree 1, all the other a’s have degree 


Let wu and v be the respective numbers of the characters a and 8. Then we 


have 
(3.9) u+v=(p—1)/2. 


Further we have with a, b denoting integers, a = 0,1 = b = 0: 
for Case Dg(x) + >> Dg(a) = >> Dg(8) < [De 


1+ —1)\(p +1) + (P+ 1)/2+ ap 
= u(p — 1) + bp S$ 1/2); 


for Case 8, Dg(a) = Dg(x) + >> Dg(8) 


1+ (v—1)\(p+1) + ap 
= ulp — 1) + (p — 1)/2 + bp [(p + 1)/2F. 


(3.10) 


(3.11) 


We now treat the Cases % and % separately. 
Case Y. (3.10) gives 


1+ op —p+v—1+(@+1)/2+ ap =up—u+t bp, 


| 

ft 

if 
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or, by (3.9), 
v+a=u+b, 
or, by (3.9) again, 
(3.12) (p —1)/2+a=2u+b = 2u+b) 
(3.10) gives further 
u(p — 1) + bp S [(p + 1)/2F. 
The difference between the two sides, or the “missing”? degree 
[(p + 1)/27 — u(p — 1) — 


cannot be 1 or (p — 1)/2, since in either case we would have the 1-representation 
of @ as one of the missing terms in ¢f and ¢’f, which is however impossible by 
what follows our former Remark. Thus we have 


u(p — 1) + bp — 1) +6 [p — 1/2 + (P— 1) +1, 


or u+bs (p+ 3)/4+ (1 — b)/(p — 1). 
For p > 3, the term (1 — b)/(p — 1) can be omitted, then we have 
(3.13) u+bs (p+ 3)/4. 


Combining (3.12) and (3.13), we have 

(p — 1)/2+ aS (p + 3)/2 — b; 
or, 
(3.14) a+bs2, 0 <a, 


Now a = 2 implies b = 0, then u = (p + 3)/4 by (3.12), and the missing degree 
is 1, which is however impossible Hence (3.14) is refined to 


(3.15) a =0Oorl, b=0Oorl. 


We first consider b = 0. Ifa = 0, then u = (p — 1)/4 by (8.12), and the 
missing degree is p, which must correspond to irreducible representations in 
¢& and ¢’f by the same reasoning as above. Ifa = 1, then u = (p + 1)/4, and 
the missing degree is (p + 1)/2 which corresponds to x or x’. These give the 
Cases %.1 and Y’ respectively. 

We now consider b = 1. Ifa = 0, then u = (p — 3)/4, and the missing de- 
gree is (p — 1)/2, hence this is impossible. If a = 1, then u = (p — 1)/4, and 
there is no missing degree. This give the two Cases %.2 and %.3. 

CasE 8. (38.11) gives 


1+ vp —p+t+v—1+ap = up —u-t (p — 1)/2 + bp, 
or, by (3.9), 


v-l+a=u-+b), 
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or, by (3.9) again, 
(3.16) (p — 3)/2 +a = 2u+b = 2%u+b) —b. 
(3.11) gives further 
u(p — 1) + (p — 1)/2 + bp S [(p + 1/2. 
As before, the difference between the two sides, or the missing degree 
+ 1)/27 — — 1) — (p — 1)/2 — bp, 
cannot be 1 or (p + 1)/2. Thus we have 
up -1) + @-D2+bP-1) +b 


or u+tbs (p+1)/4+ (1 — b)/(p — 1). 
For p > 3, then we have 
(3.17) (p+1)/4. 


Combining (3.16) and (3.17), we have 
(P-3)/2+a5 


or, 
(3.18) a+b 2, 0 Sa, 


Now a = 2 implies that b = 0, u = (p + 1)/4 by (8.16), and the missing degree 
is 1, which is however impossible. Hence (3.18) is refined to 


(3.19) a=0orl, b =Oorl. 


For b = 0, so in particular Dg(x) = (p — 1)/2; then a = 1 with u = (p — 1)/4 
is impossible, since the missing degree is (p + 1)/2; hence we must have a = 0 
with u = (p — 3)/4 and the missing degree p, which must correspond to irre- 
ducible representations in ¢& and ¢’€ as before. This gives the Case %.1. 

For b = 1: If Dg(x) = (p — 1)/2, thena = 1, u = (p — 3)/40ra=0,u = 
(p — 5)/4; but both are impossible, since by applying (1.10) to x of B,, we 
would get a contradiction in that 


[Dg(x)I’ < Dg(a) + Dg(x). 


Hence Dg(x) = (3p — 1)/2, then a = 0 and u = (p — 5)/4 is impossible since 
the missing degree is (p — 1)/2, whilea = 1 and u = (p — 3)/4 yields no missing 
degree. This gives the Case %.2. 

Thus in fact (3.19) is further refined to 


(3.20) a=b=0orl, 
ae =(p— 1)/2 fora = b is 0 and Dg(x) = (3p — 1)/2fora = b = 1. 


t 
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§4. Characterization of the center by means of representations of B, 


In this section, we shall characterize the center more fully for our later purpose, 

Lemma 7. Let the group & satisfy the hypotheses H, , Hz and Hy; and assume 
p > 3. Then any element G of ©, which is represented by the unit matrix in all 
the representations of the first p-block B, , belongs to the center © = &. 

Proor. By Lemmas 3, 4 and 6, we have the various Cases. 

For Cases and %.3, we have 


Lea ZF: 
for Case Y’, we have 
F=x+ Vat (xorx’), = + (xor x’); 
for Cases $ and %.2, we have 


since for these Cases both sides have the same degree. If, therefore, an element 
G of G is represented by the unit matrix in all the representations of B, , then 
these expressions show that 3(G) X 3(G) = I. This implies that 3(@) can 
have only one characteristic root c, ie. 3(@) = cI, and G belongs to the center 
= Sof G. 

For Cases %{.1 and %.1, we have respectively 


Case %.1: sF=x+ fF => 
Case B.1: Laty, 


where y and ¥* have been shown (in the proof of Lemma 6) to correspond to 
irreducible representations Y and ¥* of degree p of G, which represent the ele- 
ments of © = ¥ by unit matrices and which are further unimodular by the same 
reasoning used in Lemma 5.1. (It can be shown that ¥ = W*.) 

Let &* be the normal subgroup of @ which consists of all the elements of 6 
that are represented by all the representations of B, with unit matrices. %* 
is in fact the intersection of the normal subgroups of © which are represented 
respectively by a representation of B, with unit matrices. By Lemma 5, we 
have B* D BV = C. Further, by [9] Theorem 1, we have B* > = {P}, hence 
p does not divide the order v* of B*. It follows that our representation VY, when 
considered for elements of %*, is reducible into p linear representations or char- 
acters, which are characters of B* associated with respect to G.7” Hence either 
all of them are the 1-character (1) for B*, or none of them is. Consequently 
3(B*) X 3(B*) either contains only (1), or contains (1) and p other linear 
characters. And hence the number of the constituent (1) is given by one of the 
following values: 


(4.1) [((p + 1)/2/; 
(4.2) [(p + 1)/2)P — p. 


27 [4], Theorems 1 and 2. 
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Now consider the 1-1 irreducible representation 3 of G of degree (p + 1)/2 
with the character £, for the subgroup B*. 3(%*) may be reducible. Let 9), , 


Ym be the distinct constituents of Then 9), all have the same 
degree y, and they will all appear with the same multiplicity h, thus we shall have 
(4.3) B(B*) 


It then follows from the fundamental properties of characters that 3(@*) x 
3(%*) contains (1) with the exact multiplicity h’m. On the other hand, com- 
paring the degree of the both sides of (4.3), we have 


(4.4) (p + 1)/2 = hmy. 

Combining (4.1), (4.2) and (4.4), we have one of the two possibilities: 
(4.5) = [(p + 1)/2] = h'm’y’; 
(4.6) him = [(p + 1)/2) — p = h'm’y* — p. 


For (4.5), we have m = 1, y = 1, thenh = (p + 1)/2 and 
B(B*) (p + 1/2 X 9, 


where 9) is a linear character. Hence = Cand = ¥ = GC. 

For (4.6), we have first m | p, and since m < (p + 1)/2,m =1. Then h’| p, 
andh = 1. Thusl = — — 1. By (4.4), we have p = [(p + 
1)/2)’ — 1, or p = 3, hence this is impossible. Q. e. d. 

Lemma 8. Let the group © satisfy the hypotheses H, , H. and H; and assume 
p > 3. Then the kernel R of any modular representation § of the first p-block B, 
of G with 1 < Dg($) < (p — 1)/t is the center GC. 

Proor. By Lemma 5, we have 8 D € = BY. Further § represents G/k as 
an 1-1 irreducible modular representation. If the order k of & is divisible by 
p, then § would have been obtained from an ordinary representation (of B,) 
which remains irreducible as a modular representation, hence this is impossible 
on account of the degree of §. Therefore p does not divide k. 

By Lemma 1, the ordinary representations of G/R of degree 4 0 (mod p) 
give representations in B, of G. There are (p — 1)/t(G/R) + t(G/K) such 
representations (Cf. Lemma 5). If t(@/®) = 1, we would find p characters 
of Bi of G/& and hence also of B, of G which are p-conjugate by themselves, 
thus this is impossible, for by Lemma 3 we have i(@) = ¢ = 2. If t(G/K) ¥ 1, 
then the exceptional characters of B, of @ would be the same for G/&, thus 
(G/R) = t(@) = t = 2, and all the representations of B: of G are obtained 
9 representations of G@/R. Hence R = © = B by the above Lemma 7. 

Remark. The same reasoning can be applied to show more generally that: 
Under the same hypotheses as Lemma 8, if & is a normal subgroup of order 
k of G such that G = R => Cand k ¥ 0 (mod p), then K = GC. 
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§5. A general investigation of the tree of B, (Theorems A and B). 


Now we shall devote ourselves to a general investigation of the tree 7) asso- 
ciated with the first p-block B, of our group G. No special results obtained 
after §1 will be assumed. 

Thus we consider a group © of order g = pg’ where pis a prime with (p, g’) = 1. 
Consider the first p-block B, of G and the tree T; associated with it. 

We shall denote a real modular (irreducible) character of B, as a “stem” edge 
| of T; and others “twig’’ edges. The modular 1-character is a stem edge. 
| By [7] Theorem 13, it is seen that in any vertex of the tree, there are at most 
i two stem edges. It then follows that our stem edges form one or several (con- 
! nected) open polygons. If there are several such polygons, consider two par- 
ticular ones, say S; and S,. They must be connected on the tree by a certain 
| link, say W. Now the link W, which is obtained from W by taking the com- 
plex conjugates of all the characters, both ordinary and modular, of W is another 
| | such link connecting S; and S,. Thus we have a closed polygon as a part of 
| our tree, which is impossible. 


usp 
\ 
I 


In more detail, let us consider a vertex V; which is an end of S,; and which is 
connected immediately to the vertices V2 and V; lying on S; and W respectively. . 
In other words, ViV2 is the only edge belonging to S; and having V, as one of ' 
its vertices, further ViV3; is an edge of W. By [7] Theorem 13, ¢, (not meaning 
the 1-character of G@ here) corresponding to V;, having one and only one real 
modular constituent, is real for p-regular elements and has an odd number of ' 
modular constituents, of which besides the only real one corresponding to ViV2, 
all the others are conjugate complex in pairs. Thus let ViV3 on W and ViV; 
on W’ correspond to such a pair, say ¢ and g. Let ¢; and ¢ correspond to V3; ( 


and V, respectively. Now ¢; has ¢ as a modular constituent, while ¢4 has ¢ as ( 
a modular constituent, hence and have common. Since and are 
connected by V3V; and V,V,, an even number of edges, in fact two, they have ( 


the same 6 by [8] Theorem 5. Now § lies in B, by Lemma 5 or [5] (27) since 
és lies in B, , and §; clearly have the same 6 as ¢3 and hence also as ¢4, therefore ; 
&; and ¢, must correspond to the same family of p-conjugate characters by [7] 
Theorem 4, hence the same vertex by the construction of our tree. Thus we 
can take §; for ¢,in our tree. We can proceed in this way so to make W’ turning 
out to be just W. 

Consequently our stem edges of 7; form an open polygon S. It is clear that 
the 1-character is one of the two ends. Thus we have proved 

THEOREM A. Let the group & be of order g = pg’ where p is a prime number 
with (p, g’) = 1. Then in the tree T; associated with the first p-block B, , the stem 


| 

| | 

i] 
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consisted of all the real modular characters is an open polygon with the 1-character 
asan end. (By the same reasoning, we see also that:) Further the twigs con- 
sisted of all the non-real modular characters can be arranged in pairs with respect 
to the stem S as the axis, which are carried into each other by the conjugate complex 
operation. 

We shall now prove the following 

TuroreM B. Let the group © be of order g = pg’ where p is a prime number 
with (p, g’) = 1. Then in the tree T; associated with the first p-block B, , if a ver- 
tex V lies on the stem S, the corresponding ordinary character ¢ must be real for p- 
regular elements. Conversely, if £ is real for p-regular elements, then V must lie 
on the stem S, 7.e. it must contain a real modular character ¢. 

Proor. The first part is included in [7] Theorem 13. For the converse part, 
consider the link W of the tree 7; joining ¢ with the 1-character. As before, the 
conjugate complex link W gives a second link joining them. These two links 
must be the same, since there is no closed polygon in our tree T;. Our state- 
ment is proved. Q. e. d. 


§6. Continuation (Theorem C) 


As before, we shall denote by ¢, the (ordinary) (irreducible) characters of the 
first p-block B, of our group © and by ¢, , the modular (irreducible) characters 
of B, 

Let R be the field of all rational numbers. Let K be a cyclotomic field con- 
taining all the non-exceptional characters of B,. (K is known to be Abelian.) 
We shall take the one described in §1 for our present purpose. The exceptional 
characters of B, then lie in an extension field K* of degree ¢ over K. 

K also contains all the modular characters of B, , since they can be expressed 
by the non-exceptional characters of B, with rational integral coefficients when 
we solve the system of equations 


= 


(here ¢, are non-exceptional characters of B, considered for p-regular elements 
of G only), which has the determinant +1.” 

Let p be a prime ideal divisor in K of the prime p in R, and p* be a prime ideal 
divisor in K* of p with p = p*‘. 

Let D be the decomposition group of p with respect to R and D* be that of 
p*. As p* is completely ramified with respect to p, we have D* = D. 

If we apply an automorphism ¢ eD = D*, which maps K onto K, K* onto 
K*, p onto p, and also p* onto p*, to the ¢, and the g, , every edge of the tree 
T; for B; is mapped on an edge again, and every vertex is also mapped on a 
Vertex again; since the algebraic conjugate character of a character in B, is still 
in B, by Lemma 5 or [5] (27). If ¢ contains ¢ as a modular constituent, the 


. Cf. [7], formula (22). 
* Cf. the proof of [7] Theorem 7 Corollary 5. 
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same holds for the images. Hence o yields an automorphic mapping (continuous 
transformation) of the tree 7; for B; upon itself. We shall say a “tree auto- 
morphism’’, 

Now suppose that the vertex V corresponding to a representation 3 of B, 
with the character ¢ is fixed under the mapping c. Then ¢ maps 3 on a p-con- 
jugate representation 3’ = 3’. We shall use K if ¢ is non-exceptional, and use 
K* if ¢ is exceptional. 

As the order of the modular constituents (in K and K* respectively) of the 
representation 3’ is fixed apart from a cyclic permutation, we see immediately 
that in the first case if o leaves the vertex V fixed, then o interchanges the modu- 
lar constituents of 3 cyclically, i.e. the edges ending in V are permuted cyclically. 

In the second case, it can happen that 3’ # 3. But we can then replace o 
by or = o’, where re D = D* carries 3’ into 3 and leaves K fixed; more pre- 
cisely, we take 7 as the automorphism of K* which leaves fixed the m™ roots 
of unity for (m, p) = 1 and changes the p™ root of unity, say e, to e* such that 
the character ¢’ = ¢’ of 3’ is carried into its p-conjugate character ¢ of 3;” as 
« = 1 (mod p*) and ¢ = 1 (mod p*), so taken mod p* everything is fixed, thus, 
a fortiori, r ¢D = D* and K, as the inertial field of p* in K*, is fixed. Thus the 
tree automorphism for ¢ is the same as it is for o’. Hence we see again that the 
modular constituents of the exceptional representations undergo at most a cy- 
clical permutation, and that the edges ending in V corresponding to the family 
of 3 (or 3’) are permuted cyclically. 

It follows further that if o leaves fixed the vertex V and any one edge ending 
in V, o must leave fixed all the edges ending in V. Now the vertex correspond- 
ing to the ordinary 1-character is fixed, also the edge corresponding to the modu- 
lar 1-character is fixed, hence by a process of continuation we see that every 
vertex and every edge is fixed.” 

Now let R = GF(p) be the residue class field of R mod p, and let K and K* 
be the residue class fields of K and K* mod p and mod p* respectively. Clearly 
K = K*., 

The residue classes g, of a modular character ¢, of B, mod » (or mod p*) are 
elements of K = K*. They are the modular characters of the corresponding 
representations in the original sense, viz. a character is the trace of the corre- 
sponding matrix.” 

Since any mapping co eD = D* maps » onto p, also p* onto p*, it induces an 
automorphism ¢ of K = K*. Further it is known that every automorphism of 
K = K* is of the form ¢; in other words, ¢ generates the Galois group of K = 
K* over R = GF(p). In fact, let § = 3* be the inertial group of p and p*, then 
K = K* has D/% = D*/9* as its Galois group with respect to R = GF(p).” 

It then follows that all the modular characters ¢, of B, lies in R = GF(p). 
Hence all the modular representations of B; can be written with coefficients in 


% [6], §4. 

31 Cf. [7], Theorem 12. 

82 Cf. [5], §6. 
, ‘a See, e.g., H. Weyl, Algebraic theory of numbers, Princeton, 1940, p. 118, Theorem III 
0, B. 
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R = GF(p). This latter fact follows from a theorem of Wedderburn on finite 
quasi-fields in an equivalent form as a theorem of Brauer.’ Thus we have 
proved the following 

TuroremM C. Let © be a group of order g = pg’ where p is a prime number 
with (p, g’) = 1. Then all the modular representations §, in the first p-block By 
of @ can be written with coefficients in the Galois field GF (p). 


§7. Application of the general results to our case under consideration 


We shall first apply our general results of the preceding two sections to the 
cases where not all the degrees of the (ordinary) (irreducible) characters of the 
first p-block B, are less than or equal to p + 1 for p > 3. From Lemmas 3, 4 
and 6 it is seen that in B, all the characters are then of degree p — 1 or p + 1 
with the exception of one of degree 1, possibly one of degree 2p — 1, possibly one 
of degree 2p + 1, and the two characters of the exceptional family with one of 
the four values (p —'1)/2, (p + 1)/2, (8p — 1)/2 and (3p + 1)/2 as their com- 
mon degrees. It is also seen that in B; we have either one family or two families 
(with 6 = +1 and 6 = —1 respectively) of characters of degrees greater than 
p 

By Theorem B, all the characters lying on the twigs, if any, must have degrees 
p — 1or p + 1, since all the other characters are real for p-regular elements, as 
it follows from the facts that the conjugate complex character of a character in 
B, belongs also to B, by [5] (27) or Lemma 5 and clearly have the same degree, 
and that for p-regular elements, p-conjugate characters have always the same 
values.” Thus the families of characters of degrees greater than p + 1 always 
lie on the stem. 

(1) If a twig has the length = 2, i.e. if it has at least two edges, then the end 
vertex must correspond to a modular-irreducible (ordinary) character of degree 
p — 1, and the next vertex will correspond to a character of degree p + 1, 
which has then a modular constituent of degree (p + 1) — (p — 1) = 2, say §. 

(In the figures of §7 and §8, vertices designated with “X” and “0” correspond 
to characters with 6 = +1 and 6 = —1 respectively. Further the numbers 
below the vertices and above the edges denote the degrees of the corresponding 
ordinary and modular characters.) 

pat 2 


p-t prt 


3 can be written with coefficients in GF(p) by Theorem C. § is unimodular 
by Lemma 5.2. § has the kernel © by Lemma 8. Hence the factorgroup 
®/C€ is isomorphic with a subgroup of SL(2, p), and therefore the order of 
divides — 1)p, the order of SL(2, 

If @/€ has a representation of degree 2p + 1, we have (2p + 1)| (p — 1), 
then p = +1/2 (mod 2p + 1) gives (2p + 1) | 3, hence both are impossible. 


ne Brauer, Mathematische Zeitschrift, vol. 30 (1929), p. 101. Cf. [7], note 12. 
6], §4. 


*° Cf. [3], p. 5 §2 and p. 7 §3. In [1], GLH and SLH are used for GL and SL as in [3]. 
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If @/C€ has a representation of degree (8p + 1)/2, we have (8p + 1)/2| 
(p> — 1), then p = 1/3 (mod (8p + 1)/2) gives (3p + 1) | 16, hence both 
are impossible for p > 5. 

Consequently all the representations of B, are of degree 1, p — 1, p + 1, or 
(p + 1)/2 for p > 5, and the possibility of a twig of length 2 2 is excluded from 
the present consideration for p > 5. 

(2) If a twig has the length 1, then by Theorem A our tree consists of a stem 
starting (say) from the 1-character and extending to the character of degree 
2p + 1, and two twigs of length 1 beyond there corresponding to modular- 
irreducible (ordinary) characters of degree p — 1; since otherwise we would 
have (3p + 1)/2 > 2(p — 1), then p < 5, and hence the stem always ends in 
the character of degree 2p + 1 for p 2 5. The character of degree 2p + 1 
has then a modular constituent of degree (2p + 1) — 2(p — 1) = 3. 


p-t 


For p = 5 and 7, this is clearly impossible. For p > 7, then as before we 
must have the factorgroup @/€ isomorphic with a subgroup of SL(3, p) of 
order — 1)(p’ — Thus (2p + 1) | — — 1). Asp = -1/2 
(mod 2p + 1), then (2p + 1)|3°, hence p = 13. For p = 13, we have the 
degrees of characters of B, (as Case %.2) given as: 


1, 14, 27, 7 (two), 12, 12, 25, 


since u = (p — 1)/4 = 3. Now the characters of degrees 1, 14, 27 and 7 all 
lie on the stem and have 6 = +1, and there remains only one character of degree 
25 with 6 = —1 to separate them, hence this is also impossible. 

(3) Consequently for p > 5 the tree always consists of the stem only. It 
follows that Case %’ is always impossible; since then all the characters with 
6 = —1 of B, must be of degree p — 1, and hence the character of degree 2p + 1 
with 6 = +1 must have at least three modular constituents, so twigs must 
appear. For the remaining cases, we have in B, exactly two families of charac- 
ters of degrees greater than p + 1. We have further that 


Cases A: p= 1(mod4), w= (p—1)/4, =(p—1)/2 (een); 
Cases 8: p =3(mod4), wu = (p — 3)/4, q=(p—1)/2 (odd). 


Consequently the tree always starts from the 1 character, then extends over 
characters with 6 = +1 and 6 = —1 alternatively, and finally ends in a character 
with 6 = +1 for Cases % and with 6 = —1 for Cases B. We shall say for 
simplicity the first, the second, --- , and the last characters. 

For Cases %, the last character must be of degree p — 1 or (3p — 1)/2. For 
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the latter case, it is clear that the preceding character is of degree 2p + 1. For 
the former case, if the preceding character is of degree p + 1, then we have a 
modular character of degree 2, hence this is impossible as in (1); therefore the 
preceding character is of degree 2p + 1, which itself must then be preceded by 
the character of degree (8p — 1)/2, since (2p + 1) — (p — 1) = (p — 2) > 
(p — 1). For p > 7, then we have (p — 1)/2 2 5 edges, hence in both cases 
our tree will start from the 1 character and will then extend over at least one 
pair of characters of degrees p — 1 and p + 1 in succession. Consequently 
there is always a modular character of degree 3. 


p-2 3 


7 prt prt 2pel 
for 


As before the factorgroup @/€ is isomorphic with a subgroup of SL(3, p) 
of order (p’ — 1)(p? — 1)p*. Now (2p + 1) | (p® — 1)(p’ — 1), then as in (2), 
p = 13. But 13 ¥ 3 (mod 4); hence this is impossible. 

For Cases %, p = 1 (mod 4), hence p > 5 implies p = 13, and then we have 
(p — 1)/2 2 6 edges. We have always a character of degree 2p — 1, which 
must be a neighbour of the character of degree 2p + 1 or (3p + 1)/2, exactly 
one of the two actually appearing. The last character must be of degree p + 1, 
(p + 1)/2, or (3p + 1)/2, (clearly not 2p + 1). 

If the last character is of degree p + 1 or (3p + 1)/2, it must be preceded by 
the character of degree 2p — 1, then the tree will start from the 1-character and 
extend over characters of degrees p — 1 and p + 1 in succession, and hence we 
have again a modular character of degree 3. 


1 p-2 3 


1 prt zpel 
Lor prt] 


[or prt apt 


When the last character is of degree (p + 1)/2, if our tree starting from the 
1-character extends over characters of degrees p — 1, 2p + 1, 2p —1,p +1 
in succession, then we have a modular character of degree 5; otherwise we shall 
have a modular character of degree 3, since our tree will then have either 1, 
p—1,p+1orl1, 2p — 1, 2p + 1 as the degrees of the first three characters. 
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Hence we have either a modular representation of degree 3, or, if not, one of 

degree 5. As we have always a representation of degree 2p — 1, and for the 

| latter case also one of degree 2p + 1 (relatively prime to 2p — 1), we must 
te therefore have 


or (2p — 1)(2p + 1) | — 1)(p* — 1)(p’ — 1)(p’ — 1).* 


| 
| The first implies (2p — 1) | 7.3, then p = 11 # 1 (mod 4), hence this is im- 
LE possible. The second implies (2p + 1) | 11.5.3° and (2p — 1) | 31.7.5.3, and 


it is easily seen that the only possibility is p = 5; hence for p > 5, this is also 
impossible. 
| En résumé, we have seen that for p > 7, all these cases under consideration 
i are actually impossible. Putting our results in the form of a lemma, we have 
| then 

Lemma 9. Let the group © satisfy the hypotheses H, , H, and Hz and assume 
p>7. Then the given 1 — 1 irreducible representation 3 is of degree z = (p +1)/2. 
(Lemma 3) Further, for the degrees of the characters of the first p-block B, , we have 
| only the following two possibilities: 

Case A: p = 1 (mod 4). u = (p — 1)/4. 
“| One degree 1, two degree (p + 1)/2, u — 1 degree p + 1, u degree p — 1. 

Case 8: p = 3 (mod 4). u = (p — 3)/4. 
One degree 1, two degree (p — 1)/2, u degree p + 1, u degree p — 1. 


§8. Continuation—the main theorem for the irreducible case 


In order to apply the general results of §5 and §6 to the Cases & and ¥ in 
Lemma 9, we shall need 

Lemma 9.1. With the hypotheses of Lemma 9, all the characters a of degree 
p+ lare real. In Case %, the characters x, x’ of degree (p + 1)/2 are also real. 
In Case %, the characters x, x’ of degree (p — 1)/2 are conjugate complex but are 
real for p-regular elements. More simply, all the characters with 6 = +1 and also 
the characters x, x' of the exceptional family in B, are real for p-regular elements. 

The proof can be carried out in exactly the same way as that given in [9] §8 
for [9] Lemma 4, hence we shall not repeat the argument. 

From Theorems A and B and [7] (1) — (2), it then follows that there can be 
no twigs of length = 2 nor twigs of length 1, and hence there is no twig at all. 
if Consequently we have 
Hi Lemma 9.2. With the hypotheses of Lemma 9, the tree T; associated with the 
first p-block B, consists of the stem only, and hence is an open polygon. 

We shall now study Cases %&f and % separately. 
Case %. It is clear that in the modular sense each of the u — 1 = (p — 5)/4 
characters a of degree p + 1 must be reducible. The modular constituents of 
) q these u — 1 a account for at least 2(u — 1) = (p — 3)/2 modular characters of 
B, , and the constituents of x(x’) and the 1-character ¢, for at least two further 
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modular characters of B:. Since (p — 5)/2 + 2 = (p — 1)/2is the full number 
of modular characters of B, , it follows that every a of degree p + 1 has exactly 
two modular constituents, while x (x’) and ¢, are modular-irreducible. 

‘Therefore the tree 7; for the block B, is an open polygon which starts from the 
1-character {; , then extends over characters of degrees p — 1 and p + 1 alterna- 
tively, and finally ends in the character x (or x’) of degree (p + 1)/2. The 


degrees of the modular characters of B, , arranged in the order of their edges on - 


T; are given by: 
l,p—2,3,p — 4,°°:, 2% — 2, (p — 3)/2, (p + 1)/2, 


where 1 < 7 S u = (p — 1)/4. Consequently there is exactly one (real) 
modular character of degree 3 in B, , since p = 13. 


1 20-1 (p-3%, 
1 pt prt prt pri pit pri (pri, 


Case 8. Here the decompositions into modular constituents of the 1-charac- 
ter ¢, and the u = (p — 3)/4 characters a of degree p + 1 give all the (p — 1)/2 
modular characters of B,;. Clearly ¢; is modular-irreducible. Furthermore, by 
(1.10), the character xx of G contains all the characters a. Since the degree of 
xis (p — 1)/2, and 


[((p — 1)/2 = 1+ (p+ — 3)/4, 
no other character of G can appear, whence we have 
xX=Uut Da. 


This shows that xx contains the modular 1-character once only. Consequently 
x(x’) is modular-irreducible, since the product of two contragredient modular 
characters contains the modular-character always. 

Therefore, the tree T; is an open polygon, starting from ¢,, extending over 
characters of degrees p — 1 and p + 1 respectively, and ending in the character 
x (or x’) of degree (p — 1)/2. The degrees of the modular characters of B, in 
the order of their edges on T, are given by: 


l,p—2,3,p—4,---,2i —1, p — 2, -++,(p — 5)/2, (p + 3)/2, (p — 1)/2, 


Where 1 S$ i S u = (p — 8)/4 and (p — 1)/2 = 2(u+ 1) — 1. Consequently 
as before there is exactly one (real) modular character of degree 3 in B, , since 
p 2 11. 


4 pi pet pes prt ped pi pl pty, 


En résumé, we have, in conjunction with Theorem C: 
Lemma 9.3, With the hypotheses of Lemma 9, the first p-block B, always has 


| 
| 

| 
> 
] 
le 

f 

n 
| 
re 
: 
e ; 
x 
Pte 

he 

/4 
of be | 
of 
er 


132 HSIO-FU TUAN 


exactly one modular (irreducible) representation of degeree 3 with coefficients in 
GF (p), whose character is real. 

Now we are ready to prove a part of our main theorem: 

TuHeorEM 1. Let the group & satisfy the hypotheses H, , Hz, and H; and assume 
p > 7. Then the factorgroup G/C of G by the center © 1s isomorphic with the 
group LF(2, p); in other words, considered as a collineation group, © represents 
LF (2, p) isomorphically. 

Proor. Let § be the modular (irreducible) representation of degree 3 with 
coefficients in GF(p) in the first p-block B, of G, as is asserted in Lemma 9.3. 

As the corresponding character ¢ is real, it follows that § is similar to its con- 
tragredient representation §*. If therefore §* = N~ ‘%N, where N is a non- 
singular matrix with coefficients in GF(p), we conclude easily that NN’* com- 
mutes with every element of §. Hence NN’” = cI withe ¥ 0 in GF(p), N = 
cN’, N’ = cN, and consequently c? = 1. On the other hand, on forming the 
determinants of N and N’, we findc’ = 1. This gives c = 1, and then N = N’. 
Consequently, § has a non-degenerate quadratic invariant. We may, there- 
fore, assume that the matrices of § are orthogonal matrices of GF (p).” 

The group of all orthogonal matrices of degree 3 with coefficients in GF(p) 
has a normal subgroup 0,(3, p) of index 2, consisting of all the unimodular 
orthogonal matrices.” By Lemma 5.2, we see that the matrices of § all belong 
to 0,(3, p). 

The group 0;(3, p) has a normal subgroup 01(3, p) & LF(2, p) of index 2.® 
The elements of G, which are represented in § by matrices belonging to 0; 
(3, p) form a normal subgroup . This group § contains %; the factorgroup 
@/® is cyclic of order 1 or 2. If 5 < G, say G = H + GH, we may construct 
a linear character ¢, of G such that ¢,(G@) = —1 and ¢,(©) = +1, then ¢, 4# 
(the 1-character) but ¢,(V) = 1 for all the elements V in B. Then ¢, would 
belong to the block B, by Lemma 1, while ¢ is the only linear character in B; 
by H.. Hence all the matrices of § belong to 0:(3, p) & LF(2, p). 

Now the kernel.of the representation § is € by Lemma 8, hence we have the 
factorgroup @/€ isomorphic with a subgroup of LF(2, p). The degrees of the 
ordinary characters of B, of G, hence also of G/€ (Lemma 3), as given in Cases 
% and B of Lemma 9, show clearly that the order of G/€ is divisible by (p + 1) 
(p — 1)/2, the order of LF(2, p). Hence we have G@/€ = LF(2, p). Q.¢.d. 


§9. The special theorem in another form 


We shall now proceed to show the equivalence of the hypotheses H, , H2 and 
H; with the hypotheses H; , Hz and H; ; we shall then be able to state our main 
theorem in a somewhat more desirable form. We shall first prove the following 

Lemma 10. Let G be a group of order g = pg’ where p is a prime such that 
(p, 9’) = 1. Let & have an 1-1 irreducible representation 3 of degree z < p — | 


37 Cf. [3], p. 14 §6. Cf. also [1] pp. 156-159, §§166-171. 
38 [1], p. 164, §178. 
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with the character ¢ in a block B, witht =p —1. Then has a normal subgroup 
B = {P} of order p. 

Proor. By [9] Theorem 1.2, it is seen that 3 can not be of Case I or Case II, 
hence ¢ always belongs to the exceptional family of 4} = p — 1 p-conjugate 
characters in B,. The only remaining character ¢, is p-conjugate to itself. 
We have further ¢(@) =, ¢,(@) for all the p-regular elements G of G. In par- 
ticular, taking G = 1, we see that ¢, has the same degree z < p— last. By 
[9] Theorem 1.2 again, we see that ¢, , being not of the exceptional family and 
being of degree < p — 1, must be of Case I. Hence the representation 3, 
corresponding to ¢, represents P by the unit matrix. 

On the other hand, as 3 is an 1-1 representation, so ¢(@) ¥ zforG #1. For 
p-regular elements G, we then have ¢,(@) # z. The elements of G, which are 
represented in 3, by the unit matrices, form a normal subgroup 9. It now 
follows that § consists of all the elements conjugate to P* for i = 0, 1, ---, 
p —1. Then © has the order p. Q. e. d. 

Remark 1. If in particular p does not divide the order of the commutator 
subgroup @’, then t = p — 1 and hence 4, = p — 1 for all the blocks B,. For 
by (1.2) P”* = P*M™"PM is a commutator element, hence in @’; as it is of 
order a certain power of p, soy’ = 1 = 1 (mod p). Nowy isa primitive root of 
unity (mod p), hence (p — 1) |tandt = p — 1. 

RemarRK 2. The same reasoning applies also for z = p — 1, if it can be shown 
that either f, ¥ 1 or 4. ¥ tfor By. For then ¢ still has to be of the exceptional 
family (in fact, Case IV) and ¢, still has to be of Case I, and the same procedure 
applies. 

Now we prove the following theorem which is a generalization of [9] Theorem 3. 

THEorEM 2. Let & be a group of order g = pg’ where p is a prime such that 
(p, g') = 1. Let G have an 1-1 representation 3 whose irreducible constituents 
Br are of degree 21 , , 2, all less than (p 1)/2. 
Then G has a normal subgroup $ = {P} of order p. 

Proor. (1) We shall first prove that it is sufficient to establish the theorem 
for the case r = 1. Thus let us assume that the theorem has already been 
proved for the case r = 1. Consider 


\ Br) 
withr > 1. Each of the 3, forms an 1-1 irreducible representation of a certain 
factorgroup §, & G/N, of G by a normal subgroup MR, which consists of all the 
elements represented by 3, with the unit matrices. 

The order of #, may be divisible by p or not. 

If p divides the order of §, , then by our assumption §, must contain a normal 
subgroup of order p. If Y, is a matrix of §, representing a generating element 
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of this subgroup, then Y,, Y;, ---, Y?~ are the only elements of order p which 
appear in . 

If p does not divide the order of §, , then §, contains no matrix of order p, 
we then write Y, = 

Clearly the first case always occurs. 
_ Consequently any element P or P’ of G is represented in 3 by 


\ 
where h, and h}, are integral rational numbers with 0 < h, , h, Sp-—1. Any 
two matrices of this type commute with each other. If {P} + {P’}, then p’ 
would divide the order of {P, P’} & G, which is however impossible. Hence 
{P} = {P’}. The p-Sylow subgroup, being unique, is normal. 

(2) Now we consider the case where r = 1. We may assume that our theorem 
is true for groups of any order smaller than g. Denote the commutator sub- 
group of @ by W’ with the index 7. 

(a) i 1. ThenG clearly contains a proper normal, subgroup whose 
order is divisible by p. 3 induces an 1-1 representation for 5. By induction 
hypotheses, § has.a normal p-Sylow subgroup, which is necessarily a charac- 
teristic subgroup of , and hence is also a normal subgroup of G, so our theorem 
is proved for this case. 

(b) ¢ = p. Then p does not divide the order of G’, and our theorem follows 
from ae 10 and Remark 1 following it. 

(c) 7 = 1.. This is an immediate consequence of Lemma 3. Q. e. d. 

We can now prove the converse of Lemma 2. 

Lemma 11. Let the group © satisfy the hypotheses vA 1, Hz and A; and assume 
p > 3. Then Hz holds. 

Proor. (1) We first consider the possibility that there exists a a charac- 
ter in B, which is not the 1-character {; and which is one of the characters a of 
Case I in [9] Theorem 1.2. Then a(@) = 1 for all the elements of N = N(P). 
If § is the normal subgroup consisting of all the elements of G with a(G) = 1, 
then 


HDBdN = {P} X B. 


Further 5 contains all the elements of order p of ©. 

The representation 3 of @ induces a representation 3* of degree z < 
(2p + 1)/8 for 

If 3* is reducible, then it is reducible into irreducible representations of the 
same degree” 


S2/2 < (2p + 1)/6 < (p — 1)/2 


39 See note 27. 


t 
‘ 
0) 


| 
| | 
| 

| C 
| ar 
su 
| an 
as 
an 
| of 
lar 
| gro 
] 
| is 
Th 
| (p 
| 

| | 


GROUPS WHOSE ORDERS CONTAIN A PRIME TO THE FIRST POWER 135 


for p > 3. Theorem 2 shows that § has a normal, indeed characteristic, sub- 
group of order p, which is therefore normal in @ itself, and hence we arrive at a 
contradiction. 

Now we assume that 3* is irreducible. We may assume that the theorem is 
true for all groups whose orders are smaller than g. Then the theorem holds for 
© of order h < g. Thus § has no linear character besides the 1 character in 
Biof S. By Lemma 3, = 2. Not t(G@) ¥ 1, since otherwise we would have 


z= (p—1) < 2p4+ 
or p = 2,3; hence t = t(@) = 2. Then we have 
h = po(p — 1)/2 + np) = 


where 1 + np is the number of subgroups of order p in & and also in §, hence 
= ©. Therefore the character a is the 1-character ¢, . 

Thus a linear character ~f, can not be a character of Case I. 

(2) According to [9] Theorem 1.2, a linear character of B, which is not one of 
Case I, must belong to the exceptional family of B; and we have then ¢t = p — 1, 
and tf, = 1 for all the blocks B,. Lemma 10 then shows that @ has a normal 
subgroup of order p. Q. e. d. 

On the strength of this lemma, we can state the part of our main theorem which 
has been proved as follows: 

THEOREM 3. Let © be a group of order g = pg’ where p is a prime greater than 
7 such that (p,g’) = 1. Let © have no normal subgroup of order p. Let & have 
an 1-1 irreducible representation 3 of degree z < (2p + 1)/3. Then considered 
as a collineation group, represents LF (2, p) isomorphically. 


§10. Extension to the general case. Discussion for small primes 


We shall now extend our main theorem to the general case where the given 
1-1 representation may be reducible. 

THEorEM 4. Let © be a group of order g = pg’ where p is a prime greater than 
7 such that (p, g’) = 1. Let © have no normal subgroup of order p. Let & have 
an 1-1 representation 3 of degree z < (2p + 1)/3. Then the factorgroup G/B 
of © by the normal subgroup & is isomorphic with LF (2, p), where B is defined by 
BX B= R(P), the centraliser of the subgroup $ = {P} of order p. In particu- 
lar, for z S (p + 1)/2, B = € = the center of © and considered as a collineation 
group, the group & represents LF (2, p) isomorphically. 

Proor. We have only to consider the case when 3 of degree z< (2p+1)/3 
is reducible to irreducible constituents 3:, ---, 3,,°°:, 3, Withr 2 2. By 
Theorem 2, at least one of 3, for p = 1, --- , r, say 31, must be of degree z, 2 
(p — 1)/2. Thus 


(2p + 1)/3 > 2(p — 1)/3 > a = (p — 1)/2 
and zp < (2p + 1)/3 — (p — 1)/2 = (p+ 5)/6 < (p — 1)/2 
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for p = 2,---,7r. (Here p ~ 2,3.) As 3, of degree z, < (p — 1)/2 is igo. 
morphic with the factorgroup G/N, of G by the normal subgroup Yt, represented 
by 3, with unit matrices, then either 3,(P) = I or G/N, contains {PX,}/M, 
as a normal subgroup by Theorem 2. Consequently we can assume that both 
3i(P) ¥ I and G/N, do not contain {PI} /INi as a normal subgroup; otherwise 
the same argument in Theorem 2 will show that © contains a normal subgroup 
of order p. By Theorem 3, we have 


(G/N)/(C*/M) G/C* LF, p), 


where €*/Jt, is the center of G/Jt,, and hence G* is the totality of elements of 
@ represented by 3: with scalar matrices. Clearly, p does not divide the order 
of @*. Further 


C1 
transforms 
Py 
Ps 
into 
Py re. 


Now no two distinct elements P and P’ of order p can have the same P; = Pi, 
since otherwise P and P’ would be commutative with each other, and hence unless 
{P} = {P’}, p|v would lead to a contradiction; further since P; is a matrix of 
order p, so Pi  P,for2 <x <p. Therefore we have C**PC* = P, and hence 
C* &. 

Now in @/€* = LF(2, p) of order p 1 (p — 1)/2 (p + 1), any element PC* 
of order p can commute only with its own powers, hence ¥ > G*; otherwise 
@/C* would have 8/C* commutative with {P€*}/C€* on account of 


G* = V'PVG = PG*, 


and therefore a contradiction. 
Consequently 8 = G* is normal in © and G@/¥ S LF(2, p). We have 


g = po(p — 1)/2(p + 1), t = 2. 
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Clearly we have = = 9:1} Ifz = (p + 1)/2, then z = 
(p — 1)/2 and z = G* Cand = = C. Hence G/C LF (2, p). 


Q. e. d. 
Remark. Continuation to above. For the general case, since 


2(p — 1)/3 > a 2 (p — 1)/2 


and 3,(P) # I, but 3:(C*) = 3:(&) are scalars, so z; must satisfy, by [9] Theorem 
1.2, one of the following equations 


t=2, fr=l; 
a = (p — = (p — 1)/2, 
By [9] Theorem 1.2 again, z, < (p — 1)/2 for p = 2, --- , r must satisfy 
Zp = Sote/t = 


where f, and ¢, refer to the block to which ¢, belongs, and hence we must have 
always 3,(P) = I. Now set 


and Ny = WM --- AN, ; then Nz is a normal subgroup of G@ which contains 
all the subgroups of order p of G, so p(1 + p) divides the order of Ne: . F 
Now 3; © G/N: , hence considered for the elements of J. only, we have ' 


(B1)o S Nor N Nee) = Ne ; 
also 3o, © G/MNz , and hence considered for the elements of Jt; only, we have 
(32)o 2 N Ne) = 
As contains both and normally, and 9%, = 1, then we have 
(Ni, Nx) = = 1, so 
= MW XK SG. 


(3:)o cannot be reducible, otherwise (3:)o would be reducible with at least two 
constituents of the same degree” 


S < — 1)/3/2 = (p — 1)/3, 


and Theorem 2 would show that 3tz would then contain a normal, in fact, charac- 
teristic, subgroup of order p, so @ would contain the same. Hence (31)o & Ne 
as an irreducible representation, and then by Theorem 3 


Cy = LF(2, p), 
and the order of Ne is pue(p — 1)/2 (p + 1). Further we have | 
(Na X N)/(B of Nw X Ni) = (Ni KX Be) Ne LF (2, p). 
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We have already @/8 = LF(2, p). Take in particular G@ = Ni X Nz, then 

B=% X Vy. Therefore BS = Ri X Vy, = C would imply that in particular 

Jt is Abelian, which is not necessarily true in general. We can in fact reverse 

the process to construct counterexamples. (1 
DISCUSSION FOR SMALL PRIMES. In order to complete the proof of our main 

theorem, it now remains only to settle the cases with the small me 2, 3,5 

and 7. (1 
Let & be a group of order g = pg’, where p is a prime such that (p, g’) = 1, 

Let @ have no normal subgroup of order p. Let & have an 1-1 representation 


3 of degree z < (2p + 1)/3. (I 
It is clear that p = 2 is always excluded. Thus it is only necessary to consider (1 
p = 3, 5 and 7. ; 
For z < (p — 1)/2, clearly p = 3 and 5 are excluded. For p = 7, Theorem 
2 then holds. al 
For z = (p — 1)/2,p = 3 i is still impossible. For the primes p = 5 or 7, 
Theorem 2 shows that 3 must be irreudicible, and then our former proof for (1 
Theorem | still applies: since then in B,; , we must have irreducible representa- } 
tions of degrees 3 and 4 for p = 5 and of degrees 3 and 8 for p = 7, so the order ™ 
of @/€ of the group & by its center € will still be divisible by (p — 1)(p + 1)/2, é' 
: the order of LF(2, p), and hence as before we shall have G@/€ = LF * Pp). af? 
| Hence it only remains to consider the cases where h ° 
| (p + 1)/2 Sz < (2p + 1)/3. (1 
Thus for p = 3, z = 2; for p = 5, ze = 3; and for p = 7, z = 4. So we have 
always z = (p + 1)/2. (id 
For p = 3, clearly 3 with z = 2 can not be reducible. For p = 5 or 7, so (10 
= 3 or 4, the only cases of reducibility which need to be considered are the 
cases z = 3 = 1 + 2andz = 4 = 1+ 3 by Theorem 2, and then for these two (10 
cases, the reasoning in Theorem 4 shows that G@/€ = LF(2, p). Consequently (10 
we have only to consider the irreducible representation 3 of degree (p + 1)/2. 
Hence the problem is concerned only with the linear groups, i.e. a finite group (10 
of linear transformations, in z = 2, 3 or 4 variables. What interests us are the 
corresponding collineation groups, or the factor-group @/€ of the group & by (10 
its center ©. 
There is a known and simple device for obtaining a unimodular linear group P 
with its collineation group isomorphic with a given collineation group.” Thus 
} we can assume 3 to be a unimodular representation in our discussion of the " 
factorgroup @/ 6G. 
| Blichfeldt has completely determined the unimodular linear groups of 2, 3 and (3) - 
4 variables in his book and another paper,” and he has paid particular attention [4] 
. to the corresponding collineation groups. From his results, it is rather easy to 
| single out those groups which satisfy our other two hypotheses. (5) ] 
| 40 [2], p. 14. 


41 See note 4. 42 
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Thus we have the following results: 
for p = 3 and z = 2: 
(10.1) = LF(2, 3). g = 12v = — 1)/2 (8 + 1). 
(10.2) g = 24v = — 1)/1 3 + 1). 
(10.3) G/CC = As. g = 60v = 3v(3 — 1)/1 (8.3 + 1). 
For p = 5andz = 3: 
(10.4) G/C = A; = LF(2, 5). g = 60v = 5v(5 — 1)/2 (56 + 1). 


(10.5) G/C = Ae. g = 360v = 5v(5 — 1)/2 (7.5 + 1). 
For p = 7 and z = 4: 

(10.6) = 7). g = 168v = — 1)/2 (7 + 1). 

(10.7) G/CC 4%. g = 2520v = 7v(7 — 1)/2 (17.7 + 1). 
In Blichfeldt’s work, there is a theorem most interesting to us: A linear group 

in z variables and of order g = g - , where p, r, are primes all 


42 


greater than z + 1, contains an Abelian subgroup of order pr -::. 
From our results, it is easy to obtain the degree-equation of B,. Thus we 


have 

(10.1’) (1) = (1). Cases 8 and %.1. t = 2. Hz false. 

(10.2’) (1) + (4) = (5). t=1. Hy true. 
(10.3’) (1) + (1) = (2). t=1. Hz false. | 
(10.4") (1) + (8) = (4). Cases % and Y.1. 

(10.5’) (1) + (8) = (9). Case 1.3. 


(10.6’) (1) + (8) = (3) + (6). Case %.2. 
(10.7’) (1) + (15) = (10) + (6). Cases $ and 9.1. 
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THE ALGEBRA OF TOPOLOGY 


By J. C. C. McKinsey AND ALFRED TARSKI 


(Received April 23, 1943) 


There are various connections between modern algebra and topology. In 
both these branches of mathematics, in the first place, a peculiarly strong 
tendency obtains, to define the object of investigation by means of abstract 
postulates. In the domain of combinatorial topology, moreover, methods and 
results of algebra are invariably applied. Such applications have occurred much 
less frequently in the field of point-set topology. But on the other hand, various 
fragments and arguments of point-set topology have themselves an algebraic 
character; and, in view of the simplicity and elegance of an algebraic presenta- 
tion, several topologists have attempted to present in this way a sizeable portion 
of their subject.’ 

The idea therefore suggests itself, of creating an algebraic apparatus adequate 
for the treatment of portions of point-set topology. In the present paper we 
attempt to make a contribution to such a development. For this purpose we 
shall set up the foundation of a new algebraic calculus, which could be regarded 
as a sort of algebra of topology; and we shall study both the internal algebraic 
properties of this calculus and its relation to topology as ordinarily conceived. 
In particular our methods will enable us to settle a problem regarding the 
axiomatic foundations of topology which has remained open for a rather long 
time. 

In §1 we shall present postulates for the sort of algebra of topology under 
consideration. This algebra, which we shall call closure algebra, is arrived at 
by adding to the postulates for Boolean algebra some additional postulates which 
express the properties of the closure operation” usually assumed in topology. 


See, for instance, the following: F. Riesz, Stetigkeitsbegriff und abstrakte Mengenlehre, 
Atti del 4 Congresso International dei Mathematici, Rome, 1910, vol. 2, p. 18; C. Kura- 
towski, L’opération A de U’analysis situs, Fundamenta Mathematicae, vol. 3 (1922), pp. 
182-199; C. Kuratowski, Topologie I, Warsaw, 1933; R. L. Moore, On the foundations of 
plane analysis situs, Transactions of the American Mathematical Society, vol. 17 (1916), 
pp. 131-164; E. W. Chittenden, On general topology and the relation of the properties of the 
class of all continuous functions to the properties of the space, Transactions of the American 
Mathematical Society, vol. 31 (1929), pp. 290-321; S. T. Sanders, Jr., Derived sets and their 
complements, Bulletin of the American Mathematical Society, vol. 42 (1936), pp. 577-584; 
E. C. Stopher, Cyclic relations in point set theory, Bulletin of the American Mathematical 
Society, vol. 43 (1937), pp. 686-694; E. C. Stopher, Point set operators and their interrela- 
tions, Bulletin of the American Mathematical Society, vol. 46 (1939), pp. 758-762; M. Ward, 
The closure operations of a lattice, these Annals, vol. 43 (1942), pp. 191-196. [Further refer- 
ences are to be found in P. Alexandroff and H. Hopf, Topologie I, Leipzig, 1935. One of the 
first mathematicians to emphasize the importance in topology of an algebraic algorithm 
was S. Janiszewski. 

* Similar methods can be applied to other topological notions which cannot be alge- 
braically defined in terms of closure. Thus we could develop analogously an algebra 
. derivatives. We shall make some further remarks in this connection in Part I of the 

ppendix. 
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This section also contains definitions of numerous notions which will be used 
later, and we establish here some of the elementary properties of these notions, 

In §2 we concern ourselves with the relations between closure algebras and 
topological spaces. It is clear that the family of all sets of a topological space 
constitutes a.closure algebra (called the closure algebra over the given space), and 
the same is true of certain subfamilies of this family. We shall show here that 
in a certain sense the converse also holds: that every closure algebra is isomorphic 
with a family of sets situated in a topological space. Thus we shall establish 
here a representation theorem for closure algebras (making an essential use of 
the known results on the representation of Boolean algebras). This result is 
of importance to our investigations because it shows that the notion of a closure 
algebra is not too broad a generalization, so far as concerns our present purposes, 
of the notion of a topological space. 

In §3 we define a universal closure algebra for a class 2 of algebras, to be one 
which contains a subalgebra isomorphic with each algebra of the class Y%. We 
are interested here especially in universal algebras for all finite algebras. We 
shall see that the closure algebra over any null-dimensional dense-in-itself sub- 
space of Euclidean space (e.g., over Cantor’s discontinuum, or the space of all 
points with rational coordinates) is a universal algebra of this kind. Moreover we 
shall show that the closure algebra over Euclidean space itself is also a universal 
algebra for all finite algebras in a certain generalized sense; strictly speaking, for 
every finite closure algebra K we can find an open subset S of the given Euclid- 
ean space, such that K is isomorphic with a subalgebra of the algebra over S. 

In §4 we introduce the notion of a closure-algebraic function. Roughly speak- 
ing, a closure-algebraic function is one which corresponds to an expression built 
up from variables by means of the various operations of closure algebra. Thus 
such functions play somewhat the same role in our investigations as is played by 
polynomials in classical algebra. In this section we establish several properties 
of closure-algebraic functions, some of which are of interest in themselves, and 
some of which are useful as lemmas for later developments. 

The results of §§3 and 4 pave the way for the discussion in §5, which consti- 
tutes the central part of our paper. In §5 we define a functionally free algebra 
to be one which satisfies no topological equations except those which hold in 
every closure algebra; by topological equations we understand here those whose 
terms are expressions involving only the fundamental operations of closure 
algebra. We show that every closure algebra of a rather wide class is func- 
tionally free; this class comprehends in particular the closure algebras over 
Euclidean space of any number of dimensions, and more generally over an arbi- 
trary dense-in-itself, separable metric space. Hence it follows that every topo- 
logical equation which holds in Euclidean space of a given number of dimensions 
holds also in every other Euclidean space, and in fact in every topological space. 
(This is the solution of the problem which was mentioned before®.) We are also 
concerned in this section with free closure algebras with given generators. We 


3 See the paper by Kuratowski cited in Footnote 1. Also page 18 of his Topologic . 
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shall see that various functionally free closure algebras—among them all closure 
algebras over Euclidean spaces—contain free closure algebras generated by n 
elements (for n an arbitrary positive integer). On the other hand we shall show 
that no free closure algebra generated by a finite number of elements is func- 
tionally free. 

The appendix at the end of the paper contains some remarks on logical ques- 
tions connected with our investigations, as well as some indications of possible 
ways of extending these results. 


§1. Fundamental Notions 


Due to the nature of our subject, we shall have to use notions from several 
domains: from general set theory, from topology, from Boolean algebra, and 
finally from general abstract algebra. In this section we shall define some of 
these notions which are of an elementary and fundamental nature, or which will 
be used throughout the rest of our paper. The more special notions, and all 
those of general algebra, will be introduced subsequently as the need for them 
arises. 

We shall use lower-case Latin letters to denote integers, points of a space, or 
elements of an algebra; and lower-case Greek letters to denote real numbers, and 
also sometimes ordinal numbers. Greek capitals will be used to denote algebras 
(in those cases when they are treated as systems of sets and operations). We 
use Latin capitals for sets; however sets of sets (or families of sets, as we shall 
call them) and sets (classes) of algebras will usually be denoted by German 
capitals. 

We shall use from the general theory of sets only rather elementary notions, 
which belong mostly to what is usually called the calculus of sets. The formulas 


and ACB 


will express as usual, that the element x belongs to A, or that the set A is con- 
tained in B, respectively. The expressions 


AUB and UX 


will denote the union of two sets A and B, or of all sets of the family 4; similarly 


ANB and NX 


XeW 


will denote the intersection of A and B, or of all sets of the family %. The 
difference of two sets A and B (i.e., the set of all elements that belong to A but 
not to B) will be denoted by 


A-B 
and the empty set by 
A. 
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By 
{x} and Zn} 


we mean the set whose only member is x, and the set whose only members are 
By 
<x, y> 


we shall mean the ordered couple whose first element is x, and whose second 
element is y. In most applications we are concerned with sets all of which are 
contained in a given set S; in this case, X being an arbitrary subset of S, we shall 
refer to the difference S — X as the complement of X (to S); in symbols —YX, 
A non-empty family % of subsets of a set S is called a field of sets if together with 
any two sets X and Y it contains X U Y and X /N Y, and together with any set 
X it contains its complement with respect to the set S (i.e., S — X = —X), 

It is well-known that the study of fields of sets can be developed in an abstract 
way, as an independent algebraic system which is referred to as Boolean algebra. 
In developing this algebra we speak, not of sets of a given family A, but of ele- 
ments x, y, z, --- of an arbitrary class K, for which certain operations are de- 
fined: two binary operations, addition (formation of union) and multiplication 
(formation of intersection), and one unary operation, complementation. Thus 
strictly speaking a Boolean algebra is a system constituted by a class K (con- 
taining at least two different elements), and the three operations listed above, 
which are supposed to satisfy certain postulates.* 

We shall still denote the sum and product of two elements x and y of a 
Boolean algebra by 


xUy and zNy, 


respectively. It will be clear from the context in each case whether the symbols 
“U” and “f” are intended in their set-theoretical or algebraic meaning. 

By the zero-, or empty, element A and the universe-element V of a Boolean 
algebra we understand the unique elements satisfying the formulas 


and V=2U —z, 


where x is an arbitrary element of the algebra. If x and y are any elements 
such that 


aU 
we say that x is included in y, or that y contains x, in symbols 
z& ¥. 


If in addition x # y, we shall say that x is a proper part of y. If zfN y=A, 
the elements x and y are called mutually exclusive, or disjoint. 


‘ For postulates for Boolean algebra, see, for example, E. V. Huntington, Sets of inde- 
independent postulates for the algebra of logic, Tesuanotions of the American Mathematical 
Society, vol. 5 (1904), pp. 288-309. 
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An element a of a Boolean algebra is called an atom if a ¥ A, and if A and a 
are the only elements contained in a. A Boolean algebra is called atomistic if 
every non-empty element contains an atom. 

Let A be any set of elements of a Boolean algebra. If there is an element z, 
which contains every element of A, and is included in every other element y 
which contains every element of A, then we call z the sum of the elements of A, 
in symbols 


U x. 


Analogously we define the product of the elements of A, in symbols 
N x. 


zeA 


If the sum exists for every countable set A, we say the Boolean algebra is count- 
ably additive; and if it exists for every A we say the algebra is completely additive. 
(A countably, or completely, additive Boolean algebra could as well be called 
countably, or completely, multiplicative. For, as is known, a Boolean algebra 
is, e.g., countably additive, if and only if for every countable set of its elements 
the product exists.) 

By saying that a set S is a topological space’ with respect to a closure operation 
C one means that C is a unary operation which satisfies the following condi- 
tions: 

(1) If A then A CA = CCA CS; 

(2) If AC Sand B CS, then C(A U B) = CA UCB; 

(3) If A € S, and A contains at most one point, thenCA = A. 

From conditions (2) and (3) one can of course draw the immediate inference that 
any finite set is equal to its own closure. 

When condition (3) in the definition of topological space is replaced by the 
weaker condition: 

3’) CA=A 
then we say that S is a topological space in the wider sense. 

The family of all sets of a topological space is clearly a Boolean algebra with 
respect to the operations U,N, and —. For this algebra however, in addition 
to the normal Boolean operations we have also a new operation—the operation 
of closure. Hence, by means of the same process of abstraction which took us 
from fields of sets to Boolean algebra, we go from topological spaces to closure 
algebras. 

DrrFwirion 1.1. We say that a set K is a closure algebra with respect to the 
operations U, MN, —, and C, when: 


° See Kuratowski’s paper referred to above, or the book by Alexandroff and Hopf. Alex- 
androff and Hopf call a space which satisfies (1), (2), and (3) a “Ti-space”, and a space 
which satisfies (1), (2), and (3’) simply a ‘‘topological space”’. 
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1.11 K is a Boolean algebra with respect to U, N, and —, 

1.12 If x is in K, then Cx is in K, 

1.13 If x is in K, then x | Cz, 

1.14 If x is in K, then CCx = Cz, 

1.15 If x and y are in K, then C(x Uy) = Cx UCy, 

1.16 CA = A. 

When it is necessary in the interests of clarity, we shall use Greek capitals for 
closure algebras, and shall speak of the closure algebra 


(K, U, n, C). 


Oftentimes, however, we shall use the more usual way of speaking, making such 
statements, for example, as that K is a closure algebra with respect to U, /, -, 
and C. 

As an immediate consequence of this definition’ we have: 

Corouuary 1.2. In any closure algebra 

(i) CV = V, 

(ii) If x Sy, then Cx | Cy. 

We shall use in connection with closure algebras certain terms with which the 
reader will be familiar from topology. 

DEFINITION 1.3. By the interior of an element x, is meant the element Ix = 
—C—xz. 

Coro.tuary 1.4. Jn any closure algebra 

(i) It 

(ii) IIa = Iz. 

(iii) Ny) = ly, 

(iv) Ifz Cy, then Ix ly. 

DeFINITION 1.5. An element x is called closed, if Cx = 

DEFINITION 1.6. An element x is called open, if Ix = x. 


Corotuary 1.7. In any closure algebra 

(i) The complement of an open element is closed, and the complement of a closed 
element is open, 

(ii) The sum of any finite number of closed elements is closed, and the sum of 
any number of open elements is open, 

(iii) The product of any number of closed elements is closed, and the product of 
any finite number of open elements is open, 

(iv) Cx is closed and |x is open, 

(v) A and V are both open and closed, 

(vi) C(CrxN Cy) = Cx NCy. 

Coro.uary 1.8. If x is any open element of a closure algebra and ty is an arbi- 
trary element, then 


® Proofs are to be found in Kuratowski’s Topologie of the analogues for topological 
spaces of our 1.2, 1.4, 1.7, and 1.8. Since the arguments given by Kuratowski are algebraic 
in character (i.e., do not involve points, but only sets of points) they can be immediately 
carried over to closure algebras. 
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(i) =cNCy, 
(ii) Ny = A implies xN Cy = A. 
We shall be concerned in this paper with certain special types of closure alge- 
bras which we are now going to define: 
DEFINITION 1.9. A closure algebra is called connected if Cx N C—x = A 
implies either x = A or x = V 
r Dertniti0n 1.10. A closure algebra is called well-connected if Cx 1 Cy = A 
implies either x = A ory = A. 

DeFINnITION 1.11. A closure algebra is called totally disconnected if every 
non-empty open element is expressible as the sum of two mutually exclusive non- 
empty open elements. 

i The notions of a connected and of a totally disconnected closure algebra are 
essentially known from topology (where of course they are applied not to closure 
algebras but to topological spaces). On the contrary that of a well-connected 
algebra is a new notion, which will prove very useful in the subsequent discussion. 
It can be illustrated by the following example: Let A; , A2, and As be, respec- 
tively, the set of points interior to a certain circle of the Euclidean plane, the set 
of points exterior to the circle, and the points on the perimeter of the circle. 
Let & be the family of sets consisting of the 8 sets, A, 41, As, As, Ai U Ao, 
r A, U A;, Ac U As, and A; UA,U A; = V. Then it is easily seen that & isa 
closure algebra with respect to union, intersection, complementation, and 
closure. Moreover if X is any element of & except A, we notice that A; € CX; 
and hence & is well-connected. 


ne 


§2. Relation between Topological Spaces and Closure Algebras 


The following theorem is an immediate consequence of the definitions of 

topological spaces and closure algebras. 

THEorEM 2.1. Jf S is a topological space (in either sense), then the family § 

of all subsets of S is a closure algebra with respect to the set-theoretical operations 
sed of union, intersection, and complementation, and the topological operation of 

closure. The same is true of any field of subsets of S which is closed under the 
of closure operation. 

DEFINITION 2.2. For every topological space S, the family § of Theorem 2.1 is 
of called the closure algebra over S; we shall also sometimes say that § is the closure 
algebra determined by 

We shall apply to closure algebras the general algebraic notion of subalgebras; 
thus a subalgebra of a closure algebra K is a subclass K, which is a closure algebra 
with respect to the same operations. Clearly it is sufficient that Ki be closed 


bi under all the operations involved. 

As an illustration of this notion, suppose that K is a closure algebra, and let ’ 
cal Ky be the class of those elements of K which are expressible as sums of finitely we ‘ 
oa many products of an open element by a closed element: i.e., Ki consists of all 
ely elements z such that 


(ai Nyx) U U (an yn); 


| 
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where each z; is open and each y; is closed. Making use of Corollary 1.7, it is 
easily shown that K, is a subalgebra of K. Kj is the smallest subalgebra of K 
which contains all the closed elements of K. 

As a second illustration, let Kz consist of all elements x of K such that 
Cx M C—x = A; K2 can be shown to be a subalgebra of K by making use of 
Corollary 1.2(ii). 

We can obviously apply to closure algebras the well-known algebraic notions 
of isomorphism and homomorphism. We are going to prove that every closure 
algebra is isomorphic with a subalgebra of the closure algebra over some topo- 
logical space. 

Lemma 2.3. Let K be a completely additive Boolean algebra; let C, be a unary 
operation defined over a certain subclass K, of K in such a way that 

(i) Ae Ki, and GA = A, 

(ii) If Ky then Ky and x Ciz = CiCix, 

(iii) If eK, and ye Ki, thnx UyeKi, andCi(e uy) = Cir U Cy. 
Then there is a closure operation C such that 

(I) K is a closure algebra with respect to C (and the original Boolean opera- 
tions), 

(II) If xe Ki, then Cx = CiX. 

Proor. We shall say in this proof that an element x of K is covered by an 
element y of K, if x € y and Cy = y. We set Cx equal to the product of all 
the elements which cover x. Since our Boolean algebra is completely additive, 
this product always exists. (In case no element covers x, we have Cx = V.) 
We shall show that K is a closure algebra with respect to C, and that whenever 
x is in K,; then Cx = Cie. 

Since x is contained in every y which covers 2, it is seen that x € Cv. 

In particular, Cr © CCzx. On the other hand, it is easily seen that every 
element which covers x also covers Cx; and hence CCx € Cx. From the two 
inclusions, we have Cx = CCxv. 

To see that C(x U y) = Cx U Cy, let Ai, Ao, and A; be the sets of elements 
which cover xz, y, and x YJ y respectively. Then A; consists of just those ele- 
ments which can be expressed as the sum of two elements y; and y2 such that 
y, € Ay and y2€ As; and hence’ 

CeUCy= NA w= NA = Ny = CeUy) 

as was to be shown. 

Since A is covered by A, it is clear that CA = A. 

To prove (II), suppose that x ¢K,. Then x is covered by Cyz, since x € Cit 
and C,Ciz = Cz; and hence Cx © Cx. On the other hand, let y be any ele- 


7 It is well known that in every Boolean algebra not only the finite but also the infinite 
distributive laws hold, under the assumption that the sums and products involved exist; 
and hence they hold identically in every completely additive Boolean algebra. Cf. A. 
Tarski, Grundztige des Systemenkalkils, First Part, Fundamenta Mathematicae, vol. 25 
(1935), p. 510, footnote. 
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ment which covers x; then we have x € y and Cy = y; hence Cyr © Cyy, and 
therefore Cz € y. Thus C,z is contained in every element which covers z, 
and hence Cit © Cx. From the two inclusions we have Cx = Cy,z, as was to be 
shown. 

TurorEM 2.4. Every closure algebra is isomorphic with a subalgebra of the 
closure algebra over a topological space in the wider sense. 

Proor. Let Kez be a closure algebra with respect to the operations U,, NM. , 
—,,and C:. By the well-known representation theorem for Boolean algebra,* 
is isomorphic as a Boolean algebra with a field of sets ®:, where U., 
and —» correspond to the set-theoretical operations U,N, and — in ®2. We 
define a unary operation C, over the members of §, as follows: if X is any mem- 
ber of &: , if X coresponds to the element x of K2, if Cox = y, and if y corre- 
sponds to Y in 2, then we put C:X = Y. Then clearly the closure algebra Kz 
is isomorphic with the closure algebra ®.. Hence our theorem will be proved 
if we can show that &2 is isomorphic with a subalgebra of the closure algebra 
over a topological space in the wider sense. 

Suppose all the sets of the family &2 are subsets of a set S, and let R be the 
family consisting of all subsets of S. Then & is a completely additive Boolean 
algebra with respect to U, MN, and —; and we see that the family &: and the 
operation C, satisfy the hypothesis of Lemma 2.3. Hence there is a closure 
operation C such that & is a closure algebra with respect to C; and such that 
CX = C,X for X in&®,. We see then that S is a topological space in the wider 
sense with respect to C, and that our original algebra is isomorphic with a 
subalgebra of the closure algebra over this space. 

THEOREM 2.5. If S is any topological space in the wider sense, then there is a 
topological space S, (in the strict sense) such that the closure algebra over S is iso- 
morphic with a subalgebra of the closure algebra over S, .° 

Proor. Let S be a topological space in the wider sense, with the closure 
operation C. Let h be a function which is defined for every point of S, and 
which assumes as values infinite sets, in such a way that if x and y are distinct 
points of S then h(x) N h(y) = A. If X is any subset of S, we set 


(1) h(X) h(a). 

We set 

(2) = h(S). 

We notice that 

(3) h(X UY) = A(X) UR(Y). 


*See M. H. Stone, The theory of representations for Boolean algebras, Transactions of the 
American Mathematical Society, vol. 40 (1936), pp. 37-111. 

* A similar theorem to this (but weaker, since S was supposed finite) was proved in 
McKinsey’s paper, A solution of the decision problem for the Lewis systems S2 and S4, with 


an application to topology, Journal of Symbolic Logic, vol. 6 (1941), pp. 117-134; see The- 
orem 20. 
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If X is any subset of S,, then by g(X) we shall mean the set of all points y 
of S such that X N h(y) contains infinitely many elements. If X and Y are any 
subsets of S; and if zis any point of S, then to say that (X U Y)N A(z) is infinite, 
is equivalent to saying that either X /M h(z) is infinite or Y N h(z) is infinite; 
hence 


(4) g(X U Y) = g(X) U g(¥). 
We notice that if X, is any finite subset of S, then 
(5) g(X1) = A. 
It is also easily seen, that if X is any subset of S, then 
(6) gh(X) = X. 

We now set, for any subset X of S,, 
(7) Ci(X) = X UhCg(X). 


We are to show that S; is a topological space (in the strict sense) with respect to 
C, , and that the closure algebra over S is isomorphic with a subalgebra of the 
closure algebra over S,. 

It is clear from (7) that we have X © C,(X). 

From (7), (4), and (3) we have C,(X U Y) = X UYUAhCg(X UY) = XU 
Y U kC(g(X) U g(¥)) = X UY U A(Cg(X) U Cg(¥)) = XUY U hCg(X)U 
hCg(Y) = (X UhCg(X)) U (Y UhCg(Y¥)) = Ci(X) 

From this last result, together with (7) and (6), we have CiC,(X) = 
U hCg(X)) = U ChCg(X) = C,(X) U hCg(X) U hCghCg(X) = 
Ci(X) UhCghCg(X) = Ci(X) URCCg(X) = Ci(X) U hCg(X) = Ci(X). 

In order to complete the proof that S; is a topological space, we notice from 
(5) that, if X is a finite set, then C,(X) = X UhCg(X) = XU ACA = XUAA= 
XUA =X. 

The function h establishes an isomorphism between the closure algebra over 
S and a certain subalgebra of the closure algebra over S;. This is obvious 
so far as concerns the Boolean operations. And on the other hand we have 
Cih(X) = h(X) U hCgh(X) = h(X) UhC(X) = A(X UC(X)) = AC(X). This 
completes the proof. 

TueoreM 2.6. Every closure algebra is isomorphic with a subalgebra of the 
closure algebra over a topological space (in the strict sense). 

Proor. From Theorem 2.4 and Theorem 2.5. 

From Theorems 2.1, 2.4, and 2.6 we see that a topological equation is true in 
every closure algebra if and only if it is true in every topological space. 


§3. Universal Algebras 


If in a given algebra K we can construct models for all closure algebras of a 
given class %{, then we call K a universal algebra with respect to Y&. Using more 
technical terminology, we say that K is a universal algebra for all algebras of the 
class % of algebras, if every algebra of the class % is isomorphic with a svb- 
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algebra of K. As applied specifically to closure algebras, this general algebraic 
notion can be subjected to a certain extension. In order to make this extension, 
we first introduce the notion of a relativized subalgebra, which corresponds to 
the familiar notion of a relativized topological space.” 

Derinition 3.1. Jf T = (K, U,N, —, C) is any closure algebra and a is any 
element of K such that a ~ A, then by the relativized subalgebra of T with respect to 
a, in symbols T, , we understand the algebra constituted by the class K, of all ele- 
ments x of K such that x & a, by the original operations U and N, and by the unary 
operations —, and Cq determined by the formulas: —.x = af —x and C,x = 
af Cx. 

As an immediate consequence we have: 

Corotuary 3.2. If Tf = (K, U,N, —, C) is a closure algebra, and a is any 
non-empty element of K, then T, is a closure algebra. If a is open, then the 
open elements of T, are at the same time open elements of I. 

Proor. The proof of the first part is almost immediate. To prove the second 
part, we make use of Corollary 1.8(i). 

Now we define: 

DEFINITION 3.3. By saying that an algebra T is a generalized universal algebra 
for a class U of closure algebras, we mean that for each algebra A of the class U there 
is an open element a of T such that A is isomorphic with a subalgebra of T. . 

In this section we shall be concerned primarily with universal algebras for all 
finite algebras. The main result in this section will be Theorem 3.12, which 
implies that the closure algebra over Euclidean space is an algebra of this sort in 
the generalized sense just defined. In establishing this theorem we use only a 
few rather special algebraic properties of Euclidean space, and these same 
properties will be necessary for a further algebraic study of Euclidean space. 
However these properties are rather involved, and it is by no means obvious that 
they apply to Euclidean space. We shall denote a closure algebra having these 
properties as a dissectable algebra. We shall first show that the closure algebra 
over Euclidean space is a dissectable closure algebra (though the converse does 
not hold), and then that every dissectable algebra is a generalized universal 
algebra for all finite algebras. If the definition of dissectable algebras which we 
are now going to give seems rather strange, it should be kept in mind that this 
notion is merely an instrument which facilitates the study of Euclidean space. 

DEFINITION 3.4. A closure algebra K is said to be dissectable if, for every non- 


empty open element a of K, and for every pair of integers r and s, where r = 0 and 


8 > 0, there are r + s non-empty, mutually exclusive elements a, +++ ,@r,bi,°** ; 
b, of K such that 

(i) The elements a, , --+ , a, are all open, 

(ii) Cb; Cb. , 


(iii) a, U--- Ua,Ub,U--- Ub, =a, 
(iv) CaN —a © Ch; © Ca; fori < sandj <r. 


” See Kuratowski, Topologie, p. 17. 
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It should be especially noticed that in the above definition we do not exclude 
the case r = 0; thus any non-empty open element a of a dissectable closure alge- 
bra can be represented as the sum of s elements b; , --- , b. such that Cb; = --. = 
Cb, , and such that CaN —a © Cb; foreachi < s. 

Making use of the second part of Corollary 3.2, we see as an almost immediate 
consequence of this definition that if I’ is a dissectable closure algebra and a is 
any non-empty open element of I' then I is also dissectable. 

In order to formulate our next theorem, it is necessary to recall a few special 
notions of topology. 

If x is a point of a topological space, then we say that x is a limit-point of a 
subset A of the space, if xe C(A — {x}). A topological space S is called dense-in- 
itself if every point of S is a limit-point of S. 

A topological space is said to be normal if, for every two subsets X, and X;, 
of S such that CX, NM CX, = A, there are two mutually exclusive open subsets 
Y, and Y, of S such that CX; € YiandCX,€ ¥2. 

A topological space is said to have a countable basis, if there exists an infinite 
sequence X; , X2,---, Xn, -:: of non-empty open subsets of S, such that every 
non-empty open subset X of S can be represented in the form 


where 7; , i2, , in, *** iS Sequence of positive integers. 

(The above notions could also be applied to closure algebras, but we do not 
need them in that connection.) 

THEOREM 3.5. The closure algebra over every normal, dense-in-itself topological 
space with a countable basis is dissectable.” 

Proor. Let S be a normal, dense-in-itself topological space with a countable 
basis (with the closure operation C), let A be any non-empty open subset of 8, 
and let r and s be two integers with r > Qands> 0. Then we are to show that 
there are r + s non-empty mutually exclusive subsets 4,,---,A,,Bi,--:,3: 
of A which satisfy the four conditions of Definition 3.4. 

By a well-known topological theorem, the conditions imposed on S in the 
hypothesis of the theorem imply that the space S is metrizable. That is to say, 
there is a distance-function d(x, y), defined for all points x and y of S, assuming 
non-negative real numbers as values, and satisfying the following conditions 
(for all x, y, and z in S): 

(i) d(x, y) = Oif and only if x = y, 

(Gi) y) = dy, x), 

(iii) d(z, y) + dy, z) 2 d(z, 2), 

(iv) If X € S, then x e CX if and only if for every real number e > 0 there 
exists a y e X such that d(z, y) < e. 


11 This theorem is closely analogous to a theorem to be found in Tarski’s Der Aussagen- 
kalkil und die Topologie, Fundamenta Mathematicae, vol. 31 (1938), pp. 103-134; see Satz 
3.10. The present theorem is somewhat stronger, however, than the theorem given there, 
the proof of which, in its most general form, was due to S. Eilenberg. 
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It can also be concluded that S contains a countable subset E = {e,,e, ---} 
such that every point of S is a limit-point of E. 

If z is any point of S, and if X is any non-empty subset of S, then by d(x, X) 
we shall mean the greatest lower bound of the set of numbers d(x, y) where y ¢ X; 
we set 


d(x, A) = 1. 


If X and Y are non-empty subsets of S, then by d(X, Y) we shall mean the 
greatest lower bound of the set of numbers d(x, y), where z e X and y « Y; we set 


d(X, A) = d(A, X) = d(A, A) = 1. 


If X is any non-empty subset of S, then by m(X) we shall mean the greatest 
lower bound of the set of numbers d(x, X — {x}), where x « X; we set m(A) = 1. 
If z is any point of S, and ) is any positive real number, then by Sp(z, d) 
we shall mean the set of all points y of S such that d(z, y) < X. It is clear that 
Sp(z, d) is a closed set, and that x « Sp(z, X). 
We shall now define, for each non-negative integer n, certain positive real 


numbers €,, 5,2, aS well as certain sets U,, V., H®,---, 
We put = = 1, Vo = HY =K =...= =A, 


and U, = A, where A is our given non-empty open set. 

Supposing now that these numbers and sets have all been defined for n = k 
(and supposing that U; is a non-empty open set) we shall define them for n = 
k+1. Let wand v be the first two elements of the countable set E which are in 
U,. Then we denote by & 4: one-third the smallest of the three numbers 


1 
k+1 d(u, U;), and d(u, v); 
i.e., we set 
= 1/3 min d(u, — Ux), | 
Let 21, -++, 24s be the first r + s elements of the sequence E which are in 
[Sp(u, x41). Then we set 
= 1/3 min [d({a, --+ , tre}, —Sp(u, , Al. 
We put 
Hits = de41), = Spar, des), 

and 

Finally we set 


= HY, U---U U 
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and 
Ursa = Ux — Views 


Now, making use of the fact that Co = A is by hypothesis a non-empty open 
set, it is easily shown that, for every n, U, is a non-empty open set, and that all 
the numbers and sets Un, Vn, HY, Kn, +--+, K® are 
actually defined for each n. Then the following can easily be proved by mathe- 
matical induction: 

(1) If xe V, and ye Vz, then d(x, y) S$ 1/n, 

(2) Wasi & Un GA, and hence VzN CAN —A = A, 

(3) ThesetsH%,---, HS, K®,---, KS are mutually exclusive, 
(4) Ifn #0, then A, and KX” # A. 

We now define sets A,, --- , A, and B,, --- , B, as follows: 

(5) A, = 


A, 
B, =K@U..-UK@U... 


Boy = U... 
B, 
From (3), (4), and (5) we immediately see that the sets Ai, --- , A,, Bi, -°:, 


B, are non-empty and mutually exclusive. We see by Theorem 1.10 and 
Theorem 1.5 that each A; is open. It is clear from the definition of B, that 


A,U---UA,UB,U---UB, = A. 


In order to complete our proof, it remains therefore only to show that conditions 
(ii) and (iv) of Definition 3.4 are satisfied by the sets A,, --- ,A,, Bi, --:,B:.- 

By means of a familiar kind of argument involving limits of sequences of 
points, it can be shown that: 


(6) HY NC-H& CCA; and NC—H™ CCB;, 


for every mand n, and for] <i S rand1 <j Ss. 
From (6) we derive, by a similar argument: 
(7) A—(A,U---UA,) GCA; and A— (4,U---UA,) 


forl 
and moreover 


(8) CAN —A GCA; 
forlSizgr. 
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From (7) we easily see that condition (ii) of Definition 3.4 is satisfied. For 
since B; GC A — (Ai U--- U A,), we see by (7) that B; © CB; , and hence that 
CB; C CB;, as was to be shown. 

In a similar way we see from the first part of (7) that CB; © CA;. From 
this, together with (8), we see that condition (iv) of Definition 3.4 is satisfied, 
which completes the proof of our theorem. 

Since it is well-known that Euclidean space is dense-in-itself, normal, and 
possesses a countable basis, we have the following corollary: 

CoroLuary 3.6. The closure algebra over Euclidean space is dissectable. 

TurorEM 3.7. Every dissectable closure algebra is a universal algebra for the 
class of all well-connected finite closure algebras. 

Proor. It is convenient to prove the following slightly more general theorem 
(from which our desired theorem results immediately by setting a = V): 

If © = (K, U, N, —, C) is a dissectable closure algebra, and a is an open 
non-empty element of I, and if @ = (K’, U’, NM’, —’, C’) is any finite well- 
connected closure algebra, then there is a subalgebra A of T, , such that 

(i) Ais isomorphic with ®, 

(ii) CaN — a | Cr for every non-empty z of A. 

We shall prove this latter theorem by an induction with respect to the number 
of atoms of ®. If there is just one atom, then the theorem is obvious. Hence 
we shall suppose the theorem is true for every finite algebra with less than p 
atoms, and that ® contains just p atoms. 

Since & is well-connected, there is an atom b; of K which is contained in every 


non-empty closed element of &. Let be, ---, by be the other atoms (if any) 
such that C’b, = = --- = 
It is then easily seen that C’b; = --- = C’, = b, U’--- UR. For first it 


is clear that U’ --- U’b, C’(b, U’ --- &) = U’ --- UC’, = 
And moreover, if x is any atom contained in C’b, then C’x € C’C’b; = C’b; ; 
and since by hypothesis b; & x, we have also C’b; © C’z, and hence C’x = C’}, ; 
thus for some 7 we have x = b,. 


Let c:, «++ , ¢, be the other atoms (if any) of @ besides the atoms b, , --- , by . 
Thus k + g = p, and hence (since k ¥ 0) we have q < p. 

We now choose from among the atoms ¢,, --- , c, a set d,, --- , d, of atoms 
in the following way. Let d; be the first atom in the sequence 41, ---, C, 
whose closure does not contain as proper part the closure of any atomc,;. Let 
d; be the first atom in the sequence ¢:, --- , Cg whose closure is different from 


the closure of d; , and whose closure does not contain as proper part the closure 
of any atom ¢;. And so on. 

It will be seen that for every < q there isani < nsuch that d; CC’d; C’c;. 
Let e; be the sum of all atoms c; such that d; © C’c; ; ie., 


(1) e= U «gq for i=1,---,% 
ag 


(2) e, U’.-- We, = U’--- Ue, . 
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Moreover we shall put 

(3) = b, 

so that 

(4) UP Ue, = Vz 


It can easily be shown that e; is open for7 2 1. 
Since T is a dissectable algebra, there are non-empty, mutually exclusive 
elements a; , , Qn, fi, , Jz 0f T which satisfy the conditions: 


(5) the elements a; , «++ , @, are open, 

(6) Chi = = Ch, 

(7) a,U---Ua,Uf,U---Uf, =a, 

(8) for isk and 
We shall set 

(9) dy = f,U ++ 

It is then easily shown that 

(10) Cf, = --- = Chr = Ca. 


Let Ao be the subalgebra of I, which consists of all sums formed from the 
elements f; , --- , fx (including also the null-element). Thus Ap = (Ko, 
— , Co), where K is the set of all elements expressible as sums of the elements 
ti, and where —or = aM —z and Cor = a Cx, for all z in Ko. 

Moreover, we define a function h in the following way. If 


t= bi, U’ U’ b;, 
is any element of %,, , then we set 
(11) ho(x) = ; 


we set h(A) = A. It can now be shown that the function h establishes an 
isomorphism between ®,, and Ap ; that is to say, if 2 and y are any elements of 
®,, , then 


(12) ho(x y) = ho(x) U holy), 
(13) ho(a y) = ho(x) holy), 
(14) ho(—egt) = —oho(2), 
(15) ho(C.,x) = Coho(z). 


The first three of these equations are clearly true from Boolean algebra. To 
establish the last one, we need only observe that if « = A, then both sides are 
equal to A; and if  ¥ A, then both sides are equal to a. 
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Let i be an arbitrary one of the integers from 1 to n. We notice that the 
relativized algebra ®,, is well-connected; for if x is any element of ®,, except A, 
we see from (1) that d; © Ci,2. Moreover the number of atoms in ®,, is at 
most equal to g and so is less than p. Hence our induction hypothesis applies 
to%,,. Since a; is an open element of I’, we therefore see that there is a {sub- 
algebra A; = (K;, U, N, —+, Cx) of Ta; such that 


(16) ®,, is ismorphic with A; 
(17) Ca N—a € Cr for every non-empty x of A;. 


Thus there is a function h; , which has a single-valued inverse and satisfies the 
following conditions, for every x and y in ©,, : 


(18) h(a U’ y) = U hey), 
(19) V y) = hilx) Nhey), 
(20) = —shi(a), 
(21) h(C..2) = 
We now define a function h as follows (where z is an arbitrary element of ©): 
(22) h(a) = hola @) U €,). 


It is seen that h(x) is always an element of T,. It is easily shown that if h(x) = 
h(y) then 2 = y. Moreover, remembering that a; a; = A fori j, and that 
a; is open for i = 1, we can prove the following (making use also of equations 
(12)-(15) and (18)-(21)): 


(23) h(a = h(z) U 
(24) y) = h(x) Nhiy), 
(25) = —.h(z), 
(26) h(C’x) = C,h(z). 


Thus if we set A = (K”, U,N, —., C,.), where K” is the set of values assumed 
by h(x), then we see that A is ismorphic with é. Since A is isomorphic with 
®, it also follows that A is a closure algebra, and hence a subalgebra of [. Making 
use of equations (8) and (17) we can also show that 


(27) CaN—a Cx for every non-empty z in A. 


Thus our theorem is also true for finite algebras which contain p atoms, and 
hence by mathematical induction is true generally. 

THEOREM 3.8. Every totally disconnected dissectable closure algebra is a uni- 
versal algebra for the class of all finite closure algebras. 

Proor. Let Tf = (K, U, NM, —, C) be a totally disconnected dissectable 
closure algebra; we shall show that every closure algebra is isomorphic with 
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a subalgebra of [. We shall carry out the proof by an induction on the number 
of atoms in the finite algebra. If the finite algebra contains just one atom, 
then it is obviously isomorphic with a subalgebra of T. Hence we suppose that 
every finite closure algebra with less than p atoms is isomorphic with a subal- 
gebra of I’, and we let 6 = (K’, U’, N’, —’, C’) be a closure algebra with just p 
atoms. 

If & is well-connected, then & is isomorphic with a subalgebra of T by Theorem 
3.7. Hence we can suppose that ® is not well-connected. 

Let c:, +++, Cp be the atoms of 6. We choose from among these atoms, as 
in the proof of Theorem 3.7, a set d,, ---, dn such that: C’d; # C’d; fori # j; 
C’d; does not contain as proper part any C’c;; and for every j there exists an 
i such that d; © C’c;. Asin the proof of Theorem 3.7, we set 


(1) e= U for i=1,---,n. 
d;CC’c; 

We see that 

(2) U’---W =o U'---U = V. 


Moreover, since ® is not well-connected, we see that, for every 7 S n, e; ¥ V, 
and hence that the number of atoms contained in e; is less than p. Thus our 
induction hypothesis applies to each of the finite algebras ®,, , --- , ®,. 

Since I is totally disconnected, it is easily seen that there are n non-empty 
mutually exclusive open elements a,,--- ,a@, in I such that 


(3) aU.--Ua, =V. 


Since a; is open, we see that T.; is a totally disconnected closure algebra. 
Hence by the induction hypothesis we see that there is a subalgebra A; of I; 
such that A; is isomorphic with @;,. Let h; be the function which establishes 
this isomorphism, so that we have: 


(4) hi(x U’ y) = hex) U 
(5) hil Vy) = hi(x) N hey), 
(6) = —ashi(z), 
(7) hi(C.,2) = C,,hi(z). 
We now define a function h as follows (for x any element of &): 
(8) h(x) = 1 U---U hala e,). 


As in the proof of Theorem 3.7, we can show that this function establishes an 
isomorphism between & and a subalgebra A of I. 

From the above theorem we see that the closure algebra determined by any 
dense-in-itself and totally disconnected subspace of Euclidean space (for exam- 
ple, by Cantor’s discontinuum, or by the set of all points with rational co- 
ordinates) is a universal algebra for all finite algebras. Finally we shall consider 
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the problem whether every dissectable algebra is a universal algebra in the 
generalized sense for all finite algebras; and we shall show that the answer to 
this question is positive. To obtain this result we need some lemmas. 

Lemma 3.9. Let K be a closure algebra (with respect to U,N, —, and C), and 
let K* be the set of all couples (x, y), where x is an arbitrary element of K, and y 
is either A or V. Let the operations U*, M*, —*, and C* be defined as follows: 


(i (x, y) U* (u,v) = Uu, y Ud), 

(ii (x, y) N* (u,v) = Nu, y MN»), 

Gi) —*(2,y) = (—2, 
(iv) y) = (Ca,.V), unless = A andy = A, 
(v) C*(A, A) = (A, A). 


Then K* is a well-connected closure algebra with respect to U*, N*, —*, and C*. 

Proor. To see that K* is a closure algebra, it is only necessary to verify 
that conditions 1.11-1.16 are satisfied. It will be noticed that the null-element 
of this closure algebra is (A, A), and the universe-element is (V, V). 

By (iv) it is seen that the closure of every element except (A, A) contains the 
element (A, V). Hence, by Definition 1.10, K* is well-connected. 

Lemma 3.10. Jf K and K* are related as in Lemma 3.9, then K is isomorphic 
with K* relativized to a certain open element; in fact, K is isomorphic with (K*),v,a) . 

Proor. It is clear that (V, A) is open, since (V, A) is closed. To establish 
the isomorphism, let the element x of K correspond to the element (zx, A) of 
(K*)qv,a) 

Lemma 3.11. Jf K is a dissectable closure algebra, and if K and K* are related 
as in Lemma 3.9, then K* is also dissectable. 

Proor. The closed elements of K* consist of the (A, A), together with all 
couples (x, V), where x is a closed element of K. Hence the open elements 
of K* consist of the couple (V, V), together with all couples (z, A), where z 
is an open element of K. 

Hence we can see that K* is dissectable if K is dissectable, as follows. If 
(a, A) is an open element of K* then a is an open element of K. Hence for 
r 2 Oand s > 0, there are elements a,, --- ,@;,b:, --: , b. of K whose sum is a, 
and which satisfy the other conditions of Definition 3.4. Then we can easily 
show that the elements (a,, A),---,(a,,A), (bb, A), (b, A) of K* 
have (a, A) for their sum, and satisfy the other conditions of Definition 3.4. 
If we consider the open element ( V, V ) of K*, on the other hand, we need to 
modify the construction only slightly; namely, we now consider the elements 


(a1,A), +++, (aA), (br, A), (ber, A), (be, 


THEOREM 3.12. Every dissectable closure algebra is a generalized universal 
algebra for the class of all finite closure algebras. 
Proor. Let K be any dissectable closure algebra, and let H be any finite 
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algebra; we are to show that there is an open element a of K such that H is 
isomorphic with a sublagebra of K,. Let H* be the closure algebra related to H 
as described in Lemma 3.9. It is clear that H* is also finite; and from Lemma 3.9 
we see that H* is well-connected. Hence, by Theorem 3.7, H* is isomorphic 
with a subalgebra G of K. Since the couple ( V, A ) is an open element of H*, 
we see that under this isomorphism ( V, A ) must correspond to an open element 
aofG. Then (H*)cy,,) is isomorphic with G, ; and hence with a subalgebra of 
K,. Since, by Lemma 3.10, H is isomorphic with (H*)iy,a) , we see that H is 
isomorphic with a subalgebra of K, , as was to be shown. 

The above lemmas also enable us to answer negatively a certain question 
which arises naturally regarding universal algebras—the question wnether 
Theorem 3.7 could be strengthened to assert that every dissectable closure 
algebra is a universal algebra for all connected finite algebras. To see that this 
is not the case, we need only observe that Theorem 3.5 and Lemmas 3.9 and 3.11 
imply the existence of well-connected dissectable algebras. Now if K is a 
well-connected dissectable algebra, it is seen that every finite subalgebra of K 
must also be well-connected; hence K cannot be a universal algebra for all 
connected finite algebras, since there exist connected finite algebras which are 
not well-connected. (The question remains open, however, whether the closure 
algebra over Euclidean space is a universal algebra for all connected finite 
algebras.) 


§4. Closure-Algebraic Functions 


We shall concern ourselves in this section with functions f of n variables 
(n-ary operations) which correlate with every sequence of n elements a1 , «-- , Gs 
of each closure algebra an element f(a; , --- ,a,) of that algebra; we shall call 
these functions simply closure functions. Each such function will be conceived 
as defined over all possible closure algebras, so that strictly speaking it is a 
function of n + 1 variables—the first variable denoting the whole algebra, and 
the n remaining ones denoting elements of this algebra. Consequently if for 
instance I is a closure algebra, then the function value b of T which corresponds 
to the argument values a, , --- , a, could be symbolized by 


b = fr(ai, Gn). 


In practice, however, the symbol “I” will often be omitted, and f will be referred 
to as a function of n arguments. As examples we can take the n identity functions 
of n variables: 


Furthermore the functions of one variable 
Sr(x) = Cr(x) and gr(x) = —r(z), 
and the functions of two variables 


y) = eUpy and y) = 
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In this whole context a closure algebra T is considered not merely as a set of 
elements, but rather as a system consisting of this set together with the four 
fundamental operations, which are denoted here by: 


Cr, “T's Ur , and Nr. 
Two functions f and g are of course said to be (identically) equal, 


f=49, 
when 
for every algebra T and for all elements 2, --- ,z, of T. To express the fact 


that the latter equation holds for all elements 2, --- , z, of a given algebra I, 
we shall say that f and g are (identically) equal in I’, or that f and g are (identi- 
cally) equal in K, where K is the class of elements of the algebra I. 

Among all closure functions, we can easily single out a special category which 
will be referred to as inner algebraic functions of closure algebras, or briefly as 
closure-algebraic functions. With this in view, we first define certain operations 
on functions corresponding to the fundamental operations of closure algebra. 

Derinition 4.1. Let f and g be two closure functions; then by fU g and fNig 
we understand the functions h’ and h” determined by the formulas 


hy (a1, +++ tn) = fr(ar, tn) Ugr(ar, tn) 
hr (ar, = fr(ti, tm) Xn) 


(for every closure algebra T and for all elements x1, -+-,2%n of T). Similarly by 
—f and Cf we understand the functions k’ and k” such that 


kr (11, » —fr(ar , » Xa) 
kr (ar , = Chr (x1, 


From this definition we easily infer the following: 

Corotuary 4.2. The set K of all closure functions is a closure algebra with 
respect to the operations U, MN, —, and C of Definition 4.1. 

If K is any closure algebra, and S is any subset of K, then there exists clearly a 
smallest subalgebra L of K which contains S. L is called, as usual, the sub- 
algebra generated by S. In particular, if & is the set of closure functions, and if 
€ is the set of identity functions of n variables, then there is a smallest sub- 
algebra 2 of R which contains S ; we call the elements of this smallest subalgebra 
closure-algebraic functions. 

It is clear that the closure-algebraic functions are just those closure functions 
Which can be obtained from identity functions by a finite number of applications 
of the operations U, N, —,andC. Thus we see that closure-algebraic functions 
are those for which there exist chains in the sense of the following definition: 
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Derrnition 4.3. A finite sequence fi, ---,f, of closure functions (all of the 
same number of variables) is said to be a chain for the function f 7, 

(ii) every function f,(i = 1, --+ , r) is either an identity function, or is the sum, 
product, complement, or closure of functions preceeding it in the sequence. 

The number r is called the length of the chain. The length of a shortest chain 
for f, is called the order of f. 

The above construction involves nothing specific for closure seetions and can 
easily be extended to any other type of algebra. Thus we are dealing here with 
notions belonging to the domain of general algebra. In Part II of the Appendix 
we deal with some logical difficulties involved in the notions of closure functions 
and of closure-algebraic functions. 

The real importance of these notions will appear in the next section. In 
order to prepare the ground for some later developments however, we shall state 
here a few theorems on closure-algebraic functions of a rather isolated character. 

TueoreM 4.4. Jf ais any open element of a closure algebra T, and , 
are arbitrary elements of 1, then for any closure-algebraic function f of n variables, 
and for any i S n, we have 


Proor. From the definition of closure-algebraic functions, it is seen that in 
order to show all closure-algebraic functions have a certain property, it suffices 
to show that : (i) the identity functions have the property; (ii) if two functions 
f and g have the property, then f U g has it; (iii) if two functions f and g have the 
property, then f NM g has it; (iv) if a function f has the property, then —f has it; 
and (v) if a function f has the property, then Cf has it. By Boolean algebra, 
moreover, it is seen that (ii) is a consequence of (iii) and (iv), and that (iii) is a 
consequence of (ii) and (iv); hence it suffices to show (i), (iv), (v), and either 
(ii) or (iii). 

It is immediately evident that the identity functions have the property 
asserted in our theorem. 

Suppose that f and g are any two functions satisfying the theorem, so that 


(2) aN g(a, De) tin, Dn). 


Adding the corresponding sides of (1) and (2), and applying the distributive 
law of multiplication with respect to addition, we see that the function fUg 
also satisfies the theorem. 

Suppose that f is any function satisfying (1). Taking the complements of the 
two sides of (1), and multiplying the resulting equation through by a, we have 


(3) aN[—aU » 


=afn [—a U —f(t1, +++, af Zi, 
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or 


(4) afl Tn) =af) —f(ti, tin, In), 


From (4) we see that the function —f also has the property asserted in the 
theorem. 

Finally, if f is any function satisfying (1), and if we first form the closures of 
the two sides of (1), and then multiply through by a we obtain 


(5) aNClaN f(r, +++ =aN CaN far, tn). 


Remembering that by hypothesis a is open, and applying Corollary 1.8, we 
conclude from (5) that 


(6) af) Cf(a, +++, tn) = af Cf(x, 2, tin, 


From (6) we see that the function Cf also satisfies our theorem. 

This theorem has various different consequences. We shall state here some 
of them which seem interesting in themselves, even though they will not be used 
in the future discussion. 


Corotiary 4.5. If a is open element of a closure algebra T, and y an arbitrary 
element such thata Ny = A, then for any closure-algebraic function f we have 


aNf(xUy) = aN f(z). 
If in addition b is open and b|N x = A, then 
(aUb) y) = [aN 
Proor. Applying the theorem, we have 
aNf(eUy) 

UA] 
= aNf(anz) 
= af f(z) 


as was to be shown. 
If in addition b is open and b NM x = A we also have 


bNfa@Uy) = 


Adding this equation to the one first proved, and applying the distributive law, 
we have 


(@U)NF@Uy) = GNF). 


‘ Corouiary 4.6. If x and y are elements of a closure algebra such that x Cy = 
» then 


y) = 
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If in addition y 1 Cx = A, then 


| | (ec Uy) Nf@Uy) = 

Proor. Since —Cy is open, and —Cy f y =A, we see from Corollary 4,5 
that 

—CyNf@@Uy) = —CyN f@). 
Multiplying this equation through by x we have 
rN —CyAf(ceU y) = 2N —CyN f(z), 
or (since, from the hypothesis, x MN —Cy = z) 
tN 

as was to be shown. 
The second of these corollaries implies directly 
Corouuary 4.7. Let T be a closure algebra, and let f be a closure-algebraic 
function such that, for every z in T, f(z) & 2; then for every pair of elements x and y 
i of T wherex 1 Cy = A = yf Ca, we have 
| f(z Uy) = f(a) USiy). 
TuroreM 4.8. If a is an open element of a closure algebra T, and x, -*+ , 2, 
are elements include in a, then for every closure-algebraic function f of n variables, 
we have 


| : Proor. If fis an identity function, so that for some i < n we have 
| 


Sr(ti, +++, 2») = Ti, 


then, since x; © a, we have 
aN fr(ti, +++, %n) = aN a; = = 
If the theorem is true for functions f and g, then we have 
aN (fU g)r(a, +++, an) = [a N fr(ti, +++, U [aN gr(a, 
= fr,(ti, +++ tn) U ta) 
= (fU g)r,(a1, , tn), 


so it is also true for f U g. 
If the theorem is true for a function f, then we have 


af (—f)r(ai, +++, an) = aN , tn) 
= afl —[aN fr(a, , 
= af) , tn) 
= —afr.(t1, , Za) 
(| = (—f)r.(t1, Zn); 


so it is also true for —f. 
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If the theorem, finally, is true for a function Jf, then we have, making use of 
Theorem 1.8, 


aN (Cfyr(ai, tn) = aN , ta) 
= aN Clan , 
= aN +++ , tn) 
= +++ tn); 


so that it is also true for the function Cf. 

Hence by induction the theorem is true for all closure-algebraic functions. 

The following theorem is given mainly for later reference. 

THEOREM 4.9. Let a be any open element of a closure algebra I, and let x; , ---, 
be any mutually exclusive elements such that a © x, U---Ux, anda 
Cx,U---UCz,. Then, for any closure-algebraic function f of n variables, 


aN fr(ar, +++, %n) = af 


where x;,U --- Ua;, is a partial sum of the elements 1, --+ ,2n (in particular, 
this partial sum can have no terms and hence equal A). 

Proor. In case a = V, the theorem is rather obvious. We have here n 
mutually exclusive elements 2,,---,2, such that: (i) they are mutually 
exclusive, (ii) their sum is V, and (iii) the closure of each of them is V. In view 
of (iii), every closure-algebraic function of 2, , --- ,2, reduces to a Boolean- 
algebraic function (i.e., to a function constructed without the closure operation); 
and in view of (i) and (ii) every Boolean-algebraic function of x; , --- , x, equalsa 
partial sum of them. 

From the particular case, we obtain the general case by considering instead of 
the elements 2; , --- , 2, in the original closure algebra I’, the elements a NM 2, , 
-++,af) 2, of the relativized subalgebra I, , and by then applying Theorems 
4.4 and 4.8. 

It would of course also be easy to prove the general form of our theorem directly 
by applying the method of induction used in the proofs of Theorems 4.4 and 4.8. 

DeFinition 4.10. The function f which correlates with each sequence on n 
elements of every closure algebra T the zero-element A of T is called the zero-function 
(of n variables), in symbols f = A. We then also say that the function f vanishes 
identically. If the formula f(a; , «++ , Xn) = A holds for all x; , --+ , tn of a given 
closure algebra I’, then we say that f vanishes identically in T. 

Corotiary 4.11. The function f = A is a closure-algebraic function. 

In the proof of the next theorem (Theorem 4.12) we shall use one more notion 
from the domain of general algebra, namely that of the direct union of two 
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algebras.” It is superfluous to formulate the definition of this notion explicitly, 
It is obvious that the direct union of two or more closure algebras is again a 
| closure algebra. Some general remarks regarding direct unions will be found in 
. Part V of the Appendix. As an example of specific results regarding the tcerid 
union of closure algebras, we want to quote without proof the following: 

If a and b are two open elements of a closure algebra I such that a U b = V, 
‘ then I is isomorphic with a subalgebra of the direct union of the relativized 
i [ie algebras I’, and I, ; if in addition aM b = A, then I is isomorphic with the direct 
union of and 

THeoreEM 4.12. If f and g are closure-algebraic functions (of the same number of 
variables) and if Cf M Cg vanishes identically then either f or g vanishes identically.” 

Proor. Suppose neither f nor g vanishes identically. Then there are ele- 
ments 2, , X, of a closure algebra , and elements , , Yn Of a closure 
algebra IT, , such that 


fr,(11, tn) A, 
Let I be the direct union of the algebras IT’; and I: , and let 


[ Then from the general algebraic properties of the operation of forming the direct 
union, we see that os 


| +++, # A, 
Let 
» =U 
= Us. 
We now consider the algebra I'* described in Lemma 3.9, and we set 
= = (zn,A); a 
and furthermore we set 
1. = (Cu,V) and » = (Cw,V). . 
” For notions and results in general algebra, see Garrett Birkhoff, On the combination 
pd —- Proceedings of the Cambridge Philosophical Society, vol. 29 (1933), pp. > 


13 In view of the relationship between the C. I. Lewis sentential calculus and topology, 
Hi : which was established in McKinsey’s paper referred to above, this theorem will be seen 
; | [ to be equivalent to a theorem regarding the Lewis calculus which was stated without 

, proof by Kurt Gédel in Eine Interpretation des intuitionistischen Aussagenakkils, Ergebnisse 
f eines mathematischen Kolloquiums, Heft 4, pp. 39-40. 
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Since u + A # U2, we see from the definition of I* that 
Cfre(wi, Wn) ~ A 
Cor-(wr , » Wn) =v» A, 


Moreover 
nu No = (Cum,V)N (Cw, V) 
= (Cu N Cu ,V) | 

A, 

Hence | 


Cfre(wr Wn) Core(wi , , wn) A, 


Thus there is a closure algebra I'* in which Cf M Cg does not vanish identi- 
cally. Our theorem follows by contraposition. 

TurorEM 4.13. Iffi, --- ,fpareclosure-algebraic functions (of the same number 
of variables) such that ahs 

CfiN---NCf, =A 

then there is ant S p such that 
fi = Av 
Proor. We carry out the proof by an induction on p. 


If p = 1, the theorem is obvious. Hence suppose the theorem true for p = k, 
and let fi, --- , fx, Sx41 be & + 1 closure-algebraic functions such that 


= A. 
Then by Corollary 1.7 (vi) | 
CICA NCKIN Chen = A. 
And hence by Theorem 4.12 either 
Ch,U---UCh =A or fin =A, 
and hence, by the induction hypothesis, there is ani < k + 1 such that 
fi=A. 


bn our theorem is also true for p = k + 1, and hence by induction is true for 
Dp. 

Lemma 4.14. Let! = (K,U,N, —, C) be a closure algebra, and let a; , ++ , 
be a set of elements of K. Then there exists a subset K, of K, and a closure operation 
C,, which satisfy the following conditions: 

(i) (Ki,U,N, —, C,) és a closure algebra, 

(ii) ajeK, fori = 1,---,r, 

(iii) K contains at most 2° elements, 

(iv) If x eK, and Ca Ky, then Cye = Cx. 
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Proor. Let K, be the set of elements of K which can be obtained from the 
elements a, ---, a, by applying the Boolean operations: U, MN, and —. It is 
immediately seen that K, is a subset of K which contains at most 2” elements, 
and that a; « K, fori = 1, --- , 7; thus we see that (ii) and (iii) are satisfied, 

Moreover, since the class K;, is finite, the Boolean algebra (Ki, U, f, —) is 
completely additive. Let Kz be the set consisting of those elements x of K, 
such that Cz isin K,. Then we see that K,, C and Kz satisfy the hypothesis 
of Lemma 2.3. Hence by Lemma 2.3 we see that there is a closure operation 
C, which satisfies (i) and (iv). 

_ Tueorem 4.15. Jf a closure-algebraic function f vanishes identically in every 
finite closure algebra, then it vanishes identically (in every closure algebra). If in 
addition f is a function of n variables and order r, it suffices to assume that f vanishes 
identically in every closure algebra with at most 2""*” elements. 

Proor. Suppose f does not vanish identically. Then there is a closure 
algebra ' = (K, U,N, —, CG) and a set of elements a, --- , a, of K such that 


Sr(a , Gn) A. 


Since the order of f is r, we see by Definition 4.3 that there is a chain 
f?, «+» ,f© of length r, such that f” = f. We set 


bi = (a1, Gn), , by = f(a, Gn). 
Then clearly 
by = f(a, Gn) = Gn) A, 


By Lemma 4.15 there is a finite closure algebra T; = (Ki, U, N, —-, ©), 
where: (i) @, and --- , b, are all in K, ; (ii) K, contains at most 
2”"*” elements; and (iii) if z and Cz are in K; then C,x = Cx. From these 
conditions we see that 


=fiPa, Qn), » Or = fa, On), 


and hence 

Hence f does not vanish identically in the finite algebra T,;. Our theorem now 
follows by contraposition. 

THEorEM 4.16. Jf a closure-algebraic function f vanishes identically in every 
finite well-connected closure algebra, then it vanishes identically (in every closure 
algebra). 

Proor. If f does not vanish identically, then by Theorem 4.15 there is a 
finite closure algebra T' in which it does not vanish identically. It is then 
easily verified that f does not vanish identically either in the well-connected 
finite closure algebra I'* described in Lemma 3.9. 

The above theorem can also be proved in another way; namely, by making 
use of the result about direct unions which was stated before Theorem 4.14, 
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we can show that any algebra with a minimum number of elements in which a 
function does not vanish identically, is well-connected. 

TurorEM 4.17. The class of closure-algebraic functions of n variables is count- 
ably infinite. 

Proor. It is easily seen, in the first place, that there are only a finite number 
of closure-algebraic functions of n variables and order k. For there are just n 
functions of first order (the identity functions); and if the number of functions 
of order at most k is finite, then the number of functions of order at most k + 1 
is also finite. Since there are only a countable infinity of orders, we see therefore 
that there are at most No closure-algebraic functions of n variables (of all orders). 

Every function of one variable can also be considered as a function of n vari- 
ables. Hence if there are infinitely many closure-algebraic functions of one 
variable, then there are certainly also infinitely many closure-algebraic functions 
of n variables (for each n). Thus to complete the proof of our theorem it suffices 
to show there are infinitely many closure-algebraic functions of one variable. 

We definite“ an infinite sequence fi, fo, --:, fe, *:- of closure-algebraic 
functions (of one variable) as follows: 


=fifiz), falz) = AAA), --- 


We shall complete our proof by showing that no two of these functions are 
identical. To do this we find it necessary to describe a certain special topological 
space. 

Let S be the set of all ordinal numbers a < w*. If A is any subset of S, let 
C(A) be the set A together with all upper limits (less that w*) of sequences of 
elements of A. It is seen that S is a topological space with respect to C. 

Each element of S is expressible in the form of a polynomial in a, 


where m is a positive integer, and n; , Ne, --* , %m4i are positive integers or zero. 
Let B be the set of those elements of S which are expressible in the form 


(in this expression we can have k = 0). 
It is then easily shown that the sets 


fi(B), f2(B), fi(B), eee 
are all different. From this it follows that the functions fi, fo, **+, Je, *** 
are all different, as was to be shown. 

§5. Free Closure Algebras 


Near the beginning of the last section, we explained what is meant by saying 
that a subalgebra L of a closure algebra K is generated by a set S of elements. 


* This construction and proof are taken from Kuratowski’s paper referred to above. 
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It is easily seen that the subalgebra L consists of all elements y of the form 
y = f(t, +++, Xp) 


where f is a closure-algebraic function and 2, --- , Zp are elements of S; if S is 
a finite set consisting of n elements a; , «++ , dn then we can confine ourselves to 
functions f of n variables and elements y of the form 


y=fa, 


It may happen, in particular, that L = K so that our algebra K is itself gen- 
erated by S. 

A closure algebra K is called a free algebra generated by n # 0 elements (or a 
free algebra with n generators) if there is a set S of n elements with the following 
properties: (i) K is generated by S, (ii) if a1, --- , a» is any finite sequence of 
distinct elements of S, and f and g are two ditties algebraic functions of p 
variables for which 


f(a, Gy) = g(a, Gy), 


then f and g are identically equal. This definition applies whether n is finite 
or infinite. 

In case n is finite, we obtain as a particular case of a result of general algebra”: 

TueorEM 5.1. The class of all closure-algebraic functions of n variables is a 
free closure algebra with n generators; and every other free closure ee with n 
generators ts tsomorphic with this one. 

By asimilar construction we can establish the existence of a free closure algebra 
with n generators when n is infinite. In fact, let v be the smallest ordinal 
number such that the set of all ordinal numbers which are smaller than v has 
the power n.”” Consider functions which correlate with every closure algebra T 
and with every sequence (& < v) of elements of a new 
element f(x1, 22, %¢, of T. We can define for these functions oper- 
ations corresponding to all the fundamental operations of closure algebra (exactly 
as in Definition 4.1). Then we can single out, from among all functions of the 
type considered, the closure-algebraic functions of n variables; these are the 
functions which can be obtained from the identity functions 


%2, +++, %, = 2, forsome 7 < v 


by applying finitely many times the fundamental operations. Finally we can 
show that the class of these closure-algebraic functions of n variables is a free 
closure algebra generated by n elements. 

It might seem that we could modify the notion of free algebra generated by n 
elements, in case of an infinite n, by allowing in condition (ii) above, not merely 


4 In some systems of set theory, a cardinal number n is simply identified with the small- 
est ordinal number » for which the set of all ordinal numbers <» has the power n. See 
for example Paul Bernays, A system of axiomatic set theory, Journal of Symbolic Logie, 
vol. 7 (1942), p. 142. 
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finite, but also infinite sequences of the generating set S, and the corresponding 
functions of infinitely many variables. However, in view of the finite character 
of the fundamental operations of closure algebra, it can be easily seen that the 
definition thus modified would be equivalent to the original one. 

Several properties of free closure algebras, in addition to those formulated in 
Theorem 5.1, can be obtained by a direct application of certain well-known 
theorems of general algebra. Thus, for instance, every closure algebra generated 
by at most n elements is a homomorphic image of a free closure algebra generated 
by nelements. It is also seen that a free algebra generated by n elements con- 
tains, for every number p < n, a free subalgebra generated by p elements. 
Some specific properties of free closure algebras are stated in the following 
theorems. 

TueorEM 5.2. A free closure algebra with any number of generators is infinite. 

Proor. In case the number of generators is infinite, the theorem is of course 
obvious. If the number of generators is finite, on the other hand, the theorem 
is a consequence of Theorems 5.1 and 4.17. 

We can also conclude from Theorems 5.1 and 4.17 that a free closure algebra 
with a finite number of generators is denumerably infinite. 

TuEeorEM 5.3. A free closure algebra generated by any number of elements is 
well-connected. 

Proor. Let us first consider the case that the number of generators is finite. 
As in the preceeding theorem, we can confine ourselves to the algebra constituted 
by all closure-algebraic functions of n variables. But the fact that this algebra 
is well-connected follows directly from Theorem 4.12 and Definition 1.10. 

If now, the number of generators is infinite, we first extend Theorem 4.12 to 
the functions of infinitely many variables introduced above. From this ex- 
tended theorem our conclusion follows. 

We see thus that the notior. of a well-connected closure algebra, which may 
have seemed rather artificial, intervenes in a natural way in the study of free 
closure algebras. 

A free closure algebra K generated by n elements has obviously the following 
property: if two closure algebraic functions f and g of p < n variables are equal 
in K—i.ce., if 


f(a, = g(x, 


for all , --- , in K—then f and g are identically equal (i.e., the above formula 
holds for all elements of every closure algebra). We express this briefly by 
saying that every free closure algebra with n generators is functionally free in 
the order n. The converse is clearly not true. For instance if n is a finite 
number, consider a free algebra generated by a non-denumerable number p of 
elements. Such an algebra is functionally free in the order p, and hence also 
In every order less than p, in particular n. On the other hand, this algebra 
has the power p, and therefore cannot be a free algebra generated by a finite 
number of elements. 
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In the case just considered, a functionally free algebra in the order n turned 
out not to be a free algebra generated by n elements because its power was too 
large. Outside the domain of closure algebra, on the other hand, we can easily 
find examples of functionally free algebras in the order n which are not free 
algebras generated by n elements because their power is too small. Thus for 
example it is easily seen that a Boolean algebra with at least two elements is 
functionally free in every order (so that the notion of a functionally free Boolean 
algebra is trivial); while such an algebra is certainly not a free algebra with n 
generators if n exceeds the power of the algebra. 

On the other hand, by means of a functionally free algebra in the order n 
we can easily construct a free algebra with n generators, without considering 
functions defined over all closure algebras. In fact let K be a functionally free 
algebra in the order n, and consider all closure-algebraic functions of n variables 
defined exclusively for the elements of K; thus two such functions are equal if 
they assume equal values for all sequences 2,, --- , x, of elements of K. It 
can easily be shown that the class of all these functions is a free algebra gen- 
erated by n elements. 

The notion of a functionally free closure algebra in the order n seems inter- 
esting not only in view of its connection with the notion of a free algebra with 
n generators. If A is such a functionally free algebra, and if we succeed in 
proving that a topological equation with at most n variables holds in K, then 
we can conclude that it holds in every other closure algebra (and hence in every 
topological space). 

Here we shall be concerned exclusively with functionally free closure algebras 
in the order No. In view of the finite character of the fundamental operations 
of closure algebra, it can be easily shown that a functionally free closure algebra 
in the order N, is also functionally free in every other infinite order, and con- 
versely. It is also seen that for a closure algebra K to be functionally free in 
the order No it is sufficient (and necessary) that it be functionally free in every 
finite order. In view of these considerations, we shall refer to functionally free 
algebras in the order No simply as functionally free; and we shall state the formal 
definition of this notion in the following way: 

DEFINITION 5.4. A closure algebra K is called functionally free if every two 
closure algebraic functions f and g of n variables, where n is an arbitraty finite 
integer, which are equal in K are also identically equal (i.e., in every closure algebra). 

Hereafter when speaking of closure-algebraic functions of n variables, we shall 
use this term as it was originally defined in §4; i.e., we shall have in mind func- 
tions of finitely many variables, even when this is not mentioned specifically. 

In view of the fact that every equation in Boolean algebra (and hence also 
in closure algebra) of the form 


a=b 
can be transformed into an equivalent equation of the form 
(aN —b) U(—afNb) = A, 


we can simplify Definition 5.4 as follows: 
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Corotuary 5.5. For a closure algebra T to be functionally free, it is necessary 
and sufficient that every closure-algebraic function which vanishes identically in Y 
also vanishes identically in every other closure algebra. 

From the remarks made above it follows that there exist functionally free 
algebras which do not have any finite number of generators. Now as the first 
result regarding functionally free closure algebras, we shall give Theorem 5.6, 
which considerably strengthens these remarks. This theorem also shows an 
essential difference between closure algebra and Boolean algebra. 

TueorEM 5.6. No functionally free closure algebra is generated by a finite 
number of elements. 

Proor. Suppose, if possible, that a functionally free closure algebra K is 
generated by the m elements wi, ---, Wm. Let e,, ---, e, be those of the 
which are not equal to A. Since each of the elements w,, --- , wm can be ex- 
pressed as a partial sum of the elements ¢,, --- , ¢,, we see that K is also gen- 
erated by the elements e,, --- ,é@,. Moreover, we have e, U --- Ue, = V, and 
eNe;= A if j. 

Let n = 2’. Let the closure-algebraic function f of n variables be defined 
as follows: 


(1) +++, = CaN ---NCx,N (U---Ux,)N 
—((a, Na) U U (a, U a3) U U 


We notice first that f does not vanish identically. For let Ai, --- , An ben 
mutually exclusive subsets of the Euclidean line such that C(A;) = --- = 
C(A,) = V and A, U--- UA, = V. Then it is easily seen that we have 
f(Ai, +++, An) = 

Since by hypothesis K is a functionally free closure algebra, we therefore con- 
clude that there are elements 2, --- , t, and x of K such that 


By an argument of an elementary nature we can now conclude from (1) and 
(2) that 


(3) = 2, 

and that 

(4) fort j. 
Nay = 2, = Then from (3) and (4) we have 

6) Yn) = # A, 

(6) yiNy;=A for i j. 
Since K is by we see that there are closure-algebraic 

functions f,, --+ , f, of r variables such that 
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In the case just considered, a functionally free algebra in the order n turned 
out not to be a free algebra generated by n elements because its power was too 
large. Outside the domain of closure algebra, on the other hand, we can easily 
find examples of functionally free algebras in the order n which are not free 
algebras generated by n elements because their power is too small. Thus for 
example it is easily seen that a Boolean algebra with at least two elements is 
functionally free in every order (so that the notion of a functionally free Boolean 
algebra is trivial); while such an algebra is certainly not a free algebra with n 
generators if n exceeds the power of the algebra. 

On the other hand, by means of a functionally free algebra in the order: n 
we can easily construct a free algebra with n generators, without considering 
functions defined over all closure algebras. In fact let K be a functionally free 
algebra in the order n, and consider ail closure-algebraic functions of n variables 
defined exclusively for the elements of K; thus two such functions are equal if 
they assume equal values for all sequences x,, --- , %, of elements of K. It 
can easily be shown that the class of all these functions is a free algebra gen- 
erated by n elements. 

The notion of a functionally free closure algebra in the order n seems inter- 
esting not only in view of its connection with the notion of a free algebra with 
n generators. If K is such a functionally free algebra, and if we succeed in 
proving that a topological equation with at most n variables holds in K, then 
we can conclude that it holds in every other closure algebra (and hence in every 
topological space). 

Here we shall be concerned exclusively with functionally free closure algebras 
in the order Ny. In view of the finite character of the fundamental operations 
of closure algebra, it can be easily shown that a functionally free closure algebra 
in the order Np is also functionally free in every other infinite order, and con- 
versely. It is also seen that for a closure algebra K to be functionally free in 
the order Np it is sufficient (and necessary) that it be functionally free in every 
finite order. In view of these considerations, we shall refer to functionally free 
algebras in the order No simply as functionally free; and we shall state the formal 
definition of this notion in the following way: 

Derinition 5.4. A closure algebra K is called functionally free if every two 
closure algebraic functions f and g of n variables, where n is an arbitraty finite 
integer, which are equal in K are also identically equal (i.e., in every closure algebra). 

Hereafter when speaking of closure-algebraic functions of n variables, we shall 
use this term as it was originally defined in §4; i.e., we shall have in mind func- 
tions of finitely many variables, even when this is not mentioned specifically. 

In view of the fact that every equation in Boolean algebra (and hence also 
in closure algebra) of the form 


a=b 
can be transformed into an equivalent equation of the form 
(aN —b) U(-aNb) =A 


we can simplify Definition 5.4 as follows: 
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Corottary 5.5. Fora closure algebra T to be functionally free, it is necessary 
and sufficient that every closure-algebraic function which vanishes identically in TY 
also vanishes identically in every other closure algebra. 

From the remarks made above it follows that there exist functionally free 
algebras which do not have any finite number of generators. Now as the first 
result regarding functionally free closure algebras, we shall give Theorem 5.6, 
which considerably strengthens these remarks. This theorem also shows an 
essential difference between closure algebra and Boolean algebra. 

TuroreM 5.6. No functionally free closure algebra is generated by a finite 
number of elements. 

Proor. Suppose, if possible, that a functionally free closure algebra K is 
generated by the m elements w,, ---, Wm. Let @, ---, e, be those of the 
2” products w M1 Nwm, wm, wp 
which are not equal to A. Since each of the elements w,, --- , wm can be ex- 
pressed as a partial sum of the elements e,, --- , e¢,, we see that K is also gen- 
erated by the elements e,, --- , é,. Moreover, we have e, U --- Ue, = V, and 
eNe = Afi #7. 

Let n = 2". Let the closure-algebraic function f of n variables be defined 
as follows: 


(1) yan) = ---NCa,N U---U2,)N 
—((ay Ma) U U (a U (a2 M23) U U 


We notice first that f does not vanish identically. For let Ai, --- , A, ben 
mutually exclusive subsets of the Euclidean line such that C(A;) = --- = 
C(A,) = Vand A, U --- UA, = V. Then it is easily seen that we have 

Since by hypothesis K is a RORY free closure algebra, we therefore con- 
clude that there are elements x; , --- , 2, and x of K such that 


(2) fla, = TAA. 


By an argument of an elementary nature we can now conclude from (1) and 
(2) that 


(3) = 2, 

and that 

(4) fori j. 
Let x Ma = y,-+-,2M 2, = Then from (3) and (4) we have 

6) fi, = 2A, 

(6) yiNy;=A for i # j. 


Since K is generated by e¢, ---, e,, we see that there are closure-algebraic 
lunctions f,, --- , f, of r variables such that 
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If there is any 7 such that 

—Ce; # A, 
| then we can suppose without loss of generality that @, «++, & occur in such 
an order that 


4 af —Ce, = A,---,2M—Ce, =A, 


| (8) 
aN —Ceai XA, +++, —Ce, AA, 
Then by the same sort of argument used to derive (5) and (6) we can easily I 
| show that t 
| (9) A, 
| (10) aN2j=A if ij. 
| b Moreover, since a € x we see from (8) that ; 
| (11) af) —Ce = A, ---, aN —Ce, = A. u 
| i From (7) we see that 
| 
| zn = Allyn = aN falar, , cl 
| Moreover, a © —Ce, © —e, and hence a fe, = A. Hence by Theorem 4.4 a 
we have d 
(13) =aNgiler, , era) of 
Zn = AN Gfaler, Gra, A) = al gnler, fir 
« 
where gi, ***, gn are closure-algebraic functions of r — 1 variables. 
It will be seen that by repeating the above argument sufficiently many times, gi 
| we can show the following: there exist elements wu, --- , u,» and u of K, and ni 
| closure-algebraic functions h; , --- , h, of s variables such that: a 
| (14) +++, Un) A, to 
(15) =A for i # j, 
(16) uN =A,---,uN—Ce, =A, By 
(17) uc —Ce,, 
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(18) hilar, cee, es) 


Un = , es). 
From (17) we conclude that u —e.4:, --- , & —e,, and hence that 
u & —(e4,U--- Ue) =e,U---Ue,. 
From (16) we see that 


From the definition of the function f in (1) it is clear that u is open. Hence 
the hypothesis of Theorem 4.9 is satisfied, so we see that for each 7 we have 


us = uN hile, = uN (e, Ve) 


where e;, U --- U e;, is a sum of some of the elements ¢,, --- , e,. Since there 
are only 2° such sums, and since n = 2”*' > 2°*' > 2°, the elements uw, -+- , Un 
cannot all be different. Suppose u; = u;, where 7 # j; then by (15) we have 
ui=uNu = u; Nu; = A. But it is then immediately seen that 


Un) = flim, Ua, A, Un, Un) =A. 


Since this result contradicts (14), we see that our original assumption that there 
exists a free closure algebra generated by a finite number of elements must be 
rejected. 

TueoreM 5.7. Every generalized universal algebra for the class of all finite 
closure algebras, is functionally free. 

Proor. Let I be a generalized universal algebra for the class of all finite 
closure algebras, and let f be any closure-algebraic function of n variables which 
does not vanish identically. We are to show that there are elements a), --+ , Gn 
of T such that 


Sr(ai, +++, @,) 


Since f does not vanish identically, we see by Theorem 4.15 that there is a 
finite closure algebra A which contains elements b,, --- , bn such that 


fala, Dn) ~ A, 


Since I’ is a generalized universal algebra for all finite algebras, we see by Defi- 
nition 3.3 that there is an open element a of I such that A is isomorphic with a 
subalgebra of Tz. Let the elements b,, --- , b, of A correspond respectively 
to elements a,, --+ , a, of ', under this isomorphism. Then clearly we have 


fr,(ai An) A. 
By Theorem 4.8 we then have 
af fr(ai, Gn) = fr.(ai, Qn) A. 
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From this we conclude 
fr(a , On) # A, 


as was to be shown. 

In a similar way, by making use of Theorem 4.16, we can prove the following: 

TuroreM 5.8. Every universal algebra (in the proper sense) for the class of all 
finite connected closure algebras (or even only for the class of all finite well-con- 
nected closure algebras) is functionally free. 

Either by applying Theorem 5.7 together with Theorem 3.12, or Theorem 5.8 
together with Theorem 3.7, we obtain directly: 

TuroreM 5.9. Every dissectable closure algebra is functionally free’’. 

This theorem together with Theorem 3.5 leads immediately to the main result 
of this paper. 

TueorEM 5.10. The closure algebra over Euclidean space of any number of 
dimensions is functionally free; or, more generally, the closure algebra over any 
normal, dense-in-itself topological space with a countable basis, is functionally free. 

The implications of this theorem are obvious. From the point of view of the 
axiomatic foundations of topology, Theorem 5.10 shows that the system of 
postulates for closure algebra (or for topological space in terms of closure) has 
a certain completeness property: Every topological equation which is identically 
true in Euclidean space, can be derived from these postulates. In fact Theorem 
5.10 implies that, if any topological equation is proved for a given Euclidean 
space, then it holds also in every other Euclidean space, and indeed in every 
topological space» Hence by contraposition, we see also that if a topological 
equation fails in some topological space, or even in some closure algebra (de- 
fined perhaps in the most artificial way), then we can be sure of finding a counter- 
example for it in any given Euclidean space, for instance on a straight line; and 
if we analyze the proof of the theorems on which Theorem 5.10 depends, we see 
that we are able not merely to prove the existence of the sets which do not satisfy 
the equation in question, but that we can even construct them in an effective 
way. Towards the end of this section we shall see that this result can be some- 
what further strengthened. 

It may be noticed that, in addition to the closure algebras explicitly men- 
tioned in the last two theorems, we can construct many other closure algebras 
which are functionally free. This is seen, for instance, from the following 
simple theorem: 

THEOREM 5.11. If a is an open element of a closure algebra T, and if I, is 
functionally free, then so is YT. 

Continuing our study of functionally free algebras, we shall give here two 


16 This theorem is closely related to the main result of Tarski’s paper referred to above; 
in our present terminology this result can be formulated as follows: the class of all open 
elements of a dissectable closure algebra (and in particular, the family of all open sets of 
a Euclidean space) is a functionally free Brouwerian logic. We plan to present in a separate 
paper some applications of the results of the present paper to Brouwerian logic. 
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results about closure-algebraic functions in functionally free algebras, which 
follow almost immediately from a theorem of the preceeding section. They 
seem interesting if only for this reason, that in view of Theorem’ 5.10, they 
apply in particular to Euclidean space. 

TuEorEM 5.12. Jf K is a functionally free closure algebra, and f,, «++, fn 
any closure-algebraic functions of the same number p of variables such that 


vanishes identically in K, then at least one of these functions must vanish identically 
in K (and hence in every closure algebra). 


Corotiary 5.13. If K is a functionally free closure algebra, and fi, --- , fn 
are any closure-algebraic functions of p variables such that, for every set 11, +++ , Xp 
of p elements of K either fi(ai, = A or fo(a,, = Aor or 


fr(ti «++ , Lp) = A, then at least one of the functions fi , --- , f, vanishes identically 
in K (and hence in every closure algebra). 

It may be noticed that Theorem 5.12 and Corollary 5.13 are also true of free 
closure algebras generated by g elements, provided the number p of variables 
does not exceed q. 

In the last theorems of this section we shall return to the question of the 
relation between functionally free algebras and free algebras with n generators. 
More specifically, we shall be concerned with the question under what conditions 
a functionally free algebra contains a free subalgebra generated by a given finite 
number of elements. We begin with a result of a negative character. 

THEOREM 5.14. There exists a functionally free closure algebra, which contains 
no free subalgebra generated by any number of elements. 

Proor. Let us consider any closure algebra K which is universal for all finite 
algebras (the existence of such algebras can be derived, for instance, from 
Theorem 3.8, or can also be proved in a direct way). We arrange all finite 
subalgebras of this algebra in a transfinite sequence 


Ki, Ko, Ke, eee 


and construct the direct union L of all these subalgebras. Thus the elements 
of L are infinite sequences 


Where 2; Ky, a2 Ky, Let M be the set of all those se- 
quences belonging to L in which either all elements except a finite number equal 
A or else all elements except a finite number equal V. It is easily seen that M 
is a subalgebra of L, and therefore a closure algebra. Furthermore it can be 
shown without difficulty that to every finite algebra N, there exists an open 
element a of M such that N is isomorphic with a subalgebra of M, , and indeed 
even to M, itself. In fact, since K is universal for all finite algebras, N is * 
isomorphic with some algebra K; ; and we can take as a the sequence 


%1,%,;, coe eee 
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where x; = V and the remaining terms are A. Hence by Definition 3.3, M js 
a generalized universal algebra for all finite algebras; and hence by Theorem 5,7 
it is functionally free. 

Now consider any particular element b of M. 6 is a sequence 


in which: 
(i) All elements except for a finite number 


either equal A or equal V; while 
(ii) The exceptional elements 


Vt,» Vig» °° * » LE, 
belong to the finite algebras 


Let P be the set of all sequences belonging to M which satisfy the conditions 
(i) and (ii)—the numbers é,, --- , & being the same for all these sequences. 
P can easily be proved to be a finite subalgebra of M; and, since the element 
b belongs to P, the subalgebra generated by b is contained in P, and is therefore 
also finite. Hence by Theorem 5.2 this subalgebra cannot be a free algebra 
generated by one element. Since b is quite an arbitrary element of M, it follows 
that M contains no free algebra with one generator. 

The remarks at the beginning of this section regarding the general properties 
of free algebras imply that every free algebra with an arbitrary number of 
generators contains a free subalgebra with one generator. Therefore M cannot 
contain a free subalgebra with any number of generators. Thus M has all the 
desired properties. 

In the preceeding proof we were not interested in the power of the closure 
algebra which is involved in this theorem. However from the proof it is easily 
seen that it is possible to construct an algebra satisfying the conditions of the 
conditions of the theorem, which is in addition denumerable. In fact it suffices 
for this purpose to omit from the sequence 


Ki, Ko, +++, Ke,--- 


of all finite subalgebras of K every subalgebra which is isomorphic with one 
which preceeds it in the sequence, and then to consider the direct union of the 
remaining subalgebras. 

Now we shall show that under certain additional conditions a functionally 


_ free closure algebra must contain free subalgebras with any finite number of 


generators. It will be seen that these additional conditions are satisfied by all 
the most important examples of functionally free closure algebras. 

Lemma 5.15. Every functionally free closure algebra K contains a countable 
infinity of mutually exclusive (non-empty) open elements. 
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Proor. n being an arbitrary natural number, consider the n closure-algebraic 
functions of n variables defined by means of the formulas: 


tn) = ---N —2,). 


It is obvious that none of these functions vanish identically; for putting, for 
instance, 


=A, 
we obtain 


Silai , 5 Xn) => 


Hence by Corollary 5.13, there exist elements a; , --- , a, of K for which none 
of the functions fi, --- ,f, vanish. By putting 


by =fila, On = fila, Mn) 


and applying Corollary 1.4 (iii) and Definition 1.6 we see that our algebra 
contains n mutually exclusive open elements, for each n. 

Hence we can conclude that K contains also a countable infinity of open 
elements, by applying a reasoning which is by no means specific for closure 
algebras.'’ In fact, let L be the class of all those elements of K which are non-’ 
empty, open, and do not contain any two non-empty mutually exclusive open 
elements. If L is not empty, we pick out any element a; of L, then any element 
a, of L which is disjoint with a, (if such an element exists), then any element a; of 
L which is disjoint with both a; and a2, and so on: clearly we apply here the 
axiom of choice. It may happen that in this we succeed in obtaining infinitely 
many elements a, @2, +--+ ,@,,-°-- of L, in which case the conclusion of our 
theorem is obviously satisfied. Otherwise we arrive at a finite sequence a; , --- , 
a;, of elements of L such that no element of L different from all of them is disjoint 
with all of them. 

In the latter case we make use of the fact which was established before, that 
for every n, and in particular for n = k + 1, there are n mutually exclusive 
non-empty open elements in K. Let bi, --- , bx4: be such elements. It is 
easily seen that each of the elements a; (¢ = 1, ---,k) can have a non-empty 
product with at most one element b;(j = 1, --- , & + 1), for otherwise a; could 
not belong to L. Hence it clearly follows that at least one element b;is mutually 
exclusive with every element a; . Consequently b; cannot contain any element a 


"See the paper by P. Erdés and A. Tarski, On families of mutually exclusive sets, these 
Annals, vol. 44 (1943), p. 315-329. 
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of L, for such an element would be disjoint with all elements a , --- , a, , which 
as we know is impossible. 

We have thus shown that there exists a non-empty open element b = b; of K 
which contains no element of L (this is also trivially true in case the class L js 
empty). Now 6a fortiori is not itself such an element, and therefore it contains 
two non-empty mutually exclusive open elements c; and d,. Again d; is not an 
element of L, and hence it contains two non-empty mutually exclusive open 
elements c. and d,;. We can continue this procedure indefinitely (using the 
axiom of choice) so as to obtain finally an infinite sequence ¢1 , C2, -*+,¢n, ° 
of mutually exclusive open elements of K. Thus the proof is complete. 

THeorEM 5.16. Let T be a countably additive closure algebra such that, for every 
non-empty open element a of T, Ta ts functionally free. Then T contains a free 
algebra with a countable infinity of generators (and hence also a free closure algebra 
with any arbitrary finite number of generators). . 

Proor. It clearly suffices to show that I contains a countably infinite 
sequence S of elements 


such that: 
(i) If f is any closure-algebraic function of any finite number p of variables 
which does not vanish identically, and if 


bs,» 


P 


are any p distinct elements of S, then 
Sr(bi, b:,) A. 


For if we let A be the subalgebra of T generated by S, then A will be a free 
algebra with a countable infinity of generators. 

Moreover, the condition (i) is equivalent to the following condition: 

(i’) If g is any closure-algebraic function of any finite number q of variables 
which does not vanish identically, then 


gr(bi , be, Da) A. 


(i) clearly implies (i’), but it is easily seen that the implication in the opposite 
direction also holds. For in fact assume (i’) to hold. Given a function f of p 
variables, and a sequence 


of elements of S, we let q be the maximum of the numbers 


1p ? 
and we define the closure-algebraie function g of q variables by putting 


By applying (i’) to g, we obtain (i) for f. 
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Hence in order to prove our theorem it suffices to show that IT contains a 
sequence S which satisfies condition (i’). 

By Theorem 4.17 we see that there are only a countable infinity of closure- 
algebraic functions of a finite number of variables. Let the set of all those 
closure-algebraic functions which do not vanish identically be ordered in a 


sequence 


For each k we shall suppose that f is a function of p, variables. 
It is evident from the hypothesis of our theorem that I is a functionally free 
closure algebra. Hence by Lemma 5.15 I contains a countable infinity 


Qi, , Mk, °° 


of mutually exclusive non-empty open elements. 
By the hypothesis we then see that each of the relativized subalgebras 


Ta» Ta, » Ta » 
is functionally free. Hence, for each k, there are p;, elements 


of T,, such that 


(1) ? Lk,p,) # A. 
From (1) and Theorem 4.8 we conclude that 


Remembering that by hypothesis T is countably additive, we now set, for 
each i, 


bs = 
We shall show that the sequence S of elements 
bi, be, be, 


satisfies condition (i’). 
Let f be any closure-algebraic function which does not vanish identically. 
Then for some k we have 


Since a; is open, we see by Theorem 4.4 that 
(br, by) = (i Naz, bp, 
From the way in which b was defined, however, we have, for each 2, 


= 
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Thus we conclude that 
an NSP (dr, = NST (Cer 
Since the elements 
were so chosen as to satisfy (2), we therefore conclude that 
+++, by) A. 
Thus our sequence 
bi, bs, be, 


satisfies condition (i’), as was to be shown. 

The question remains open whether this theorem can be strengthened to 
apply either to all functionally free closure algebras which are countably additive, 
or to all those algebras in which every subalgebra relativized to a non-empty 
open element is functionally free. It may be noticed that the functionally free 
algebra M which was constructed in the proof of Theorem 5.14 satisfies neither 
of these conditions: it is not countably additive, and for no open element a # V 
is the algebra M, functionally free. 

By means of Theorems 5.16, 5.9, and Corollary 3.5, we obtain directly: 

THEOREM 5.17. Every countably additive dissectable closure algebra contains a 
free algebra with a countable infinity of generators; in particular, the closure algebra 
over Euclidean space (of any number of dimensions) contains a free algebra with a 
countable infinity of generators, and hence also a free algebra generated by any finite 
number of elements. 

This theorem exhibits a stronger property of Euclidean space than that given 
by Theorem 5.10. Consider, for instance, topological equations with one 
variable; from Theorem 5.10 it follows that when such an equation is not an 
identity then we can construct in Euclidean space a counter-example for it. 
Theorem 5.17 implies much more; it shows that in Euclidean space there exists a 
set which is, so to speak, a universal counter-example for all these equations, 
and we can even construct such a set effectively. 


APPENDIX 


I. Derivative Algebra 


Like the topological operation of closure, other topological operations can also 
be treated in an algebraic way.” This may be especially interesting in regard 
to those operations which are not definable in terms of closure—i.e., which are 
not closure-algebraic operations. An especially important notion is that of the 


18 The results in this section are largely to be found, in a somewhat different form, in 
Kuratowski’s paper referred to above. The theorem stated as an analogue of 4.15, however, 
is of course new. 
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derivative of a point set A, which will be denoted by D(A). For the purpose of 
an algebraic investigation of this notion, we define a new class of algebras, which 
we shall refer to as derivative algebras. 

We say that a set K is a derivative algebra with respect to the operations 
—, and D, when: 

(i) K is a Boolean algebra with respect to U,N, —. 

(ii) If cis in K, then Dz is in K. 

(iii) If is in K, then DDz € Dz. 

(iv) If z and y are in K, then D(z U y) = Dz U Dy. 

(v) DA=A. 

As regards the question of the relation between derivative algebra and closure 
algebra, the following can be remarked. As is known, in a topological space the 
closure of a set can be defined in terms of derivative by means of the formula: 


C(A) = AU D(A). 
If we introduce a corresponding definition into derivative algebra, 
Cz = x U Dz, 


we can easily show that the derivative algebra becomes a closure algebra with 
respect to the Boolean operations U, N, —, and the operation C just defined. 
On the other hand, it can easily be shown that there is no unary closure-algebraic 
operation O such that 


D(A) = O(A) 


holds for every set A of Euclidean space. 

The methods of proof used to establish some of our results regarding closure 
algebras can be applied almost without change to prove analogous theorems about 
derivative algebras. For example, if we define derivative-algebraic functions in a 
way analogous to that used to define closure-algebraic functions, then we can 
easily prove the following analogue of Theorem 4.15: 

If a derivative-algebraic function f vanishes in every finite derivative algebra, 
then it vanishes identically. If in addition f is a function of n variables and order 
7, then it suffices to assume that f vanishes in every derivative algebra with at 
most elements. 

It is also immediately seen that there are infinitely many derivative-algebraic 
functions, since, as is well known, the functions 


Dz, DDz, DDDz, --- 
are all different. 

As regards the central problem of determining conditions for a functionally 
free derivative algebra, we shall here consider only the question whether the 
derivative algebra over Euclidean space is functionally free. The answer is 
trivially negative, since the equation 


D(z U —z) = U —2z, 
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or simply 
DV = V 


is identically satisfied in the derivative algebra over Euclidean space, and in 
general over every dense-in-itself space, but is not identically satisfied in every 
derivative algebra. 

In view of this fact, we include the equation 

(vi) DV = V 
into the postulate system of derivative algebra. We call a derivative algebra 
satisfying this additional postulate a dense-in-itself derivative algebra. We 
modify in an obvious way the notion of being functionally free, so as to make it 
apply to dense-in-itself derivative algebras, and now ask whether the derivative 
algebra over Euclidean space is functionally free in the new sense. The answer 
however is known to be negative even in this case, at least as regards Euclidean 
space of 2 or more dimensions. For the equation 


is identically satisfied in the derivative algebra over Euclidean space of 2 or more 
dimensions, but is not satisfied in the derivative algebra over the Euclidean 
straight line. The problem whether the latter is a functionally free dense-in- 
itself derivative algebra remains open. The same applies to the derivative 
algebra over Cantor’s discontinuum, for instance, or the space of the rational 
numbers. We do not know, either, whether the derivative algebra over the 
Euclidean plane would become a free derivative algebra if in addition to the 
density postulate we included into the postulate system also the last equation 
stated above. Finally the problem remains open whether it is possible to 
distinguish the derivative algebras over the various Euclidean spaces (of dimen- 
sion greater than 1) by means of equations. 


II. A Modification of the Definitions of Closure-Algebraic Functions and Free 
Algebras 


Some of the constructions of §§4-5 may raise considerable doubts from the 
point of view of the foundations of set-theory, and may seem to have an anti- 
nomial character. In fact there are axiomatic systems of set-theory in which the 
assumption that there exists the set of all closure algebras, or a function defined 
over all closure algebras, would lead to a contradiction (the notion of a function 
being here taken in its set-theoretical meaning; i.e., a function of n variables 
being regarded as a set of ordered n+1-tuples). There are other systems in 
which a distinction is made between proper and improper sets; improper sets, 
which are also called classes, are defined to be those sets which are not elements 
of other sets. In such systems it would be possible to prove the existence of the 
class of all closure algebras, and of functions over all closure algebras; however 
we should be unable to form classes of these functions, and we should meet with 
difficulty in trying to distinguish from among all functions, those functions we 
have called closure-algebraic (especially as regards functions of infinitely many 
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variables). Thus even in this case most of the developments of §§4-5 would seem 
to be based on rather shaky foundations. 

In view of these difficulties we want to indicate here a way of modifying these 
constructions, which will make them unobjectionable from the point of view of 
practically all systems of set-theory, even of those logically weaker systems 
which do not allow us to prove the existence of improper sets. The changes we 
are going to outline imply certain complications in formulating most of our 
definitions and theorems, but on the other hand they allow us to state some of 
our results in a somewhat stronger and more general way. In what follows we 
shall always use the word “class” synomously with the word “set’’, taking this to 
mean what we have before called a “‘proper set”’. 

The notions which we introduced at the beginning of §4 will now be relativized 
to an arbitrary non-empty class of closure algebras (which of course does not 
in any way presuppose the existence of the class of all closure algebras). Thus 
we consider functions f which correlate with every algebra T of R and every 
n-tuple x, , , of elements of I’, a new element f(z, , --- , z,) of I’; we shall 
refer to such functions briefly as R-functions. We define for these functions, the 
fundamental operations of closure algebra (as in Definition 4.1), and we dis- 
tinguish among these functions the closure-algebraic R-functions. For any given 
&, the class of all -functions of n variables (whose existence is insured by any 
ordinary axiom system of set-theory) clearly forms a closure algebra; the subclass 
of closure-algebraic R-functions constitutes a subalgebra of this algebra, and 
will be referred to as the function algebra of n** order over R. Definition 4.10 
is to be modified in an obvious way, so as to make precise the notion of an 
identically vanishing -function. 

It is interesting te observe that the notion of a function algebra is only a 
special case of the notion of the direct union of algebras. In order to arrive at 
the general notion of the direct unions of closure algebras, we consider an arbi- 
trary set J, and we assume that a closure algebra I; is correlated with every 
element i of J. The direct union of all I; (for i in J) is constituted by all 
functions f defined over J and correlating with each 7 in J an element f(i) belong- 
ing to I’; ; we must of course define in the familiar way all the fundamental 
operations of closure algebra. Now suppose first that the class 8 consists of just 
one algebra T. If we take J to be the set of all elements of the given closure 
algebra T and if each I; , for iin J, coincides with I’, then our direct union goes 
over into the algebra of all &-functions of one variable. If J is taken to be the 
set of all n-termed sequences of elements of I’, and if each I, is again I’, then the 
direct union goes over into the algebra of all &-functions of n variables. Con- 
sidering now the general case, suppose that & consists of various algebras 


ye) 


Let J; consist: of all n-termed sequences of elements of I’, Jz of all n-termed 
sequences of elements of I, and so on; and let 
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If iis any element of J then there is some I such that 7 is an n-termed sequence 
of elements of '; we take I; to be P. It is easily seen that the direct union 
then again goes over into the algebra of all &-functions of n variables. The 
algebra constituted by the closure-algebraic &-functions is of course a subalgebra 
of this direct union. 

Theorems and Corollaries 4.4—4.7, 4.9, and 4.11 undergo an obvious relativiza- 
tion: an arbitrary class & of closure algebras is introduced, which contains the 
closure algebra I involved, and the function f is assumed to be a closure-algebraic 
R-function. In 4.8 we have to assume that &, in addition to I, includes also I, . 
The situation is somewhat more involved as regards the remaining theorems of 
§4. In each of these theorems we introduce again a class & of closure algebras, 
and we assume that all the algebras involved belong to & and that all the func- 
tions involved are closure-algebraic R-functions. However we have to make 
some additional assumptions regarding &. It turns out that one common 
assumption suffices for all these theorems; in fact, that for every finite closure 
algebra I’ there corresponds an isomorphic algebra in & (but & may contain also 
infinite algebras). For this assumption clearly suffices for the proof of 4.16, 
as is easily seen from the proof of this theorem; and by an essential use of 4.16 
relativized in this way we can easily see that this assumption suffices also for the 
other theorems. It may be remarked that a direct analysis of 4.12 and 4.13 
shows that these theorems hold under a different assumption regarding %; 
namely, under the hypothesis that & is closed under the operation of forming 
direct unions, and the operation ['* of Lemma 3.9. 

In §5 the first change is in the definition of a free algebra with n generators. 
We shall now say that a closure algebra is a free closure algebra with n generators 
if: (i) it is an algebra generated by a set S consisting of n elements; and (ii) for 
any sequence q;, --- , a, of distinct elements of S, for any class & of closure 
algebras to which our algebra belongs, and for any closure-algebraic &-functions 
f and g, the formula 


+++ ay) = g(a, , 


implies that f and g are identically equal. The first part of Theorem 5.1 assumes 
the form: 

If & is a class of closure algebras, which contains an algebra isomorphic with 
each finite algebra, then, for every positive integer n, the function algebra over & 
of order n is a free algebra with n generators. 

It is easy to prove the existence of a class which satisfies the hypothesis of the 
theorem just stated. For instance we can take as & the class of all closure 
algebras 


r = (K, U, n, —,C) 
where K is a finite set of natural numbers (and the operations vary). Hence 


this theorem implies the existence of free closure algebras with any finite number 
of generators. The extension of this construction and result to the case where 
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is infinite can be carried through in a way quite analogous to that sketched in $5. 
It may be noticed that in the existence theorem for free algebras with infinitely 
many generators the assumption regarding the class remains unchanged. 

The definition of a functionally free algebra (and more generally, of a func- 
tionally free algebra in order n) must be modified in a similar way. In fact, 
Definition 5.4 assumes now the form: 

A closure algebra I is called functionally free if for any class 8 of algebras 
which contains I, and for every positive integer n, any two closure-algebraic 
R-functions of n variables which are equal in I are also identically equal (i.e., 
in every other algebra of &). 

The relations between functionally free algebras of order n and free algebras 
with n generators remain unchanged. In particular, by using the newly intro- 
duced notion of a function algebra we can state the theorem: 

If ris a functionally free algebra, then for every positive integer n, the function 
algebra of order n over I (i.e., over the class consisting of T alone) is a free 
algebra with n generators. 

Theorem 5.12 and Corollary 5.13 must clearly be formulated for closure- 
algebraic R-functions where & is an arbitrary class of closure algebras which 
contains the functionally free closure algebra in question. The remaining 
theorems of §5, such as Theorem 5.14 and Theorem 5.16, remain quite un- 
changed, since they do not involve the notion of closure-algebraic functions. 

It should be emphasized that the construction outlined above depends on no 
special properties of closure algebra, and hence can be carried over to the domain 
of general algebra; of course we have in mind here only definitions and immediate 
consequences of these definitions, and not specific theorems on closure algebra. 
It must be noticed however, that the existence theorem for free algebras with 
n generators which was formulated above would require in general algebra a 
stronger assumption regarding the class &; in fact, the assumption that for every 
denumerable (and not only finite) algebra of the kind considered, & contains an 
isomorphic algebra. If we were concerned with algebras with infinite operations, 
or with a non-denumerable number of operations, still stronger assumptions 
would be needed. 

In various discussions of this subject in the literature, one can find quite a 
different definition of a free algebra with a given number of generators, and 
also a different proof of the existence of such algebras. Both the definition 
and the proof use certain terms of a meta-mathematical character. Thus for 
instance a free algebra with n generators is sometimes defined as one in which 
every equation which holds between generators is a consequence of the postulates 
defining this algebra; and in order to prove the existence of such an algebra one 
constructs an algebra of “functions”, which are, however, not interpreted in a 
set-theoretical way, but as certain expressions for which “equality” is defined 
in an appropriate manner. It could be shown that this procedure, if quite 
rigorously described, is equivalent to that outlined here. However our con- 
siderations show that the introduction of meta-mathematical notions into the 
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discussion of free algebras is quite superfluous. In the case of algebras with 
infinite operations, moreover, the meta-mathematical procedure could hardly be 
carried through in a rigorous way. 


III. Absolutely Free Closure Algebras 


We want to consider here a property of closure algebras which is stronger 
than that of being functionally free (see Definition 5.4). As was mentioned 
at the end of Part II, a meta-mathematical terminology is often used in discussing 
free algebras with a given number of generators; the same terminology can be 
applied to functionally free algebras. For the sake of simplicity, we shall use 
this terminology here in introducing the new notion we want to use, though it 
would also be possible to express what we want to say in purely mathematical 
terms. 

A functionally free closure algebra can be characterized meta-mathematically 
as one in which only those closure-algebraic equations are identically satisfied 
which are identically satisfied in every closure algebra. (We use the term 
closure-algebraic equations here, in the same sense in which we have previously 
used the term topological equations). Let us now consider, instead of the class 
of closure-algebraic equations, a wider class of sentences which we shall call 
universal sentences (or more correctly, sentential functions). These are sentences 
which, roughly speaking, express the fact that arbitrary elements of the algebra 
have a certain property, and do not involve the existence of special elements. 
All these sentences are built up from closure-algebraic equations and inequalities 
(i.e., negations of equations) by means of the words “‘if --- then”, “or”, “and”, 
and the like. As an example, we can give the sentence: 


and A, thenCrNC—z#¥ A. 


As we know, a closure algebra is called connected if every element x of the 
algebra satisfies this sentence. 

Now we shall call a closure algebra absolutely free if every universal sentence 
which is satisfied by all elements of this algebra is also satisfied by all elements of 
every closure algebra. Obviously every absolutely free closure algebra is also 
functionally free. The converse does not hold; for instance the closure algebra 
over Euclidean space is, as we know, functionally free; but it is not absolutely 
free since it is connected, while not all closure algebras are connected. The 
problem arises whether there are any absolutely free closure algebras at all, and 
whether we can find any interesting examples and formulate any general sufficient 
conditions. 

The answer to this question is positive. This can be shown in the following 
way. Theorem 4.15 (in its first part) implies that a closure-algebraic equation 
which is identically satisfied in every finite closure algebra is also identically 
satisfied in every closure algebra. By analyzing the proof of this result we see 
that it can easily be extended to arbitrary general sentences. Hence by the 
definition of universal algebras we conclude that every closure algebra which 
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is universal for all finite closure algebras, is absolutely free. Therefore, by using 
Theorem 3.8, we obtain the following result: 

Every totally disconnected dissectable closure algebra is absolutely free. 

This applies in particular to the closure algebra over Cantor’s discontinuum, 
or any dense-in-itself and denumerable topological space. 


IV. Decision-Procedure in Closure Algebra 


Theorem 4.15 implies a decision-procedure for ali closure-algebraic equations; 
i.e., it provides a method which enables us in any particular case to decide in a 
finite number of steps whether a given closure-algebraic equation is identically 
satisfied in every closure algebra, or (what amounts to the same thing in view of 
Theorem 2.6) in every topological space. In fact, given an equation 


A=B8B 
we first replace it by the equivalent equation 
(AN — B)U(—ANB) =A. 


Furthermore we determine the number n of different variables occurring in the 
left member of the latter equation, and the order r of the function represented by 
this left member. Instead of the order of the function, we can take r to be any 
upper bound of the order; it is easily seen that such an upper bound can be found 
by counting the number of variable and constant symbols in the left member, 
each symbol being counted as many times as it actually occurs. Next we 
construct all closure algebras (K, U, M, —, C) where K is a subset of the set of 
the first 2”""” positive integers. The number of these algebras is clearly finite, 
and we can check whether our given equation is identically satisfied in all of 
them or not. In the second case, our equation is obviously not identically 
satisfied in every closure algebra. In the first case, on the other hand, it follows 
from Theorem 4.15 that it is satisfied in every closure algebra; for it is seen at 
once that every closure algebra with at most 2”"*” elements is isomorphic with 
one of those constructed. In this way the decision procedure is established. 

In Part III of this appendix we have pointed out that the first part of Theorem 
4.15 can be extended from equations to what we called universal sentences. 
It is seen that the second part can also be so extended. For n we take now the 
number of different variables occurring in the sentence. In order to compute r, 
we first replace as above, all equations and inequalities occurring in this sentence 
by equivalent equations and inequalities having A for their right members, and 
then we take for r the number of all constant and variable symbols in the sentence 
transformed in this way. It is evident that Theorem 4.15 thus extended implies 
a similar extension of the decision-procedure, which can now be applied, not only 
to equations, but to arbitrary universal sentences. 

As was stated in Part I, Theorem 4.15 can be extended to derivative algebras. 
Hence we obtain a decision-procedure for algebraic equations in derivative 
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algebras, which in turn can be extended to arbitrary universal sentences ip 
these algebras”. 


V. Direct Unions in General Algebras 


In §4 we made use of the notion of direct union of closure algebras, and applied 
the fact that the direct union of two closure algebras is itself a closure algebra. 
We take this opportunity to make some remarks and state some elementary 
results regarding this notion as applied to arbitrary algebras. 

An algebra can be defined in general as a system constituted by a certain set K 
and certain operations 0,, O2,--- (in most cases a finite number of finite 
operations), with the assumption that the operations can be performed on 
arbitrary elements of K, and yield always again an element of K. Two algebras 
(K, O:, Or, +++) and (K’, O01, 02, ---) are called similar if the number of 
operations is the same in both algebras and if the corresponding operations 
O, and O;, O2 and O;, etc., are operations with the same number of terms. 

We are usually interested not in individual algebras, but in certain classes of 
similar algebras, such as the class of groups, that of Boolean algebras, and the 
like. From the point of view of general algebraic properties, the simplest sort 
of algebra-classes are those which can be called equationally definable”. To 
every such class R there corresponds a set of algebraic equations such that & 
consists of just those algebras which satisfy all the given equations. A class of 
algebras which is characterized in a similar way by a set of universal sentences 
(in the sense of Part III), which may or may not be equations, will here, for want 
of a better term, be called universally definable. Every equationally definable 
class of algebras is of course universally definable, but not conversely. For 
instance the class of groups (defined as systems with a binary operation a-b 
and a unary operation a‘) and that of closure algebras are equationally definable. 
On the other hand from the ordinary definitions of the class of semi-groups (as 
systems with one binary operation which is associative and satisfies the cancella- 
tion laws) it is seen only that this class is universally definable; and the same can 
be shown for the class of integrity domains on the basis of a suitable definition 
of this class. There are of course classes of algebras which are not equationally 
definable, or even universally definable. 

As is well-known, the direct union of two or more algebras of an equationally 


1° A decision-procedure in this domain was found by S. JaSkowski in 1939, but the result 
was not published. So far as Tarski remembers, the procedure applied at any rate to 
universal sentences in derivative algebras, and probably also to closure algebras. Jas- 
kowski also showed, on the other hand, that no decision-procedure can be found for the 
sentences of closure algebra and derivative algebra which contain also so-called bound 
variables and quantifiers. 

In view of the present war conditions it has been impossible to verify this information 
in detail. 

*? For a more detailed study of this notion, see the paper by Garrett Birkhoff, On the 
the structure of abstract algebras, Proceedings of the Cambridge Philosophical Society, 
vol. 31 (1935), pp. 433-454. 
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definable class is also an algebra of the same class. This is no longer true of 
arbitrary universally definable classes. A more detailed investigation of the 
notion shows that the following elementary theorems can be established: 

An algebraic equation or conjunction of such equations holds in the direct 
union of certain algebras (i.e., is satisfied by any elements of this algebra) if 
and only if it holds in each of the given algebras. 

An inequality holds in the direct union of certain algebras if and only if it 
holds in at least one of the given algebras. 

If a conditional equation (i.e., an implication whose bieitiialtate is a conjuntion 
of equations, and whose comshialen: is a single equation) holds in each of certain 
algebras, then it holds also in their direct union, but not conversely. 

If, on the other hand, a disjunction of equations holds in the direct union, 
then it holds also in each of the given algebras, but not conversely. 

Hence it is seen that not only equationally definable classes of algebras are 
closed under the operation of forming the direct union, but the same is true also 
for all those algebra-classes which are defined by an arbitrary set of universal 
sentences having the form of equations, inequalities, and conditional equations. 
For instance the class of semi-groups is of this type, so that a direct union of 
semi-groups is a semi-group. Nevertheless it can be shown in another way that 
the class of semi-groups is not equationally definable (since a homomorphic 


image of a semi-group is not necessarily a semi-group). On the other hand it can 


be easily shown that the direct union of two integrity domains is in general not 
an integrity domain (in fact, the direct union is never an integrity domain if 
each of the given integrity domains has at least two elements) ; hence we conclude 
that the class of integrity domains, although universally definable, cannot be 
characterized by a set of postulates each of which has one of the three forms 
mentioned above. A fortiori, the class of integrity domains is not equationally 
definable. 
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ERGODIC THEOREM WITHOUT INVARIANT MEASURE 


By Witotp HurEwicz 
(Received September 1, 1943) 


The result presented in this paper is generalization of the celebrated ergodic 
theorem of G. D. Birkhoff.’ Pirkhoff’s theorem, von Neumann’s mean ergodic 
theorem, and other known results of ergodic theory deal with measure-preserving 
flows and describe their statistical properties. The condition of measure in- 
variance seems to play a very essential role in the entire theory, and the question 
arises whether it is possible to make any general statements about statistical 
behaviour of flows without assuming the invariance of the underlying measure. 
We shall answer this question in the affirmative by introducing an averaging 
process that can be applied to any flow which is free from dissipative parts. In 
the special case of a measure-preserving flow, our result coincides with Birkhoff’s 
theorem. 

In the present paper we shall confine ourselves to the case of a “discrete flow,” 
represented by a discrete cyclic group of transformations defined over a space 
carrying a Lebesgue measure. Continuous flows will be treated in a subsequent 
paper. It should be remarked that the methods used in our proofs are very 
similar to those developed by Birkhoff. 


I. GENERALIZED Ercopic THEOREM FOR TRANSFORMATIONS 


1. Notations and basic concepts 


By a measure-space is meant the combination of (a) an abstract set S, (b) a 
Borel family” 2 of subsets of S, and (c) a countably additive non-negative set 
function u(X), defined for X «€Q. The elements of S are called points, the ele- 
ments of Q are called measurable sets, the number (8S) is called the measure of 
the set X. Infinite measures are allowed; it is assumed, however, that S is a 
countable sum of sets of finite measure. 

Throughout this paper, we shall deal with a fixed measure-space S. Points 
of S and point functions will be denoted by small letters. Subsets of S and set 
functions will be denoted by capitals (with the exception of the measure function 
itself which we will continue to denote by the letter »). All functions are sup- 
posed to be real-valued. 


2. Measurable transformations. Wandering sets 


Let T be a 1-to-1 transformation of the measurable space S onto itself. T is 
said to be measurable if for every measurable set X the image T(X) and the in- 


1G. D. Brrxnorr, Proc. Nat. Ac. Sci. U. S. A. 17 (1932), p. 650. 
? By a Borel family is meant a family with the properties: X eQimplies S— X«Q. Xie® 
(¢ = 1, 2, 3, --- ) implies X¥, + X¥3+---€Q. SeQ. 
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verse image 7 -(X) are measurable sets. It is clear that together with T' all 
the powers T”"(m = +1, +2, --- ) are measurable transformations. 

A measurable set X will be called a nullset with respect to T if u(T"(X)) = 0 
forn = 0, +1, +2, --- (7° means the identity transformation). 

A measurable set X is said to be a wandering set® with respect to T if X has no 
points in common with any of the iterated images T"(X) (n = 1, 2,---). As 
is easily seen this condition is equivalent to 


T"(X)-T"(X) =0 n,m = 0, +1, +2,---;n#~m 


A set Y is called dissipative with respect to T, if 


+00 
Y= T"(X), 
m=—0 
where X is a wandering set. 
If no misunderstanding can arise, the words “with respect to 7” in the above 
definitions will be omitted. 
It is known‘ that for a given 7’ there exists a decomposition 


S=D+R, 


where D-R = 0, the set D is dissipative, and R (the “regular” part) does not 
contain any wandering set of a positive measure. If one disregards nullsets, 
this decomposition is unique. 


3. Absolutely continuous functions. Averaging process 


Let F(X) be a countably additive function of a measurable set X. Infinite 
values are allowed; it should be noticed, however, that no more than one of the 
values + x, — oo may be assumed by F (otherwise F(X) + F(Y) would be inde- 
terminate for F(X) = «©, F(Y) = —). The function F is called absolutely 
continuous with respect to the measure yu if u(X) = 0 implies F(X) = 0 and 
u(X) < x implies | F(X)| < ° for every measurable set X. As is well 
known® F can be represented as an indefinite integral 


F(X) = du 


* See E. Hopr, Ergodentheorie, Berlin, 1937, p. 46. 

‘See E. Hopr, l.c. 

* The second condition is usually omitted. If Sis the Euclidean space with the ordinary 
Lebesgue measure, the second condition follows from the first one. 

* See 8. Saxs, Theory of the Integral (1937), p. 36. Finiteness of f follows from the as- 
Sumption that u(X) < o implies F(X) < ©. See footnote 5 above. 
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of a finite point function defined over S. Consider now a measurable trans- 
formation T of S and set 


un(X) = u(T"(X)) 


(1) n=0, 1, 2, 
F,(X) = F(T'(X)). 


The functions yz, and F,, are countably additive set functions. Moreover, u, has 
non-negative values and can therefore be regarded as a measure function.» 
Observe that F,, is absolutely continuous with respect to the measure u,. Conse- 
quently one can define a finite point function f, such that 


(2) Fa(X) = fale) dn 


for every measurable set X. The function f, is determined up to a set N with 
un(N) = 0. In this way (for a given T) we associate with each absolutely 
continuous set function F a sequence of point functions f,, (n = 0, 1, 2,---) 
which will be called the “averaging sequence” belonging to the function F. 
That this process is a generalization of the ordinary averaging by arithmetical 
means will be seen by considering the special case of a measure-preserving trans- 
formation T: 


u(T(X)) = w(X), 


Then, as one proves easily: 


F(T"(X)) = [ folT(X)) du, i= 


and by (1) 
Hn(X) = (n + 1)u(X), 
folT'(2)) 
FAX) du = an. 
Comparing the last relation with (2), we conclude that almost everywhere on S: 
fo T'(e)) 
fr(x) = 


so that in the case of a measure-preserving 7, the functions f, are simply arith- 
metical means or the transforms of a fixed function fo . 


5> It is easy to show that, given any positive integer n, S is a countable sum of sets with 
finite un-measures. 
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In general, f, can be described as the “point density” of the average function 


F(T'(X)) u(T(X)) 
i=0 with respect to the average measure 
4. The generalized ergodic theorem. 


TuroreM I. (Generalized ergodic theorem for transformations). Let T 
be a measurable transformation of the space S*such that no set of positive measure 
is a wandering set relative to T, and let F(X) be a finite countably additive 
function of a measurable set X, absolutely continuous with respect to the measure x. 
Then the “averaging sequence”’ f, of point functions defined by (1) and (2) converges 
almost everywhere on S, that is, everywhere with the exception of a nullset. 

The limit function f(x) = lim f,(x) which is defined almost everywhere has the 
following properties: a) f is invariant; that is, f(x) = f(T(x)) almost everywhere; 


b) f is summable over S; c) [ F(x)du = F(X) for every measurable set X which 


satisfies X = T(X), u(X) < @. 
Remark 1). It can be easily shown that aside from a nullset the function f 
is completely characterized by the properties (a), (b), (c). 

Remark 2). If we drop the assumption that S is free from wandering sets of 
positive measure, we can assert only that the set of points x at which the se- 
quence f,(x) diverges is the swm of a nullset and a dissipative set. This is shown 
by applying Theorem I to the set R in the decomposition given at the end of §2. 

Before proceeding to the proof of the theorem stated above let us examine its 
relation to Birkhoff’s theorem. 


5. Measure preserving transformations. Birkhoff’s theorem. 
Hopf’s theorem 


Suppose 7 is measure preserving: u(7'(X)) = u(X) for every measurable X. 
Suppose furthermore that 7’ has no wandering sets A of positive measure. (The 
latter assumption is certainly satisfied if u(S) < ©, for otherwise S would 
contain infinitely many mutually disjoint sets 7’"(A) of equal positive measure, 
and this would imply = 

According to the remark at the end of §3 we have in this case: 


8) fala) = + fo(T"@) 


and our theorem asserts that for every summable function f the sequence (3) 
converges almost everywhere. This is precisely Birkhoff’s ergodic theorem. 

Consider now in addition to fo(x) another function go(x) We assume 
that go is measurable and that go(x) > 0 for every x. Let us introduce a new 
measure function »(X), 
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Observe that the relations 4(X) = 0 and »(X) = Oare equivalent. Consequently 

no wandering set has a positive v-measure. Moreover, the function F(X) = 

/ fodu, being absolutely continuous with respect to y, is absolutely continuous 


with respect to v as well. From the invariance of » we get (see §3) 


(4) FAX) = dy, 
and similarly 
From (4) and (5) it follows easily that 
fol 
F,(X) = [ = dn. 
go(7"(X)) 
i=0 


Applying the generalized ergodic theorem to the set function F and the measure 
v, we conclude that the sequence 


So(x) + fo(T(x)) + + fo(T"(z)) 

go(x) + go(T(x)) + + go(T(z)) 
converges almost everywhere, provided fo and go are measurable, fo is summable, 
and go(z) > 0. This is the well-known generalization of Birkhoff’s theorem by 
E. Hopf,® which is thus shown to be contained in our theorem. The case 
go(x) = 1 leads back to Birkhoff’s theorem. 


II. Proor or THEOREM I. 


In this chapter S denotes a fixed measure space and 7’ a fixed measurable 
transformation of S. No restrictive conditions will be imposed on 7’ until the 
last stage of the proof. The expression “almost everywhere” will always be 
used in the sense “aside from a nullset with respect to T.” 


6. Decomposition Lemma 
Let Xo, Xi, X2, --- , X, be measurable sets such that 


n= 


(6) X;-X; = 0, O<si<ksm 
kai 

r=0 

Then there exist measurable sets Y; C X; (i = 0,1, 2, --- ,n) with the properties: 

(8) = T'(Y:) 

k=0 O<i<ksn 

(9) = 0, O<si<sksn, 


—i| 


6 E. Hopr, l.c., p. 49. 
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Proor. Weset by induction 


n k 
(10) Ys = Xn, = yr), m =1,2,-++,n. 


k=n—m+1 i=0 


The relation (8) follows immediately from (10). Assuming j 2 i and setting 
s = j — i, relation (9) can be rewritten in the form | 


(a) Ye T(Y) =0, OSkSn, +580. 

If k < l, this relation is an immediate consequence of the defining relation (10). 

If k = 1, we get from (6) and (7) X;-T°(X1) = 0 which obviously implies (9a). 
7. A property of the sequence f,, 


Let F be a countably additive absolutely continuous function over 2 and let 
F,,, un be the set functions defined by (1). Observe that forO0 < i < k 


(11) = Fia(X) + Fi-(T"(X)), 
(12) ue(X) = + 

Let now f,(n = 0, 1, 2, --- ) be point functions over S satisfying relations 
(2). Consider the set 


A= > 0). 


The purpose of this section is to prove the important inequality 


(13) F(A) 2 0. 

Proor. Let X; (k = 0,1, 2, --- ) be the set determined by the relations 

f<9, Osi<k. 
The sets X;, are clearly measurable and satisfy 
(14) A=>%, 
k=O 

(15) X;-X; = 0, ixk., 

Further we assert it can be assumed without any loss of generality that 
(16) T’(Xi) C X;. 

r=0 


In fact, let Nix(i < k) be the set of points x satisfying 
k-i k-i 
zeX,, EV < 0). 
r=0 r=0 
Since x « Nix implies fi(x) = 0, fr_s(T'(x)) < 0, we have 


(17) Nik 


dns = Fa(T*Wa)) 0, 


ly 
| 
by 
ble 
the 
be 
ae 
ies: 


198 WITOLD HUREWICZ 


and hence by (11) 
= Fia(Ni) = Fi(Na) — 2 0. 


Nik 


On the other hand f;_; is negative on X; and a fortiori on Nix ; hence the last 
relation entails that 


(18) wia(Nx) = 0 


and that the integrals in formulas (17) vanish. Since fis(z) < 0 for 
xeT'(Nix) (by the definition of Nix), the second integral in (17) can vanish 
only if 


(19) pra(T*(Nix)) = 0. 
From (18) and (19) we obtain, using (12), 
(20) = 0. 


Now it is permissible to replace each of the functions f, by a function which 
differs from f, only on a set M with u,(M) = 0 (such modifications do not affect 
relations (2) nor do they change the value of F(A)). In view of relation 
(20) it is evident that by modifying successively the functions f; , fe , --- in this 
way, we can obtain a sequence of functions for which the sets Nx, are vacuous, 
that is, a sequence for which the conditions (16) will be satisfied.’) 

Given any positive integer n, the relations (15) and (16) assert that the finite 
sequence of sets Xy, Xi, --- , Xn satisfies the conditions of the lemma estab- 
lished in §6. Hence we can define sets Y; C X,; (i = 0,1, 2, --- , n) with the 
properties (8) and (9). By additivity of F we have 


n n &k n n 
k=0 k=0 i=0 k=0 k=0 
and since f; is 2 0 on X; and a fortiori on Y; , we conclude 
=0 
k=0 


for n = 0, 1, 2,---. From this and (14) (by countable additivity of F) we 
obtain F(A) 2 0, q.e.d. 
8. Basic inequalities 
We assume now that F(X) is finite for every X. Let c be a real number and 


let E* be the set of points at which at least one of functions f, has a value 2 ¢, 
and E, the set of points at which at least one of the functions f, has a value S$ ¢: 


7 It would be sufficient for example to replace f; by the function which has the value —! 
on the set Nox + Nix + --- + Neu and coincides with f; otherwise. 
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Then we have the following basic inequalities 
(21) F(E*) 2 cu(E"), F(E.) S cu(E,). 
Proor. Consider the function 
G(X) = F(X) — cu(X) 


which, due to the finiteness of F, is defined for every measurable set (even if 
u(X) = ©). Observe that 


= G(T) = — = [ n= 0,1,2, 


Applying formula (13) of the preceding section to the function G(X) and 
noticing A = E*, one obtains the first of the basic inequalities. The second is 
obtained by F by —Fandcby —c. 

We now formulate several simple consequences of the basic inequalities. 


A) For c > 0 the measures u(E*) and y(E_.) are finite. In other terms the set 
E(| fi | 2 ¢) has a finite measure for any positive c. 


B) Let M = max F(X), m = min F(X), where X runs over all the measurable 
sets. (The numbers M and m exist by a well known theorem about additive set 
functions. In integral representation, M and m are values of the integral 


| fodu taken over the sets E(fo > 0) and E(fo <0)). Observing M 20, m $0 


we derive from (21) for c > 0 


(21a) 
The remarkable feature of the inequalities (21a) is the fact that they yield upper 
bounds for the measures u(E°) and u(E_-.) which depend exclusively on the func- 


tion F and the number c, but do not depend on the transformation T’. 
C) The sequence f,(x) is bounded everywhere on S with the exception of a set 
N with u(N) = 
Proor. Let N denote the set of all points at which the sequence {f,} is not 
bounded. Then, as is easily seen, N = []-50E° + []-<o Z. ; and in view of 
(21a) lim = lim = 0. Therefore = 


D) Let X be a measurable set such that 7(X) = X, then for every real c 
(21b) F(X-E‘) = F(X-E.) cu(X-E,), 


for T can be considered as a transformation of X, and (21b) is obtained by ap- 
plying the basic inequalities (21) to X as the underlying measure space. 


E) Suppose X is a measurable set, X = T(X) and X C E*-E, where c > d. 
Then u(X) = 0, for by D) F(X) = cu(X) and F(X) S du(X) at the same time. 
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9. A convergence criterion 


Without imposing some restrictions upon the transformation T' (like non- 
occurrence of wandering sets of positive measure as assumed in Theorem J), 
we cannot assert that the sequence {f,} converges. On the basis of the results 
of the preceding section, however, we can establish the following sufficient con- 
dition for the convergence of the sequence {f,}. 

If the relations 

lim ‘sup fr(x) = lim sup f.(T(z)) 
(22) 

lim inf f,(x) = lim inf f,(7T(z)) 
are satisfied almost everywhere, then the sequence f,(x) converges almost everywhere, 
and the limit function f(x) satisfies the conditions (a), (b), (ec) of Theorem I. 

Proor. Let Y be the set of points at which at least one of the conditions (22) 
is not satisfied. By assumption the set Y and hence the set Z = >>%, T'(Y) 
is a nullset. The set S’ = S — Z is invariant (that is T(S’) = S’), and it is 
permissible to replace S by S’ in the proof of our proposition; or, what amounts 
to the same thing, we may assume that the relations (22) hold for every point 
of S. 

Let N be the set of points at which the sequence {f,} fails to be bounded. 
We have shown (see Proposition C) of §8) that u(N) = 0. By hypothesis (22) 
N = T(N), hence N is a nullset, and by the same argument as above we may 
assume that {f,} is bounded at every point of S so that lim sup f,(z) and lim inf 

no 


fn(x) are finite for any x ¢ S. 
Let r > s be real numbers and let M,, be the set defined by the relations 


lim sup f,(z) > 1, lim inf f,(x) < s. 


According to the definition of the sets E°, E, 
M rs E, 


From (22), it follows that T(M,,) = M,, ; hence we can apply proposition E of 
§8 so as to obtain: 


(23) | u(M,s) = 0. 


The set D of points at which the sequence {f,} diverges is identical with the 
set 


E(lim sup f,(z) > lim inf f,(z)) = > Mn, 
the sum being taken over all the pairs of rational numbers r, s with r > s. From 


(23) we conclude u(D) = 0; and since by (22) T(D) = D, it follows that D isa 
nullset and that the finite limit " 


j(z) = lim fu(2) 


exists almost everywhere. 
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The invariance property f(7(x)) = f(x) is an immediate consequence of the 
hypothesis (22). We proceed to prove the property ¢): 


[ = FOX), provided < and T(X) = X, 
Let «be a positive number. We set 

X, = X-E(meSf<(n+ n=0,+41,+2,---. 
Evidently 


On the other hand X, is invariant by (22) and satisfies 
where 6 is an arbitrary positive number. Applying proposition D) of §8 we 


obtain 

(ne + 5)u(Xn) S F(X.) S (n + 1) en(X,); 
and since 6 is arbitrary, 
(25) neu(X,) S F(X.) S + 1)eu(X,). 


Now we subtract (24) from (25): 
Taking the sum over all the non negative integers n we get 
and since ¢ is arbitrary and p(X) finite, 
(27) F(X) = Faw. 
x 
If u(S) is finite, formula (26) can be applied to X = S, which shows that f is 
summable. In order to show that f is summable over S even if u(S) = © 
(property b)) we define 
1 
s,= n = 1, 2,3, 


and observe that S, = T(S,) by (22). Since S, is a subset of E”” + E_y, we 
have u(S,) < «© by proposition A) of §8. By formula (27) 


[ = 


n- 
ts 
n- 
) 
) 
ut 
) 
y 
f 
f 
L 


202 WITOLD HUREWICZ 


Passing to the limit for n — © and setting S* = S, + S2 + --- we find 


[ = Fs, 


but S* obviously coincides with the set E(f # 0), and hence 


[au = [ Fan = FS, 


This shows that f is summable over the entire space S. It should be noted that 
the formula / f dy = F(S) cannot be asserted unless »(S) is finite. 
Ss 


10. Transformations without wandering sets 


From now on we assume 

a) No set of a positive measure is a wandering set with respect to T. 

Our proof will be concluded by showing that under the hypothesis «) the con- 
vergence criterion established in the preceeding section is satisfied. We prepare 
this final step by establishing some simple properties of transformations satis- 
fying condition a). 

First we show that hypothesis a) is equivalent to the following condition: 

a’) For any measurable set X the relation T(X) C X implies w(X — T(X)) = 0. 

In order to prove that a) implies a’), it is sufficient to remark that under the 
condition 7(X) C X, the set X — 7(X) is a wandering set (since T"(X — 7(X)) 
Cc T'(X) C T(X) for i = 1, 2,3, , the sets X — T(X) and — T(X)) 
have no points in common for 7 = 1, 2, --- ). 

Suppose now a’) is satisfied and let Y be a wandering set. Setting X = Y + 
T(Y) + T°(Y) + we have 7(X) = T(Y) + T°(Y) + --- CX and X - 
T(X) = Y, hence u(Y) = 0 by hypothesis. 

Now we can show that hypothesis a) implies the following statement: 

a’’) If X is a measurable set, the sum 


i=0 
has either the value 0 or the value ~. 

Proor. Let 
(28) Y = T'(X). 
i=0 

If u(Y) = 0, we obviously have + u(7T(X)) + w(T?(X)) + = 0. Let 
us therefore assume 

u(Y) > 0. 
It is easily seen that Y D T(Y) D T°(Y) --- ; hence by property a’) u(Y) = 
u(T(Y)) = w(7*(Y)) =---. Setting 


(28a) re 
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we find 
u(Z) = uw(Y) > 0. 


Observe that by (28a) Z is the set of points which are common to infinitely 
many sets of the sequence X, 7(X), T*(X),---. Let now Z,(n = 1, 2, --- ) 
be the set of those points which belong to at least n sets of the sequence X, 7'(X), 
T°(X), One proves easily 


and since Z is obviously contained in Z, , the last relation yields 
u(T'(X)) 2 nu(Z) > 0 
for n = 1, 2, --- and consequently 
a(T'(X)) = 


Remark. If u(S) < © then properties a), a’), and a’’) are mutually equiva- 
lent. It is sufficient to show that @”’) implies a). Suppose X is a wandering set. 
Then the sets 7’(X) are mutually disjoint (¢ = 0, 1, 2, --- ), and 


By a’) this implies = 0. 


By definition, a set X is a nullset if u(7‘(X)) = 0 fori = 0, +1,+2,4---. 
Under hypothesis a) we can show: in order that X be a nullset it is sufficient that 
u(T'(X)) = 0 for i = 0, 1, 2, --+ or equivalently that u;(X) = 0 (i = 0, 1, 2, 
--: ). Otherwise there would exist a negative integer m such that »(T”(X)) 
>0. We assume that m is the numerically smallest number with this property. 
Let Y be a subset of T’”(X) such that 0 < u(Y) < ~ (such aset certainly exists, 
for by the definition of a measure space S can be split in a countable number of 
sets of a finite measure each). Then u(Y) + u(T(Y)) + w(T(Y)) +--° = 
u(Y), in contradiction with property 

Consider now a countably additive and absolutely continuous (but not neces- 
sarily finite) function @(X) of a measurable set X. is absolutely continuous 
not only with respect to the measure pu, but more generally with respect to each 
of the measures pu, (n = 0, 1, 2, --- ), for un(X) = 0 implies u(X) = 0 and hence 
*(X) = 0. By the theorem mentioned in §2 we can define a sequence of point 
functions go(x), gi(x), go(x), «++ such that 


[ ga(2) din = &(X), n= 
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for every measurable set X. Assuming condition a) we assert that almost 
everywhere 


(29) Lim g,(x) = 0. 


Proor. As is well known, S can be split in two subspaces, S,; and S;, such 
that 6(X) = 0 for X C S,and ®(X) < OforX CS,.° It is sufficient to demon- 
strate that g,(x) — 0 almost everywhere on S,;. Using the obvious relation 
S we obtain 


0 < = dings = | din [9m 


where X is a measurable subset of S,;. This shows that the relations 


gr(x) = 2 O 


hold everywhere on S, with the possible exception of a set P, satisfying un4:(P,) 
= 0 and a fortiori u,(P,) = 0. Let m be a positive integer and let P = P,, + 


Pri + Since = 0 and a fortiori umn(P:) = 0 fori > m, 
we have 
(30) Um(P) = 0. 


If x is a point of S, — P, the following inequalities are satisfied: 
2 gm4i(t) 2 2 20, 


and consequently the sequence g,(x) approaches a non-negative limit g(x), Let 
Q be the subset of S; — P made up of points at which g(x) > 0. We want to 
show that 


(31) Um(Q) = 0. 

Suppose upn(Q) > 0 and let R be a subset of Q such that 0 < um(R) <o, Let 
R,(n = 1, 2, --- ) be the set of points satisfying x « R, g(x) > . Because R= 
Ri + R. + R;3 + --- , there exists a number n such that 


> 0. 
By condition a’) this implies’ 
(32) 2, u(T"(Rn)) = lim wi(Rn) = 


For 7 2 mand x ¢€ R, we have gi(x) = g(x) > and hence 


8 E.g. take for S, the set E(go > 0) and for S2 the set E(go < 0). 
* This is the only place in the proof of Theorem I, where use is made of assumption @. 
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Combining this with (32) we get ®(R,) = ©. On the other hand yu,(R,) < 
un(R) < % by hypothesis, and a fortiori u(R,) < «, which is incompatible 
with (R,) = © (by the absolute continuity of 6). This establishes relation 
(31). By the definition of the set Q the sequence g,(x) converges to zero for 
every ce S, — (P + Q). Consequently, denoting by Z the set of points x ¢ S; 
for which (29) does not hold, we obtain Z C P + Q; and hence by (30) and (31) 


= 0. 
Since m is arbitrary, by a previous remark, Z must be a nullset. 


11. Proof of Theorem I concluded 


Using the notations of Theorem I, we introduce new measure functions j,,(X) 
(n = 0, 1, 2, --- ) by setting 


fin(X) = un(T(X)), XQ, 
From 
we obtain without difficulty 
(3) Fa(T(X)) = fal din 


The set function u(X) being absolutely continuous with respect to un(X) (n = 
0,1, 2, +--+ ), we can define a sequence of point functions go(x) = 1, gi(x), go(x), 
such that 


(34) u(X) = [ n(x) dun n = 0,1, 2, 
We now observe that 

= = dines 

Combining this with (33), we obtain 
Since 

F,(T(X)) = = — F(X) = [ — F(X), 
equation (35) can be rewritten as 


(36) F(X) = — — 
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Applying the statement proved at the end of §10 we obtain from (34) and (36) 


Lim g,(z) = 0 almost everywhere, 
Lim — fa(T(x))(1 — = 0 almost everywhere. 


Let x be a point at which relations (37) are satisfied. Suppose first that the 
sequences f,(x) and f,(7T(x)) are bounded. Then 


lim (fr4i(z) — fn(T(x))) = 0, 
and consequently 


lim sup f,(7(x)) = lim sup f,(2), 
lim inf f,(7T(x)) = lim inf f,(z). 


The reader will easily verify that these formulas remain valid even if the se- 
quences f,(x) and f,(T(x)) fail to be bounded. Thus we have proved that, 
assuming hypothesis a, the sufficient condition for the convergence of the se- 
quence f, established in §9 is always satisfied. This completes the proof of 
Theorem I. 
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